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Mathematical model for the management of the wave processes in three-winding
transformers with consideration of the main magnetic flux in mining industry

Abstract

The aim of the work is to study the wave processes in three-winding power transformers caused by
impulse overvoltage, to create an improved mathematical model for reproducing the process of
distribution and transmission of the impulse in the windings of a three-winding power transformer. A
mathematical model has been developed for the study of internal overvoltage in the windings of three-
winding power transformers, based on the proposed substitute circuit of an infinitesimal element, taking
into account the longitudinal and transverse inductive connections between the turns of the winding, the
electromagnetic connections between the windings and the flux splitting from the main magnetic flux of
the magnetic wire, in the form of a system of differential equations in partial derivatives using a modified
method of variable separation. The formation of initial and boundary conditions for this mathematical
model is presented. The results of the study of the distribution of overvoltage along the windings of a
three-winding power transformer as a function of distance and time during the action of a voltage pulse
on them are presented, as well as the distribution of overvoltage at different points of the winding of high,
medium and low voltage as a function of time. The study of the wave processes in the windings of a
three-winding power transformer makes it possible to form new approaches to the coordination of the
insulation in the windings of the transformer, replacing physical experiments. The choice of insulation for
high and ultra-high-voltage power transformers remains a particularly difficult engineering task since it is
necessary to know the maximum voltage values at different points of the winding. The mathematical
model presented can be used to create more complex models that allow a more detailed study of the
wave processes.
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Abstract

The aim of the work is to study the wave processes in three-winding power transformers caused by impulse over-
voltage, to create an improved mathematical model for reproducing the process of distribution and transmission of the
impulse in the windings of a three-winding power transformer. A mathematical model has been developed for the study
of internal overvoltage in the windings of three-winding power transformers, based on the proposed substitute circuit of
an infinitesimal element, taking into account the longitudinal and transverse inductive connections between the turns of
the winding, the electromagnetic connections between the windings and the flux splitting from the main magnetic flux of
the magnetic wire, in the form of a system of differential equations in partial derivatives using a modified method of
variable separation. The formation of initial and boundary conditions for this mathematical model is presented. The
results of the study of the distribution of overvoltage along the windings of a three-winding power transformer as a
function of distance and time during the action of a voltage pulse on them are presented, as well as the distribution of
overvoltage at different points of the winding of high, medium and low voltage as a function of time. The study of the
wave processes in the windings of a three-winding power transformer makes it possible to form new approaches to the
coordination of the insulation in the windings of the transformer, replacing physical experiments. The choice of insu-
lation for high and ultra-high-voltage power transformers remains a particularly difficult engineering task since it is
necessary to know the maximum voltage values at different points of the winding. The mathematical model presented
can be used to create more complex models that allow a more detailed study of the wave processes.

Keywords: Managing the wave process, Mathematical model, Transformer, Differential equations with partial de-
rivatives, Initial and boundary conditions

1. Introduction A three-winding transformer has three separate
sets of windings, each connected to a different
electrical circuit. These windings interact with each
other through the magnetic field they produce
when current flows through them [1]. The primary
winding produces the main magnetic flux, which
induces voltages in the secondary and tertiary
windings according to the turns ratio of the trans-
former and the magnetic coupling between the
windings [2].

anaging wave processes in three-winding

transformers requires a comprehensive un-
derstanding of their electrical behavior, modelling
techniques and system interactions. Careful
consideration of operating modes, impedance
matching, transient phenomena and protection
schemes is essential to ensure reliable and efficient
operation within the power system.
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The magnetic flux in the core of a transformer is
responsible for transferring power from one wind-
ing to another. When an AC voltage is applied to the
primary winding, it creates an alternating magnetic
field that induces voltage in the secondary and ter-
tiary windings. This process allows power to be
transferred from the primary circuit to the second-
ary and tertiary circuits [3].

Consideration of the principal magnetic flux in a
three-winding transformer is important in under-
standing how the windings interact and how power
is transferred between them. When designing and
analysing such transformers, factors such as the
turns ratio of the windings, the core material and its
magnetic properties, and the degree of coupling
between the windings must be considered [4].

When analyzing the behavior of a three-winding
transformer, we can use mathematical models and
simulations that include the magnetic flux [5]. These
models help to predict how changes in voltage,
current and load on one winding can affect the
others, taking into account the magnetic coupling
and phase relationships involved [6]. The magnetic
flux and its interaction with the windings are crucial
for transformers, so this topic needs to be
researched on the basis of modern science and
technology [7]. Statistical data processing systems
and the formation of multi-purpose theorems [8],
including neural networks, can be involved in this
process [9].

The study of wave processes in the windings of
power transformers is a difficult engineering task,
especially for high and very high-voltage trans-
formers. This is due to the peculiarities of the
technical implementation and design, namely the
insulation of the winding of transformers of this
voltage class. One way of solving this problem is to
create mathematical models that adequately repro-
duce the processes that occur in transformers when
they are subjected to impulse overvoltage, i.e. to
create a mathematical model for the analysis of
wave processes in transformer windings.

The need to take into account the electromagnetic
connections between the windings and the wind-
ings of the three-winding transformer, taking into
account the main magnetic flux, ensures the
appropriate adequacy of the results of the mathe-
matical modelling. The development of mathemat-
ical models for the study of wave processes in
transformers taking into account these factors is
relevant [10]. The main purpose of such research is
to adequately reproduce the physical processes that
occur during wave processes in transformers.

Linnik et al. [11] developed a model to study the
electromagnetic processes in a power transformer,

taking into account the magnetic connections and
the saturation of the magnetic wire. The model is
based on differential equations in complete de-
rivatives of the electric and magnetic states of a
single-phase two-winding transformer, and the al-
gorithm for solving the system of differential equa-
tions using numerical simulation methods in Matlab
6.5 is presented. The results of the mathematical
modelling of the electromagnetic processes in the
no-load transformer are given.

High-frequency electromagnetic processes caused
by the interaction of the electrical network and the
power transformer are considered in [12]. The
model of the transformer is created on the basis of
the white-box modelling method, and the method-
ology for determining the impedance using the
finite element method is given.

Mombello et al. [13] enabled the use of the soft-
ware complex Alternative Transients Program
(ATP) for modelling detailed equivalent transformer
circuits. In creating these circuits, the following
considerations were taken into account: reducing
the size of the model, solving the magnetic circuit,
avoiding numerical instability, limiting and opti-
mizing the use of resistors, and creating versions of
ATP capable of handling large models [14].

Three transformer models are given in [15]: a
three-winding transformer, a tap-changer trans-
former (ULTC) and a phase-shift transformer (PST).
To evaluate the effectiveness of the presented
models, a test model of the IEEE 14-bus power
supply system was implemented in the Modelica
and PSAT software environments.

Frequency Response Analysis (FRA) is widely
recognized as a reliable diagnostic tool for detecting
damage, such as winding and core deformation due
to short circuits. This paper [16] proposes a model
for the study of high frequencies in a transformer,
taking into account the winding structure, interturn
capacitance and all mutual inductances [17].

High-frequency modeling in a three-winding
transformer using frequency response sweep anal-
ysis is given in [18]. A mathematical model con-
sisting of RLC sections and mutual inductance
parameters is developed, and the SFRA curve is
calculated and compared with that measured in
practical experiments. This allows the parameters of
the model to be adjusted and the accuracy of the
estimation to be achieved, which in turn allows the
parameters of the power transformer replacement
circuits to be estimated effectively and simply on the
basis of the SFRA data.

The study of partial discharges (PD) is also an
issue for power transformers, namely for moni-
toring their condition. In order to analyze the
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transient process in the winding of the transformer,
it is necessary to have a model that accurately re-
flects its behavior at high frequencies. The article
[19] presents an improved mathematical model for
the study of such processes. A generalized state
space algorithm for the study of PD in the trans-
former winding has also been developed. The
modelling of the layer and disc winding and the
propagation of the PD pulse are presented, and the
calculation is based on the finite element method.

The characteristics of resonant overvoltage for a
transformer winding of different types are consid-
ered in [20,21], even without considering the mutual
inductive connections between the turns of the
winding. In [22,23], Laplace transforms and transfer
functions are proposed to solve partial differential
equations without considering the mutual inductive
connections between windings.

Deatsonu et al. [24] present a study based on
methods of numerical modelling of electric circuits
of the SPICE family (Simulation Program with In-
tegrated Circuit Emphasis), which analyses the ef-
fect of changing the winding parameters of the
equivalent distributed circuit model of an electric
transformer on the propagation of the overvoltage
wave along the high-voltage winding of the trans-
former [25].

At present, methods of analyzing wave processes
in transformer windings are aimed at developing
mathematical models that take into account the
main magnetic flux, the own and mutual windings
and the mutual interwinding currents of the trans-
former winding dissipation. This approach requires
the formation of mathematical models of the ele-
ments of the power system, taking into account all
the parameters of the alternative circuit of the
element, which makes it possible to study its inter-
nal transient processes [26,27].

Methods for the calculation of wave processes in
two-turn transformers are given in works [28,29], on
the basis of which it is possible to analyze the
voltage distribution along the windings during the
action of impulse overvoltage on them, which
makes it possible to adjust their insulation capacity.

To study the wave processes in the windings of
three-winding power transformers, develop a
mathematical model based on the proposed sub-
stitute circuit of an infinitesimal element, taking into
account the longitudinal and transverse inductive
connections between the turns of the winding, the
electromagnetic connections between the windings
and the flux connection of the main magnetic flux of
the magnetic wire in the form of a system of dif-
ferential equations in partial derivatives. Form
initial and boundary conditions and solve a system

of partial differential equations using a modified
method of separation of variables. To study the
wave processes in the windings of three-winding
power transformers as a function of distance and
time and at different points of the winding of high,
medium and low voltage as a function of time,
caused by impulse overvoltage.

2. Materials and method

The formation of the mathematical model of the
transformer winding with a grounded or insulated
terminal is given in [30]. On the basis of the pro-
posed model, the voltage distribution along the
winding and the frequency characteristics for the
effect of overvoltage of various forms on the wind-
ing were obtained. The mathematical model [31] of
the three-winding transformer was developed on
the basis of the proposed substitution scheme,
which is shown in Figure 1.

The equations for the change in winding currents
based on Kirchhoff's first law are given below:

01y (x,t Ouq(x,t
- léx )2801111 (x,t) + (Cor2+ Co13 + Con) 18(1‘ )
Ouy (x,t) Ous(x,t) 0%uy (x,1)
— Conz o — Cos of - CMmW; (1)
0iy(x,t Ouq (x,t
- zéx )Zgozuz(X, t) — Con 1E§t )
Ouy(x,t Ous(x,t
+ (Cor2 + Cozs + Co2) 2( )— Cozs (1)
ot ot
uy (x, t
- CMUZ%; (2)
0i3(x,t Ouy (x,t ouy (x,t
- Séx ) =gostiz(x,t) — Cms% — Coxs zét )
Ous (x, t) 63u3 (x, t)
+ (Coiz + Cozs + Co3) o CMO3W~

where iy, 1,13, u1, U, u3 denote transformer winding
currents and voltages, respectively; g1, $2,$3, Cot, Co1,
Cos denote conductivity and self-capacitance of the
transformer winding per unit of their length;
Co12, Co13, Cops denote mutual capacitances of the
transformer winding per unit of their length; and
Cwmo1, Cmoz2, Camos  denote  inter-turn capacitance
winding along the axis per unit of its length.

In order to increase the adequacy and efficiency of
the mathematical model of the winding wave pro-
cesses, the second group of equations of the elec-
tromagnetic state of the transformer is improved by
taking into account the main magnetic flux ®@,, of its
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Fig. 1. Alternate circuit of a three-winding transformer per unit length
along the winding axes.

own and mutual interwinding and mutual inter-
winding fluxes of the winding dispersion.

The equation for the voltage drop per unit length
of the winding is written on the basis of Kirchhoff’s
second law:

Ouy (x,t , 0iq (x, 01y (x,t
- 18(x ) =rpi1(x,t) + Loy lgt J + M1z zét )
aiS (xa t) 61//01 (x7 t) .
+ Moz of + FYSR (4)
Ouy (x,t , 0l (x,t 01y (x,t
— za(x ) =T0202(X,t) + Loz 2(21‘ ) + Mo1n 1ét )
a1'3 (X, t) 61//02 (xv t)
M .
+ Moz of + of (5)
Ous(x,t ) 01 01y (x,t
- 36(x ):r0312(x, t) 4+ Los 32 )+M013 lét )
61'2 (x7 t) 61//03 <x7 t)
+ Moz ot + o (6)

L L
where Lys =Ly + Loot; Loz = Kﬁ: +Lso2; Loz = Kﬁ:+

. _ Lw . _ Lw . _
Looz; Mor2 = ¢, + Moo12; Motz = 2 + Moo1s; Maso =

L

s T Mo230; Loo1, Looz; Loos, Moo12, Mo013, Moo2s — own
and mutual inductances of dissipation of winding
elements; V,q, Vs, ¥, — flux leakage of length

elements from their own and mutual inter-turn in-
ductances of winding dissipation; L,y — inductance
of the magnetic system of the transformer; ki, k13 —
transformation coefficients between transformer
windings.

Expressions for finding derivatives of flow leakage
are as follows:

1
6‘«%1_ ail a a‘ ;
0
(7)
1
Wy 9 % %) s
v —/<M”2(x’s)at+M”u(x’s> 5 ~ Moo (x.5) at)cis,
0
(8)

1

W, i3 011 A
3 —/(Ma3(x,s) 3% +M013(x S)— 3 +M023(x s) 6t>ds’

©)

where M,1(x,s), My (x,s), My3(x,s), Ms2(x,s), M3 (x,
s), My (x, s)— own and mutual inter-turn dissipa-
tion inductances of the primary, secondary and
tertiary winding, respectively; | — winding length, x
— current longitude coordinate, s — the current co-
ordinate, by which the distance from the location x
to the coordinate of any other location of the
winding axis is determined.
Equations (1)—(3) are distinguished by ¢:

0%y (x, t Ouy (x, 0%uy (x,t
6135('% ) =go1 la(t ) — (Corz + Cons +C01)%
azuz(x,t) 0 u3(x,t) 64u1 (X, t) .

— Coz Y Cos o MOL 5o 7
(10)
Pir(x,t)  dwp(x,t) | Pwm(x,b)
oot % ot "o
azuz (x, t) 621/[3 (x7 t)
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Differentiating equations (4)—(6), we obtain: 0y (x,t
—%ZTM (—gmul (x,) = (Cor2+ Co13 + Con)
2. . . 2.
Thivh) _, 0hl) 06w |y, Thl (et . m(et) | . dm@h) | o Pwb)
ox’ ox 0to 0tox of +Con ot + Co3 of +Cumo 20t
M, 62i3(x,t) 62¢U1(x, t) )
013 ; Ouq (x,t O%uy (x,t
atox atox ) +L01(— . 1a(t >_(c012+cm3+cm)$
0%uy (x,t) 0%uz(x,t) 0*uy (x,1)
01y (x, 1) _, 0 8iy(x, 1) N 0%y (x, 1) FCor—q— + G5+ Cun 5 a5 )+
w7 o * dtox "2 atox
Pis(x,t) 0%y (x,t) duz (x,t) Fua (x,1)
+ Mo 63t 5 ’ Gtza A +Moi2| — o2 of Corz Y R (Corz+Cozs+)
X X
(14) 0%y (x, ) 0%us (x,t) 0%y (x, 1)
ot = op MO 22
azug(x,t) aiz(x, t) 62i3(x,t) azil(x, t) oua(x.t a2u x.t azu x.t
e =30 dx + L3 otox 130 otox + M3 ( — %0 BEgty )+C015 552 ) )+C023 ;;2 ) ))
0iy(x,t) | Yo (x,t)
+ Masp 0%us(x, t 0uz(x,t
otdx otdx ~(Cons + Com + o) T2, Fwalerh)
(15) ot 20t 16
P (2, 1) 16)
Substituting equations (1)—(3) and (10)—(12) +$;
into (13)—(15), we obtain:
0%uy (x, t Ouy (x,t Ouy (x,t Ous(x,t %uy (x,t
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Based on physical considerations, the values of the
derivatives of the flux linkages in equations
(16)—(18) are neglected due to their smallness.
Having grouped equation (16), we introduce the
notation:

a11 =r01801; b11 =101 (Co1 + Cor2 + Couz) + Lorgor;
c11= —701Co12 + Mo2g02; d11= —701Co1s + Mo13gos;
e11 = Lo1(Co1 + Corz + Co13) — Mo12Cora — Moz Conz;
f11= —Lo1Co12 + Mo12(Coz + Cor2 + Cozs) — Mo13 Cons;
g11= —L01Co13 — Mp12Cozs + Mo13(Cos + Co1s + Conz);

h11= —701Cpmo1;i11= —Lo1 Cmon; j11: —Mp12Cpioz;
k11= —Mo13Cpos.

Equation (16) takes the form:

621235;;, t) (e f) + bﬂ(’)ulé;c, t) N Cnauzéic, t)
+a, 250 31162u5§f ) 4, Ttn !
EICII et
+j1184u2 (x,t) 0*us(x,t) (19)

02012 1 52012

Having grouped equation (17), we introduce
the notation:

Az =102802; b1 = —102Co1 + Mo12801;
21 =702(Coz + Cor2 + Coz3) + Loago2;
dn= —102Coxs + Mo238025

e11= —LoxCo12 + Mo12(Co1 + Co12 + Co13) — Moz Cons;

f21="Lo2(Coz2 + Co12 + Cozs) — Mp12Cor2
— Mo Cors; §21= —L02Co2s — Mp12Con3
+ M23(Coz + Cors + Cons);

ha1= —102Cpio2 yizni= —Lp Cumoz 5 ] 1= —Mo12Cpio1 5
k1= —M12Cpr03-

Equation (17) takes the form:

01y (x, t Ouq (x, Ouy (x, t
%:uﬂuz(x,t) +by lét ) +Cn ngt )
6u3 (x,t) 62u1 (x,t) 62u2 (x,t)
M R T
0 u3(x,t) 63u2(x, t) . 64u2(x,t)
+8n o +hy = a2 7 xt
. 0%up(x,t) 0% uz(x,t)
J21 YY) 21 I
0x?xt 0x>xt
(20)

Having grouped equation (18), we introduce
the notation:

az1= +1p80s; bsi= —703Co1z +Moi3go;
cz1= —703Coz3 +Mo23g02;
d31 =703(Cos + Co1z + Cozz) + Losgos;

e31= —LozsCo13 + Mo13(Co1 + Co12 + Co13) — Moas Cons;
f31= —Lo3Co23 — Mo13Cor2 + Mozs (Coz + Corz2 + Cozz);
g31= +Lo3(Cos + Co13 + Cozz) — Mo13Co13 — Mooz Cons;

hy1= —703Cmo3; i31= —Lo3Cwmo3; j31= —M13Chmo1;
ks1= —Mo13Cpmoz
Equation (18) takes the form:

0%us(x, t Ouy (x,t Ouy(x,t
%Zﬂslw(%ﬂ—f'bsl 1l )+C31 2§t )
6u3 (x, t) 62u1 (x, t) 62u2 (x, t)
g ey T

0%us(x, t) uz(x,t) . 0'uz(x,t)
+ g31 o2 31 P 131 FY%EYS
. 0ty (x,t) 0%y (x,t)
i e TR e (21)
The initial conditions have the form:
Ouy (x,t
ul(x,t)|t:0=u10(x) :Um1 — k1x; 1é ) :un(X): 0;
t=0
(22)
Ouy (x,t
Uy (x,1)],_g =t (X) = Uz — kox; Zg ) =uy (x)=0;
t=0
(23)
Ous(x,t
u3(x,t)|t:0 =u30(x) = Um3 — k3x; 3; ) =U31 (x)
t=0
=0;x € (0;1)
(24)

where U1, Uy, Uz denote amplitude values of the
steady-state voltage of the primary, secondary, and
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tertiary windings, respectively; and k;, ky, k3 denote
coefficients of the rate of change of voltages along
the winding for the instant of time ¢t = 0,
respectively.

Boundary conditions:

Uitmn (X, 1) ,_10 = frox(B) = e (£);u(x,t)|_=f(t)=0; (25)
U (x,1)],_g =fo0 ()= Q;ux(x, )|,y = f ()= 0; (26)

us(x,1)|,_o =fao(t)=Ous (x,t)|,_; =f (£)=0;£>0.  (27)

Consistency of conditions:

10 (X)|,_g = 1 (%, £)|,—g = fro(£) =03 W10 (%) |, = w1 (x, )],

w1 (x,1)],g = Va(x, 1) |, + A1 ()] ;g +xB1(F) | ,_g=t10(x);

6u1 (.X', t) _ 6V1 (x, t) dAl (t)
ot t=0 B ot t=0 dt t=0
34
dBl ( ) — (X) ( )
dt t:()_ 11

From equation (34) we get:

Va(x,)]mg = tho(x) = A1 (£)],_g — *B1(#)],-o=V10(x);

:fll (t) ‘t:ﬂ’.

120 (X)|izg = 12X, 1) | =g = fao () |13 20 (¥) |, y= 12 (2, 1), = fr (F) ],

U30(X)|i—o = U3 (%, 1) =g = f30 () |1z} 30 (%) |,y= U3 (%, 1) [,_g = f31(t) ;_p;

f10(0) = u10(0); f11(0) = u1;(1); f20(0) = 1420(0): f21(0) = i (1);
(28)
f30 (0) = u30(0 fsz = ug(l
fult)| .
% =u10(0)]— oyafgt( ) Zull(t);% =u(0)|—; ot 0 = (t);
=0 t=0 =0
—afgt(t) =u30(0)],_ O’Gfsazf ) =uz(t);
t=0 t=0
In equation (19) [30], let's make the following Vi (x, 1) =11 (x) — dAq(t) _ xdi(t)
substitution: o | dt |, dt |, (35)
dA;(t) dBi(t)| _
uy (x,8) = Vi (x, 1) + Ay (t) + xBy (¢) (29) pran AT t:0=V11 (x).

We are looking for a function A4 (#),B1(¢) so that
replacing Vi (x, t) gives consistent conditions (28), i.e.
Vi(x,t)|,_o= 0, Vi(x,t)|,_; = 0.

Then we write (29) for x = 0:

ur (¥, 8)|,—g = V1 (%, 1) | g + A1 () = fro(t). (30)
From equation (30) we get:
zlmn ) flO() ) (31)
Forx =1

wn (0,1) ],y =Va(x,t) |,y +AL(B)+IBi () = fu(t).  (32)
From equation (32) we get:
1

1lmn (fll ): _76 (t) (33)

There are conditions instead of initial condi-
tions (22):

Let’s make the following substitution in equa-
tion (20):

uz(x7t) :Vz(x, t) +A2(t> +XBz(t) (36)

We are looking for a function A;(t),B,(t) so that
expression (36) satisfies V(x,t) for conditions (28),
namely V(x,t)[,_o= 0, Va(x,t)|,_, = 0.

Then equation (36) for x = 0 will take the form:

(X, )], o =Va(x,1)|,_g + Aa(t) = fo(t). (37)
From equation (37) we get:

As(t) =fa(t)=0. (38)

For x = I:

(.6, =Va(,6)|,_y + Ag(O)+IBa(E) = fu(t);  (39)

From equation (39) we get:
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Balt) = 3fn (1) (40)

Conditions arise instead of initial conditions
expressed in equation (23):

s (x,8)],_g = Va(x, 1) [, + A2 ()] ,g +xBa () |,_g=th20 (x);

6u2 (x,t)
ot

dB,(t)
dt

_GVZ (x,t)
ot

. dA;(t)
Codt

t=0

t=0 t=0 t=0

(41)

From equation (41) we get:

Va (2, #)|,_g =20(x) — Aa(t)|,_g — xBa(t)],_g=Va0(x)-

Walnt)| () - 2
ot |, dt |,
LB _ A dB)
At 0 dat =0 dt t=0
(42)

Let’s make the following substitution in equa-
tion (21):

u3(x,t) :V3(.X', t) +A3 (t) +.X'B3 (t) (43)

We are looking for a function Asz(t), B3(t) so that
the replacement of (43) gives for V;(x,t) consistent
conditions (28), i.e. V3(x,t)|,_y= 0, V3(x,t)|,_, = 0.

Then we write (43) for x = 0 so

uz(x,1) ], =V3(x, )] ,_o + As(t) = fo(£). (44)
From (44) we get

Az(t) =f(t)=0 (45)
Forx = 1.

u(x,t)|, o =V3(x,1) [,y + As(t)+IBs(f) =fau(t).  (46)
From (46) we get

By(t) = 3fn (1 (7)

Instead of the initial conditions (24), conditions
arise

us(x,t)],g = Va(x,8)|,g +As(t)|,_o +¥B3(t) |,_o=tta0 (¥);

auS (x7t)
ot

dB;(t)
dt

_OVs(xt)
ot

dA;(t)
Lodt

t=0

t=0 t=0 t=0

(48)
From (48) we get

V3 (x,8)|,_g =us0(x) — As(t)|,_g — xB3(t)[,_=Va0(x);

=Uxn (x ) .

=U3zq (x ) .

oVs(x,t dA;(t dB;(t
3(x,t) — 51 (x) — 3(t) e 5(1)
ot |, at |, at |, (49)
_ dAS (t) _ dBS (t) =V. (x)
at |, odt |, o

We obtain the equation for the variable Vy(x,t)
by substituting (29) (36) and (43) into (19), i.e.

=an1 (Vi (x,8)+A1(£) +xBi (1)) +bn (aVlﬁ =

|dAl(t)¢ dBl(t) aVz(x,t) dAz(t)
x @ )TN\ Tx T a
de(t) 6V3(X7t) ) dAg(t) | dB3(t)
+x T )+d11< i T
0*Vi(x,t) dPAi(t) d®By(t)
'““((w + w2+xdﬂ)
PVa(xt) dPAq(t) | By(t)
2
0*Vs(x,t) d2As(t)  d®Bs(t
Jrgll( s(xt)  dPAs(t) 3( )>

02V, (x,t)
ox?

a2 dr T e
*Vi(x,t) . 0*Vi(xt) . 0'Va(x,t)
111 CEYS) J11 CEYD)

0x20f 0x20t

(50)
We obtain the equation for the variable V(x, )
by substituting (29) (36) and (43) into (20), i.e.

0%V (x,t)
0x?

Vi (x,t
amw@@+mm+ww»wn(i§)
IdAl(t)idel(t) i aVz(x,t) dAz(t)
Tar ar )T\ dt

dB;(t) 0Vs(x,t) dAs(t)  dBs(t)

+x T )+d21< i + it +x T
0*Vi(x,t) dPAi(t) d*By(t)
+“( i w2+xdﬂ)

fn (62V2(x,t) . dZAz(t)+ dZBz(t)>

ar | de T ae
am <82V3 (x,t) +dZA3 (t) N d’B; (t)>
dt? dr? dr?
i2164V2(x,t) ],2164V1(x,t)
0x20t2 0x20t2

0*Va(x,t)
0x20t

64V3 (x,t)
0x2012

+hy

+kn
(51)

We obtain the equation for the variable V3(x,t)
by substituting (29) (36) and (43) into (21), i.e.
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62V3 (x, t)
0x2

=az (V3(x,t)+As(t) +xBs(t)) +ban (aVlT(:C’t)

dA(t) dBl(t)) e (aV2 () , dAa(t)

i it it
dB,(t )) d <6V3(x t)+dA3( )+xd33( ))

BT it it

PVa(xt) | dZA1 d2B1
+€31< i + )
02V (x,t) dZA2 d2B2
+f31< e )

0*Vs(x,t) dPAs(t dZB
W( s(x.) dAs(t) | )

e i ap
h PVi(x,t) . 0*Vi(x,t) . 0*Vi(xt)
Toor P axzor P oxor
0*V, (x,t)
Joaq— L
R rr T

(52)

In equations (50)—(52), we leave the known parts on
the right, i.e.:

F1(X,t)=l}l11(A1(t)_|_xBl( ))+b11 (dAl( )+ dBl( ))

dt dt
dAy(t)  dBy(t) dAs(t) | dBs(t)
+c11( p +x n )+d11< T +x it )
PA(t) dZBl() d*A,(t)
+€11< ar T ) fl(
@B (t) d2A3()1 dzBs() )
—+x a )+g11( dt X At )’
(53)
Fa(x,t)=ax (Az(t) +xBy(t)) +bxn (dAc;t(t) +del;t(t)>

+on (dAz ®) | 3B:(0) ) e <dA3 ) B (t))

dt dt dt dt
BA(t)  PB(t A, (t
+621< dtlz()I 1()) le( 2(t)
d*B,(t) dAs(t) ‘ d?B;(t) )
R )+g21( . ap )

(54)

F (x,t) =as (A3 (t) +xB; (t) ) +b3 (dAp;t(t) —‘,—de;t(t)>

o (dAz(t)+ dB,(t )> iy (dA3(t)+ dB,(t ))

dt dt dt dt
PAL(E) dzB() P2A(t)
+831< dtlz + : ) f31( dtz2
PB,(¢) dZA()I PB,(1)
i )+31( i )"

(55)

Let’s write the equation for the variables Vi(x, t),
Va(x,t) and V3(x,t) as follows

_%4— a1 Vi(x,t) + b113V1§;C, 2 cllavzéf’ J
2 2
+dnaV3gfvf> =
rinl Y 22(6’;;” S LR o
(56)
VA | Vi )+ ) OV
-1-11216‘/3§f7 t) 2162V$t(2x7t) f2162V§§2x’ d
]'2164(;; 12((,;,21‘) 1164(,:; 32((;;72” =FE(x,t);
(57)
_azxgg, f) V() + b316V1 a(;c,t) Calavzgzc,t)
2 2
+d316V3a(;c, 2 31a ngzx?t) fsla Vgt(zx’ J
i) g OV e
(58)

Considering Vi(x,t)|,_ o= 0, Vi(x,t),_.,= 0,
Vo b)g=0 Va@B)y=0 i Va(xD)l o= 0,
Vi(x,t)|,_;= 0 we are looking for solutions for V;(x,
t), Va(x,t) and V3(x,t) as follows:
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N‘i
g

t) = Zk’"_lck(t)sin( ),0 <x<1 (59)
xt)=> " Cilt)sin (”lkx> 0<x<1; (60)

)=> " Gilt sm( k) 0<x<1. (61)

Let’s find the derivatives of equations (59)—(61):

6V1 (x,t) . m de(t) . wkx .

ot =2 g S\ ) (62)
aVZ (x» t) m de Uy
= Z 1 sm (_l (63)

6V1(x,t)7 m de sin _kx
ot Lk=t l

For t = 0 from equations (59)—(64) we get:

Va(,8) ] o = Vao(x )—Z k(B)l,—osin (mkx / 1);

k=1

Vi (x,t) /0t],_g=Vu(x)= idC(t) / dt|,_osin (mkx / 1);
k=1

(65)

V()| o = Vao(x) = 3 Dul#)]_gsin (ke /1)
k=1

oVy(x,t) /0t],_g=Vn(x)= zm:dD(t) / at|,_osin (mkx /I);
k=1

(66)

Va(x,t)|,og=Va0(x) = Zm:Hk(t) |,osin (mkx / I);
k=1

Vs (x,t) / O],y = Vi (x) = ijdH(t) /dt],_ysin (rkx / 1).
k=1

(67)

Let us expand the initial conditions equations
(65) and (66) into Fourier series:

Vio(x Za;d sm( ) Vii(x ZBH sin(wkx / 1);

(68)

Vz() Z [457%) sin (Trll{x) V21 Z ,8;(2 sin ﬂ’kX/ l)
k=1 k=1
(69)
Vso(x Z 3 sm( ) Vai(x Z B3 sin(mkx /1).
(70)

Equation (68)—(70) show that:

1

=1/ / Vio(x)sin (mkx / T)dx

x=0

(71)
Bu=1/1 / Vi (x)sin (wkx / 1)dx;
x=0
ap=1/1 / Vo (x)sin (wkx / I)dx ;
. (72)
Br=1/1 / Vo (x)sin (mkx / I)dx;
x=0
1
ais=1N\/1 [ Vzo(x)sin (wkx /1)dx;
- (73)
Bis=1/1 / Va1 (x)sin (wkx / 1)dx
x=0
Then from equations (65)—(67) we get:
k(B)li_o = nand dC(t) / dt|,_y=Bu; (74)
Dy(t)|,.g =02 and dD(t) / dt|,_, = Bi; (75)
Hi(t)|,_g=ouz and dH(t) / dt|,_y = Bs- (76)

The differential equations for Ci(t), Di(t) and
Hy(t) are found by expanding Fi(x,t) Fx(x,t) and
F5(x,t) into Fourier series, i.e.:

Fin) = Y m(sin( ), 77)
n wkx

Fy(x,t) = fsin X, 78

0= w(tsin( ) 78)
UL wkx

Bt =S out)sin( o2, 79

(.8 ;()sm<l> 79)

Using equations (59)—(61), let's transform the
left part of equation (56) as follows:
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62V1(x,t) 62V2(x,t) 62V3(x,t) . 84V1(x,t)
R T o M oxron
. 64V2(x,t) 64V3 x t
i e TR e

)50 Ju< >)
(i () 7)),

6V3 (x, t) 63V1 (x, t)
ot Ox20t

& 7k\?\ dCi(t)  dDi(t)
—Z<<bﬂ+hﬂ(T>> ;t ten dkt

+di +hn

0%V (x,t " 2
_%‘Fﬂnm x,t)= Z( <> -Hln)

k=1
Cy(t)sin (”Tkx> .

For equation (80), we introduce the notation:

. (7k\? - (7k\?
a;=en—+in (WT> ibi=f11+jn (ﬂ—) ;

7k\? 7k\?
ci=gn+kn T ;d1=b11 +hn T ; (81)

7k\?
er=c1; fi=dun; §1=— T +as1.

(80)

Equation (56), taking into account equations
(80) and (81), is written as follows:

dC*(t) , dD*(t) dH*(ty) ,dC(t)  dD(t)
M T tagp ey

dH (¢
AT | g, b= v(80. k=1 ..

(82)

Using equations (59)—(61), let's transform the
left part of equation (57) as follows:

62V1 (x,t) 62V2(x,t) 62V3(x, t) . 64V2(x, t)
en—pm g Tt s

. 64V1 (X, t) 64V3 (x, t) “
+J11 208 +kn FYCTY R ; €1
) d>Cy (¢ ) wk d*Dy (1)
+]21< i > ) i +(fat 21( ] > a2

(b)) P20 (22,

6V2 (.X'7 t)
€21 o

OVs(x, t) 0*V;(x,1)
ot 0x20t

(oo i

+dn

+hy

—T—f— a21V2(x t) =

(”Tk) . a21> Dy(t)sin (”;‘x) .

For (83), we introduce the notation:

_(7k\? . (7k\®
az=en+Jn (WT) iby=fo1 +in (T) ;

7k\2 wk
Cr=8n+kn T sdy=by;es=cn +hn T ;

(83)

1o\ 2
fo=dn; gp= —(WT) + ao1. (84)

Equation (57), taking into account equations
(83) and (84), is written as follows:

dC?(ty)  dD?(t) = dH?(t) . dC(t)  dD(t)
T T
dH (t)

+f2 it +8:Di(t) = u(t), k=1...m.

(85)

Using equations (59)—(61), let's transform the
left part of equation (58) as follows:
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=
9
H
62V1(x t) 62V2(x t) 62V3(x t) 64V2(x t) dzel( ) d ( ) dze3(t) del(t) ~
) ) ) . ) <
gE T8 T e R T (89) o
C0MVa(x,t) L 0'Va(x,t) dey(t) . des(t) i &
s s = te—th——t&e ei(t)=0; %
u wk d?Ci(t ~
Z<<631 +]31< i ) ) dtkz( )+ 4 de; (t) b de,(t) np de;(t) +d dey (t)
k=1 e > dp e 2t (90)
. (mk\?\ @Dyt de() des(t)
mh\"\ @Hi(t)\ . (mhx Pei(t) | Pey(t)  dPes(t) . dey(t)
<g31+k31< i ) ) e sm(T>, az P + b iR +c3 iR +ds a7 o1)
de de
+e; ;E)-i-fa ;E)‘ng es(t)=0.
oVi(x,t) Va(x,t) Vs (x,t) Vs (x,t) Equations (89)—(91) are written in the operator
ba—g e Tty form:
. dCi(t) | dDi(t) 2 2
:kz b31 dt + 3 dt + (ﬂll-{ +d11+g1)€1(l>+(b11 +€1)\)€2(A)
=)
+ (X +fi2)es()=0; (92)

I\ 2dH, (¢ k
(dg,l + h31 <7TT> —;t( )> sin (WTX>’

(a2 +dyA+g1)er () + (021> + 22+ §2) ea(A)

+ (022 +£22)e5(1)=0; (93)
02V (x, 1) L < )2
—————+anV3(x,t)=
O e Z1 (86) (113/12 + d3;\) €1 (/1) + (b3l2 + €3A) ez(A)
wkx + (32 +f32+g3)es(1)=0. (94)
+az | Hi(t)sin .
o The characteristic equation of the system of

. . . equations (92)—(94) has the form:
For equation (86), we introduce the notation:

56A° +552° + 5424% +532% 4+ 5,42 + 514+50= 0, (95)
2 2
. (7k . (7k
az=e31 +J31 7)) by =f3 +1is 7)) where:
2
3 =93 + k31 (Trlk) : d3 — b31; S6 :ﬂ]b2C3 + b1C2ﬂ3 + C1b3112 — Clﬂg,bz — llzb1C3 — C2b3l11;

s5 =a1b,f3 + arex¢3 + dibacs + bicad+fobias + eqcaas

2 2
€3 =031; f3=ds1 + I3 <7er) 1= — (FTk> + az;. (87) + c1bsdy + cre3a; + fibsa, — craze; — cidsbs — fiazb,

— aybifs — mpeics — dobics — obsdy — ez —f2b3ﬂ1§
Equation (58), taking into account equations

(86) and (87), is written as follows:
sy =1 byfs + d1b2f3 + a1§2¢3 + diexcs + g1bacs +fzbld3

dC*(t) , dD*(t)  dH*(t) ,dC(t)  dD(t) + e10ady + eifoas + cresds + fibsdy + fresaz — c1a382
as B b; > TG > T ds +e3
dt dt dt dt dt —adsey — fiazes — fidsby — ayb1g3 — merfs — dabifs
+f3 ( ) ( ) = O'k(t), k=1..m. — d261C3 — C2b3g1 — C2€3d1 —f2b3d1 —f2€3a1;
(88)

83 =016,83 + d1bags + a192f3 + drexfs + g1bofs + digacs
Consider equations (82), (85) and (88) as ho- B B L
mogeneous with constant coefficients and zero + 026+ eifods +fresds — cudsga — fiasga——frdsez

initial conditions: — @193 — dhb1gs — daefs — cae3g1 — fobsgn — fresds;
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Sp =a1§293 + d16293 + 10293 + d19ofs + g16a2fs + 18263
—f1d3g2 - d2€1gs —fz€3g1;

s1=d19293 + 816293 + §19f3

S0 =818283-
Consider the case where the characteristic
equation (95) has complex conjugate roots:

M2 =011j01,A34 = 6r1j0, Ta A5 6 = 034703

The homogeneous equations (89)—(91) have the
following solution:

e1(t)=e"" cos(01t),ex(t) =€ sin(6:t),e3(t) = cos(fat),

eq(t)=e™'sin(6,t),

es(t) =e™" cos(6st), es(t) = €™ sin(05t), respectively.

3. Results and discussions

The ultimate solution to these problems is based
on the use of variation of arbitrary constants. This
typically involves solving ordinary differential
equations (ODEs) or systems of ODEs. The method
of variation of arbitrary constants is used to find
solutions to inhomogeneous linear differential
equations. To do this, it is necessary to determine
whether the differential equation is linear and
homogeneous or inhomogeneous. The variation of
arbitrary constants method is mainly used for
inhomogeneous linear ODEs. It is then necessary
to solve the corresponding homogeneous equation
to find the general solution. The general solution of
the homogeneous equation will involve arbitrary
constants, and the result will be the function of the
independent variable or a combination of func-
tions. For the inhomogeneous equation, we assume
a particular solution based on the form of the
inhomogeneous term. This solution will involve
constants, but they won’t be arbitrary constants.
Once we've determined the values of the arbitrary
constants using the initial and boundary condi-
tions, we'll substitute them into the general solu-
tion along with the solution. This gives you the
final solution that satisfies both the inhomoge-
neous equation and any given initial and boundary
conditions.

Using the method of variation of arbitrary con-
stants, we look for solutions to equations (82), (85)
and (88) in the form [30]:

Cu(t) = By(B)es (£) + By(H)ea(t) + Bs (Hes () + Ba(Bea(t)
+ Bs(t)es(t) + Bs(t)es(t);
(96)

Di(t) =Bi(t)es(t) + By (t)ea(t) + Bs(t)es () + Ba(t)es(t)
+ Bs(t)es(t) + B (t)es(t);
(97)

Hi(t) =By (t)ey () + By(t)ea(t) + Bs(t)es(£)
+ B4(t)e4 (t) + Bs (t)€3(t) + B6(t)e4(t) .

We look for functions Bi(t), Ba(t), Bs(t), Ba(t),
Bs(t), and Bg(t) from the system of equations:

(98)

dB. () /dter () | dt +dBy(t) / dtey(t)dt+dBs(t) / dtes(t) / dt
- dBy(t) /dtes(t) /dt +dBs(t) / dtes(t) /di + dBs(t) / dtes
(t)=0;

dBy(t) / dtdey(t) / dt + dB,(t) / dtde,(t)dt +dBs(t) /
dtdes(t) / dt + dBy(t) / dtdey(t) / dt + dBs(t) / dides(t) / dt
+dBs(t) / dides(t) / dt =1/ary,(t); (99)

dBy(t) / dtei(t) | dt + dB,(t) | dtes(t)dt

+dBs(t) / dtes(t) / dt + dBy(t) / dtes(t) / dt

+ dBs(t) / dtes(t) / dt + dBg(t) | dteg(t) =0;

dBy(t) / dtdey (t) / dt + dBy(t) / dtde,(t)dt

+dBs(t) / dtdes(t) | dt + dB,(t) | dtde,(t) / dt

+ dBs(t) / dtdes(t) / dt -+ dBs(t) / dtdes(t) / dt = 1/azm(t);

(100)

+dBs(t) / dtes(t) / dt + dBy(t) / dtes(t) / dt

" dBs(t) / dtes(t) / dt + dBs(t) / dtes(t) =0;

dBy(t) / dtdey (t) / dt + dBy(t) / dtdey(t)dt

+dBs(t) / dtdes(t) | dt + dB,(t) / dtde,(t) / dt

+ dBs(t) / dtdes(t) / dt + dBs(t) / dtdes(t) / dt = 1/asor(t);

(101)

We write the determinant of the matrix of co-
efficients of the system of equations (99)—(101) as
follows:



JOURNAL OF SUSTAINABLE MINING 2023;XX:20—39 33

el(t) e(t) e(t) et) es(t) est)

d61 (t) dez(t) d€3 (t) de4 (t) des (t) d@s(t)
dt dt dt dt dt dt

ei(t) elt) es(t) elt) es(t) eslt)

d61 (t) d€2 (t) d€3 (t) d€4 (t) d€5 (t) d€6 (t)
dt dt dt dt dat dt

e (t) ez(t) €3 (t) (1 (t) €5 (t) ee(t)

d61 (t) d€2 (t) d€3 (t) d64 (t) d65 (t) d€6 (t)
dt dt dt dt dt dt

(102)

We also find A;, Ay, Az, As, As and A,
accordingly, replacing the columns in equation
(102) with the right part of equations (99)—(101),
respectively:

dBy(t) / dt =01/ A; dBy(F) ] dt =Do/A;dBs(t) / dt =As/A;

Time t (microseconds)

dB(t) / dt =Ay/A; dBs(t) / dt =As/A; dBg(t) / dt =Ag/A.
(103)
To find the initial conditions
Bi(t)|i—0:B2(#)|i—0 B3 (t)];—0-Ba(t);—0:B5(t) =g and
Bg(t)|,_o, we differentiate equations (96)—(98) and,
using equations (99)—(101), we obtain:
dC(t) / dt=dB, (t) / dte; (t) + dB,(t) / dtey(t)
+ dB;(t) / dtes(t) +dBy(t) / dtes(t) + dBs(t) / dtes(t)
+dBe(t) / dtes(t) + By (t)dey (t) / dt + By (t)dex(t) / dt
+ B3 (t)des(t) / dt + By(t)dey(t) / dt + Bs(t)des(t) / dt
+ By (t)des(t) / dt =By (t)de, (t) / dt + By (t)dey (t) / dt
+ Bs(t)des(t) / dt + By(t)dey(t) / dt + Bs(t)des(t) / dt
+ Be(t)deg(t) / dt; (104)

dDy(t) / dt =dBi(t) / dtey(t) + dBy(t) / dtes(t)

+ dBs(t) / dtes () + dBa(t) / dtea(t) + dBs(t) / dtes(t)
+ dBy(t) / dtes(t) + By (t)dey (t) / dt + By(t)dex(t) / dt
+ By (t)des(t) / dt + By(t)dea(t) / dt + Bs(t)des(t) / dt
+ By ()des(t) / dt = By (t)dey (t) / dt + By(t)des(t) / dt
+ Bs(t)des(t) / dt + By(t)des(t) / dt + Bs(t)des(t) / dt

Voltage in the low-voltage
winding U(x,t) (V)

-} 3467.81

~—2774.25

~—2080.69

~—1387.12

—693.56

Low-voltage winding length x (metre)

Fig. 2. Voltage distribution as a function of distance and time in the primary winding of a three-winding transformer.
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Voltage in the medium-voltage
—— winding U(x,t) (V)
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\

\ﬁ/1.17x104
\

L1 -9343.46

[ ] ]

~—7007.6

/

—4671.73

—2335.87

Time t (microseconds
( ) Medium-voltage winding length x (metre)

Fig. 3. Voltage distribution as a function of distance and time in the secondary winding of a three-winding transformer.

g Vf)ltda'ge ig(th:)hicg)h—voltage
windaing X,
’// \\~/ 1.12x10°
/
’// \\~/8.99x104
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\\ | 4.49x10%
/2.25x104
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Fig. 4. Voltage distribution depending on distance and time in the tertiary winding of a three-winding transformer.
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Fig. 5. Voltage distribution at different points of the primary winding of a three-winding power transformer depending on time.

+B6(t>d€6(t) /dt; (105) dck(t)/dt‘t:O:Bl(t”t:O de (t)/dt|t:0
+B, (t) |t:0 de, (t) /dt|t:[] +B; (t) ‘t:O des (t)/dt|t:0
dHy(t) [ dt=dB:(t) / dte:(t) + dBa(t) / dtea(t) + Ba(t)] _oddea(t) /dt] o + B5 ()|, _odles () /]

+ dBy(t) / dtes(t) + By (t)der(t) / dt + By (t)dex(t) / dt

+ By (t)des(t) / dt + By(t)dey(t) / dt + Bs(t)des(t) / dt Di(8)]_o =B1(8)l,_o 1(8) |, + Ba() g €2(8) g
+ B (t)des(t) / dt = By(t)dey (t) / dt + By(t)dey(t) / dt - - - - -
By (t)des(t) / dt + By(t)des(t) / dt + Bs(t)des(t) / dt T BaBleco eaBleo + BalB)lig (Bl
+ By(t)des(t) / dt. (106)  TBs()li—g €5(t)l—g +Bs(t)]—o €6 (H)l,—o;
From equations (104)—(106), as well as equa-
tions (96)—(98), we obtain for t = 0: dDy(t)/dt|,_o =B1 ()= des(t)/dt|,_q
Ci(D)limo =B1(#)| = €1(#)|i—o + B2(t) [ 1= €2(t) |19 +Ba(t)],_o dea(t) /dt|,_g + Bs(t)],_ des(t) /dt],_,
+Bs(#)],—o €3()];_o + Ba(t)|,o €a(t) | + Ba(t)],_odea(t)/dt],_o + Bs(t)|,_odes (t) /dt|,_,

(
+Bs(£)]— €5 (£) =0 + Bo(£)l—0 €6 (F)],—07 +Be(£)],_odes (£) /dt|,_y; (108)
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Fig. 6. Voltage distribution at different points of the secondary winding of a three-winding power transformer depending on time.

Hy ()], =Bu(t)],—g €1 (t)|,—o + B2 ()] ;g €2(t) ],
+Bs(t)],_g €3(t)|,_o + Ba(t)],_g €a(t)],—o

+Bs ()|, €5(t)]s—o + Bs(t)[s— €s(t) [ i—os

+Ba(D)giBa(t) = [ ABa(t) e+ Ba(t)] i Bl

1 1

dH(t)/dt|,_g = Bi(t)],_o dex(£) /dt],_y = / dB4(t) / dt+Bs(t)|,_; Bs(t) = / dBs(t) / dt

0 0

+ B2 (t) |t:0 deZ (t) /dt‘tzo + B3 (t) |t:0 de3 (t)/dt|t:0 1
+Bo(t)],_o: Bo(t) = / By (t) / dt + Bo(B)],_o.

+ Ba(t)|,_odes(t) /dt],_o + Bs(t)|,_odes (t) /dt|,_,

(110)

+Bs(t)|,_odes(t)/dt],_- (109)
According to equations (96)—(98) we find Ci(#),
Considering equations (74)—(76), we reformu-  Di(t) and Hi(t); according to equations (59)—(61)
late equations (107)—(109) as follows: and Vi(x,t),Va(x,t) and Vs(x, t); according to
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Fig. 7. Voltage distribution at different points of the tertiary winding of a three-winding power transformer depending on time.

equations (29), (36) and (43) we determine
uy(x,t),uz(x,t) and uz(x, t).

Figures 2—4 show the distribution of voltages in
the primary, secondary and tertiary windings of a
three-winding transformer as a function of distance
and time, respectively.

Figures 5—7 show the distribution of voltages at
various points in the primary, secondary and ter-
tiary windings of a three-winding power trans-
former as a function of time.

The results obtained are the final solution and
they do indeed satisfy the original inhomogeneous
differential equation and the conditions given. It's
important to note that the variation of arbitrary
constants method is useful for linear inhomoge-
neous equations; it could apply to all types of
differential equations. However, non-linear equa-
tions or equations with more complex forms may
require other solution techniques.

4. Conclusions

Three-winding transformers, also known as ter-
tiary transformers, are electrical devices used to
transfer power between three separate circuits. In
power systems, wave processes refer to the propa-
gation of electrical signals and disturbances, such as
voltage and current, through transmission lines,
transformers and other components. These pro-
cesses are characterized by various wave phenom-
ena such as reflection, transmission and interaction.
Wave processes can have significant effects on the
operation and performance of the transformer.
These effects can include voltage and current oscil-
lations, transient overvoltage and other distur-
bances that can affect the stability and reliability of
the power system. Understanding and analyzing
these wave processes is essential for the effective
design and operation of power systems.
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A mathematical model has been developed for the
study of wave processes in three-winding power
transformers, taking into account the main magnetic
flux, own and mutual interwinding fluxes and
mutual interwinding fluxes of the winding disper-
sion, the formation of initial and boundary condi-
tions is given. A modified method of variable
separation is proposed to solve a system of differ-
ential equations with partial derivatives. The pro-
posed mathematical model allows modeling of
voltage distribution in transformer windings, on the
basis of which it is possible to develop means of
protection against overvoltage and coordinate their
isolation.
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