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Abstract

Necessary and sufficient conditions for asymptotic stability of po-
sitive linear discrete-time systems with delays and for robust stabi-
lity of interval positive systems with delays are given. First, the
conditions are formulated for positive systems in general case.
Next, they are simplified in two special cases: positive scalar sys-
tems with delays and positive systems with pure delay.

Streszczenie

Podano warunki konieczne i wystarczajace asymptotyczne;j stabil-
nosci dyskretnych dodatnich ukladéw liniowych stacjonarnych
z opoznieniami oraz odpornej stabilnosci przedzialowych dodat-
nich ukladéw z opodznieniami. Najpierw sformutowano warunki
stabilnosci w przypadku ogdlnym, a nastepnie w dwoch przypad-
kach szczegdlnych: dodatniego uktadu skalarnego z op6znieniami
oraz dodatniego uktadu z czystym opdznieniem.

Keywords: Linear system, positive, discrete-time, interval, time de-
lays, stability, robust stability.

Stowa kluczowe: Uklad liniowy, dodatni, dyskretny, przedzialowy,
opoznienia, stabilnos¢, odporna stabilnosc.

1. Introduction

In positive systems inputs, state variables and outputs take on-
ly non-negative values for non-negative initial states and non-nega-
tive controls. A variety of models having positive linear systems be-
haviour can be found in engineering, management science, econo-
mics, social sciences, biology and medicine, etc.

Recently, conditions for stability and robust stability of positive di-
screte-time systems with delays were given in [2, 3, 5]. The stability pro-
blem of linear positive systems with time-delays was not considered yet.

In this paper an overview of recent developments in stability
and robust stability of positive discrete-time systems with delays
will be presented. Some new results also will be given.

2. Asymptotic stability

Let R™™ be the set of n x m matrices with entries from the field
of real numbers and R" =R"™"_ The set of n x m matrices with real
non-negative entries will be denoted by R”” and R” =R"" The
set of non-negative integers will be denoted by Z,.
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Consider the positive discrete-time linear system with delays
described by the homogeneous equation

h
X = Ao, +ZAkxi—k’ (1)
k=1
where h is a positive integer and 4, e R}™" (k=0,1,...,h).

The system (1) is asymptotically stable if and only if all roots
Z1,25,....Z5 Of the characteristic equation w(z) = 0 have moduli less
than 1, where

h
w(z) =det(z""'1, - > 4,2"). )
k=0

The positive system without delays equivalent to (1) has the form

% =d%, e Z; (3)

where ¥ € R with 71 = (h + 1)n and

Ao A1 Ah
I, 0 -« 0

A="7  [em™ @)
0o 0 7 0

n

The positive system (3) is asymptotically stable if and only if
w,(z) =det(zl; — A) # 0 for |z[>1. ®)

In [5] it was shown that w(z) = w,(z). Hence, asymptotic stabi-
lity of positive system (1) (with delays) is equivalent to asymptotic
stability of positive system (3) (without delays).

Theorem 1 [5]. The positive system with time-delays (1) is asympto-

tically stable if and only if the following equivalent conditions hold:

1) all coefficients of polynomial w(z+1) are positive, where has the
form (2),

2) all principal (leading) minors A; (i = 1,2,...,n) of the matrix
A = I; — 4 of the form



10

PAK 10/2004

L -4, -4 -4,

e | s I = .0
4= : : % : (©)

0 o -IL I

are positive.

Lemma 1 [5]. The positive time-delays system (1) is unstable if

1) the positive system x;.; = Aox; (without delays) is unstable, or

2) at least one diagonal entry of the matrix 4, is greater than 1.
From the above it follows that asymptotic stability of positive

system (1) with delays depends of the matrices 4, (k =0,1,...,4) but

it does not depend of delay 4 > 0.

2.1. Stability of scalar systems with delays

Consider the positive system with delays described by the ho-
mogeneous equation

h
X = AyX, +Zakxi7k, ieZ, @)
k=1
where / is a positive integer and a;, > 0 (with assumption that at le-
ast one coefficient a, is positive).
The system (7) is asymptotically stable if and only if w(z) # 0
for |z| 2 1, where
w(z)=z"~az7"~..~a, z-a,. 8)
The positive system without delays equivalent to (7) is descri-
bed by the equation
fi+1 = A.vx

o I€ oy ®

i

where 4, eR™. n=h+1, and

Ay @
1 0 - 0

a=. 07T (10)
0 0 1 O

From Theorem 1 and Lemma 1 we have the following.

Theorem 2. The positive system with time-delays (7) is asymptoti-

cally stable if and only if the following equivalent conditions hold:

1) all coefficients of polynomial w(z+1) are positive, where w,(z)
has the form (8),

2) all principal minors of the matrix 4, = I, — A, of the form

l-a, —a, -+ -—aq,

A=l . o a1

are positive.
Lemma 2. The positive time-delays system (7) is unstable if the posi-
tive system (without delays) x;,| = apx;, i € Z,,is unstable, that is ag>1.
The condition 2) of Theorem 2 can be written in the form

i—1
A=1-Ya,>0fori=12,..n=h+1 (12)

k=0

Because 4,0 for k=0,1,...,n—1=h, inequalities (12) hold if and only if

h
A, =1-)a,>0. 13)
k=0

Hence, we have the following theorem.
Theorem 3. The positive system with time-delays (7) is asymptoti-
cally stable if and only if (13) holds.

From Theorem 3 it follows that asymptotic stability of positi-
ve scalar time-delays system (7) does not depend of delays.

Example 1. Consider the system (7) with 2=1 and a,=0.4, a;=0.5.
From (13) we have A,=1-aga;=0.1>0. Hence, the system is
asymptotically stable. Notice that any system described by the equ-
ation x| = agx; + a;x; , with 1 > 1 is also asymptotically stable.

2.2, Stability of systems with pure delay

The system (1) is the system with pure delay if A4, = 0 for
k=0,1,....,h—1. In such case this system is described by the homo-
geneous equation

Xy =A%y i€ Z,. (14)

From (4) it follows that the matrix 4, of the equivalent system
X;41 = 4,x; without delays has the form (with 7 = (k2 + 1)n)

B W A
In 0 #e 0 Axi

A= e (15)
001, 0

The system (14) is asymptotically stable if and only if wy,(z)=0
for |z[>1, where

w,(2) =det(z""'I, - 4,). (16)

From Theorem 1 we have the following.
Theorem 4 [3]. The positive system (14) with pure delay is asympto-
tically stable if and only if the following equivalent conditions hold:
1) all coefficients of the polynomial w(z+1) are positive, where
wy,(z) has the form (16),
2) all principal minors of the matrix Zp = I — A, of the form

I 0 = . —d,

= N G {47

are positive.
From structure of the matrix (17) it follows that all principal
minors of order from 1 to nh of A, are always positive. Moreover,

all principal minors of Zp of order from nh + 1 to (h + 1)n are po-

sitive if and only if are positive all principal minors of the matrix
D= iy, (18)

From the above it follows that if the system (14) with fixed de-
lay #>0 (% is a positive integer) is asymptotically stable, than the
system x| = 4,x; ,, where p is any positive integer, is also asymp-
totically stable. Hence, asymptotic stability of positive system (14)
with pure delay does not depend of delay.

Positivity of all principal minors of (18) is necessary and suffi-
cient for asymptotic stability of the positive system without delay,
described by the equation [4]

Xy =Ax, i€ Z, 19)

It is well known [4] that the system (19) is asymptotically stable if
and only if all eigenvalues of the matrix 4, have moduli less than 1.
From the above and [4] we have the following.
Theorem 5 [3]. The positive system (14) with pure delay is asympto-
tically stable if and only if the following equivalent conditions hold:
1) all principal minors of the matrix (18) are positive,
2) all coefticients of the polynomial

det[(z+ 1)1, - 4,]1=z2"+a, 2" +..+7, (20)

are positive, i.e. a;>0fori=0,1,..n -1
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Lemma 3 [3]. The positive system (14) is not stable if at least one
diagonal entry of the matrix 4;, = [ay;] is greater than 1, 1i.e. ay, > 1
for some k € (1,2,...,n).

Example 2. Consider the positive system (14) with

a 02 0
A4,=104 0.1 0.1] 1)
1 03 b

Find values of the parameters a >0 and b > 0 for which the system
is asymptotically stable. In this case matrix (18) has the form

l-a -02 0
D=|-04 09 -01| (22)
-1 -03 1-b

Computing all principal minors of (22), from condition 1)
of Theorem 5 we obtain: Aj =1 —a >0, A, = 0.82 — 0.9a > 0,
A3 =0.77 - 0.87a — 0.82b + 0.9ab > 0. These inequalities can be
written in the form

a<0.9111,0.77 - 0.87a — 0.82b + 0.9ab > 0. (23)

Hence, the system is asymptotically stable for a and b satisfy-
ing (23) and for any fixed delay (h = 1,2,...).

3. Robust stability of interval systems

Let us consider a family of positive discrete-time systems with delays
h
Fhp = ZAkx,._k, A, €[4 A 1= R, (24)
k=0

wherea,; €[ay.ay;], ay <a;;, with 4; = [ay; ], 4 =[ay;] fork=0,1,.../.
The family (24) is called as an interval family or an interval
system with delays.
The interval positive system (24) is called robustly stable if the
system (1) is asymptotically stable for all 4, €[4, ,4,] (k=0,1,...,h).
If 4, €[4, 4], k=0,1,...,h, then for the equivalent system (3)
we have 4 € Ay, where A is of the form (4), 4, =[4", A+] and

A(; Af A;
I

e e AL 25)
0 0 I 0

n

Theorem 6 [2]. The interval positive time-delays system (24) is ro-

bustly stable if and only if the positive system without delays
Xip1 = = 4T X i € Z,, is asymptotically stable or, equivalently, is

asymptotically stable the positive system with delays

i
Xn = AoXo+ D A%y ic Z, (26)
=

Proof. The proof follows directly from the fact that all eigenvalues
of any non-negative matrix 4 € [4™, A+] have moduli less than 1 if
and only if all eigenvalues of A™ have moduli less than 1 [1].

From Theorem 6 it follows that robust stability of interval sys-
tem (24) does not depend of the matrices 4; e R}, k = 0,1,....4
Therefore, may be 4, =0 for k = 0,1,...
(1) is asymptotically stable for any fixed 4, =4, R, k=0,1,..4
then this system is also asymptotically stable for all 4, < [0, Al
k=0,1,..,h

From the above and Theorem 1 and Lemma 1 we have the fol-
lowing theorem and lemma.
Theorem 7 [3]. The interval positive time-delays system (24) is robu-
stly stable if and only if the following equivalent conditions hold:
1) all coefficients of the polynomial w+(z +1) are positive, where

,h. Moreover, if the syskcﬁ :

11

w(z+1) =det[(z+1)""], - iA; (z+D)"*], 27
k=0

2) all principal minors of the matrix 4* =1, — 4* of the form

Lot mff s mdlt

_ —F 0

i R R e 28)
0 [ 4

are positive.
Lemma 4 [3]. The interval positive time-delays system (24) is not
robustly stable if the positive system (without delays) x;,, = AOxA

7
is unstable, or at least one diagonal entry of the matrix Ajis greater
than 1.

3.1. Robust stability of scalar interval systems with delays

Consider a family of positive discrete-time linear systems with
delays

h
Xia =2 4%, a < [apall, (29)
k=0
where 0 < gy and aj < af for k = 0,1,....h.
The positive interval system without delays equivalent to (29)
is described by

=A%, A €[A A 1R, n=h+l. (30)
From Theorems 6 and 3 we have the following.

Theorem 8. The interval positive system (29) with delays is robustly
stable if and only if the positive system without delays

=4 %, ie Z,, (31
where
a; a a,
As*:? 0 0 (32)
0 0 1 0

is asymptotically stable or, equivalently, is asymptotically stable
h

the positive time-delays system x,,, = Za;x,._k, that is (according
to Theorem 3) k=0

h
A, =1- a; >0. (33)
k=0

3.2. Robust stability of interval systems with pure delay
Let us consider interval positive system with pure delay
Xpg = A, A, €[4, AT 1 R (34)

Theorem 9 [3]. The interval positive system (34) with pure delay is
robustly stable if and only if the positive time-delay system

3=l a2 (39)

is asymptotically stable or, equivalently, is asymptotically stable
the positive system without delays

X = A;xia e Zy, (36)

From Theorem 9 it follows that robust stability of interval sys-
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tem (34) does not depend on the matrix 4, € R}". Therefore, may
be 4, =0.

From the above and Theorem 5 we have the following theorem.
Theorem 10 [3]. The interval positive system (34) with pure delay is
robustly stable if and only if the following equivalent conditions
hold:

1) all principal minors of the matrix

D=L Ay (37

are positive,
2) all coefficients of the polynomial

det[(z+ 1), — A4} ]=z"+4, 2" +..+ G, (38)

are positive.
Lemma 5 [3]. The positive interval system (34) is not robustly sta-
ble if at least one diagonal entry of the matrix A}:'Z [ah+,~/] is greater
than 1, i.e. ajy, > 1 for some k < (1,2,...,n). '

4. Conclusions

An overview of the recent developments in stability and robust
stability theory of positive linear discrete-time systems with delays
has been presented. First, the necessary and sufficient conditions for
asymptotic stability of the general case of such systems, scalar sys-
tems and for systems with pure delay are given. Next, the conditions

for robust stability of interval systems are derived. Moreover, it is
shown that if the systems under considerations are asymptotically
stable than there are asymptotically stable independent of delay.

An open problem is an extension of the considerations for po-
sitive continuos-time linear systems with delays and for singular
positive discrete-time and continuos-time systems with delays.
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Tytul: Wybrane nowe wyniki w teorii liniowych dodatnich ukfa-
déw dyskretnych z op6znieniami — Stabilno$¢ i odporna stabilnos¢

Artykut recenzowany

Tadeusz KACZOREK, Mikotaj BUSLOWICZ
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Recent Developments in Theory of Positive Discrete-Time Linear Systems
with Delays - Rechability, Minimum Energy Control and Realization Problem

Abstract

Notion of the positive linear discrete-time systems with multiple
delays is introduced. Necessary and sufficient conditions for posi-
tivity, reachability and minimum energy control are given. Condi-
tions for the solvability of the realization problem are established.

Streszczenie

W pracy podano warunki, jakie musi spetnia¢ dyskretny uktad li-
niowy stacjonarny z op6znieniami, aby byt on uktadem dodatnim.
Sformulowano warunki konieczne i wystarczajace osiagalnosci
oraz sterowania z minimalng energia. Podano warunki, przy spel-
nieniu ktérych problem realizacji rozpatrywanej klasy uktadéw ma
rozwiazanie.

Keywords: Linear systems, positive, discrete-time, time-delays, re-
achability, minimum energy control, positive realization.

Stowa kluczowe: Ukiad liniowy, dodatni, dyskretny, opdznienia,
osiggalno$é, sterowanie z minimalng energia, dodatnia realizacja.

1. Introduction

In positive systems inputs, state variables and outputs take on-
ly non-negative values for non-negative initial states and non-nega-
tive controls. Examples of positive systems are industrial processes
involving chemical reactors, heat exchangers and distillation co-
lumns, storage systems, compartmental systems, water and atmo-
spheric pollution models. A variety of models having positive line-
ar systems behavior can be found in engineering, management

science, economics, social sciences, biology and medicine, etc. Po-
sitive linear systems are defined on cones and not on linear spaces.
Therefore, the theory of positive systems is more complicated and
less advanced. An overview of state of the art in positive systems
theory is given in the monographs [6, 7]. Recent developments in
positive systems theory and some new results are given in [8].

Recently some known result for standard linear positive sys-
tems have been extended for positive systems with time-delays. The
reachability of positive discrete-time systems with one delay has
been considered in [2, 17] and the minimum energy control of the
same class of positive systems has been studied in [3, 12]. Condi-
tions for controllability and minimum energy control of linear po-
sitive continuous-time systems with delays were given in [16]. The
stability and minimal realization problems was considered in [4, 5, 9]
and [10, 11, 13], respectively.

In this paper we give an overview of recent developments in re-
achability, minimum energy control and realization problem of po-
sitive discrete-time systems with delays. Some new results will be
also presented.

2. Preliminaries

Let R™™ be the set of n x m matrices with entries from the field
of real numbers and R” =R"', The set of n X m matrices with re-
al non-negative entries will be denoted by R”” and R’ =R}".
The set of non-negative integers will be denoted by Z,.

Consider the discrete-time linear system with delays described
by the equations

A
X =A%, +2Akxi7k + Bu,, (1a)

k=1
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