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In recent years much of the research in the area of control
systems theory focused on the design of a discontinuous
feedback which switches the structure of the system accord-
ing to the evolution of its state vector. This technique, usual-
ly called sliding mode control, provides an effective and
robust means of controlling nonlinear plants (Utkin 1977;
Hung 1993). The main advantage of this technique is that
once the system state reaches a sliding surface, the system
dynamics remain insensitive to a class of parameter varia-
tions and disturbances. However, robust tracking is assured
only after the system state hits the sliding surface, i.e. the
robustness is not guaranteed during the reaching phase.
Since conventional time-invariant sliding plane is consi-
dered, the insensitivity of the system is not obtained for
some time from the beginning of its motion. Furthermore,
usually for the given initial conditions there is an essential
trade-off between the short reaching phase and the fast sys-

tem response in the sliding phase. In order to overcome
these problems the idea of the time-varying switching lines
applied for the sliding mode control of the second order
time-varying, nonlinear systems was introduced in (Choi
1994).

This paper is focused on SMC design and it presents
a new method of switching line selection. The switching
line introduced in the paper moves with a constant velocity
and a constant angle of inclination to the origin of the error
state space and it is selected in such a way that at the initial
time the system representative point belongs to the line. In
this way the reaching phase is eliminated and the system is
insensitive with respect to external disturbance and model
uncertainty from the very beginning of the control process.
Afterwards the line moves to the origin of the error state
space and having reached the origin it remains fixed. The
main contribution of this work is the procedure for the opti-
mal, in the sense of the integral absolute error (IAE) and the
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integral of the time multiplied by the absolute error (ITAE),
selection of the switching line parameters with the system
acceleration constraint.
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We consider the time-varying and nonlinear, second order
system described by the following equations:

1 2 2, ( , ) ( , ) ( , ) ( )x x x f t f t b t u d t= = + Δ + +� � x x x (1)

where x1, x2 are the state variables and x(t) = [x1(t) x2(t)]T is
the state vector, t denotes time, u is the input signal, b, f – are
a priori known, boun	�	�)'�+%&(���()� %&*����	� %,���.�%�*
�%�%���Δf and d are functions representing the system uncer-
tainty and external disturbance, respectively. It is assumed
that there exists a strictly positive constant δ which is
the lower bound of the absolute value of b(x, t), i.e.
0 < δ = inf{|b(x, t>?@3� �'
%,�
*(
��� )'�+%&(��� Δf and d are
unknown and bounded. Therefore, there exists a constant μ
which for every pair (x, t>� ��%&�)&��� %,�� )(��(4&�6� &��A'��
�&%.� ?Δf (x, t) + d(t)| ≤ μ. The initial conditions of the sys-
tem are denoted as x10 , x20 where x10 = x1(t0), x20 = x2(t0).
System (1) is supposed to track the desired trajectory gi-
ven as a function of time xd (t) = [x1d (t)   x2d (t)]T where

2 1( ) ( )d dx t x t= �  and x2d (t) is a differentiable function of
time. The trajectory tracking error is defined by the follow-
ing vector e(t) = [e1(t) e2(t)]T = x(t) – xd(t). Hence, we have
e1(t) = x1(t) – x1d (t) and e2 (t) = x2(t) – x2d (t). It is assumed
that at the initial time t = t0, the tracking error and the error
derivative can be expressed as e1(t0) ≠ 0 and e2(t0) = 0. The
switching line is shifted in the state space with a constant
angle of inclination. At the beginning the line moves uni-
formly (i.e. with a constant velocity) in the state space and
then it stops at a time instant tf  > t0 . Consequently, for any
t ∈ 〈t0, tf〉 the switching line is described by the following
equation:

s(e, t) = e2(t) + ce1(t) + A + Bt  = 0 (2)

where c, A and B are constants. The selection of c, A and B
will be presented further in the paper. Since the considered
line becomes motionless at the time tf, for any t ≥ tf  it is
fixed and can be described as follows:

s(e, t) = e2(t) + ce1(t) = 0 (3)

In order to ensure the stability of the sliding motion on
the line described by equations (2) and (3), parameter c
must be strictly positive. Furthermore, in order to actually
eliminate the reaching phase, and consequently, to ensure
insensitivity of the considered system from the very begin-
ning of its motion, constants A, B and c should be chosen in
such a way that the representative point of the system at the
initial time t = t0 belongs to the switching line. For that pur-
pose, the following condition must be satisfied:

( ) ( ) ( )0 0 2 0 1 0 0, 0s t t e t ce t A Bt⎡ ⎤ = + + + =⎣ ⎦e (4)

The following control signal ensures the stability of the
sliding motion on line (2):

( )2 2( , ) ( ) ( ) sgn ,

( , )
df t ce t x t B s t

u
b t

− − + − − γ ⎡ ⎤⎣ ⎦=
�x e

x
(5)

where γC= ηC+ μ and η is a strictly positive constant. Substi-
tuting relations (1) and (5) into the product ( , ) ( , ),s t s t�e e  we
get the following inequality ( , ) ( , ) ( , )s t s t s t≤ −η�e e e  which
proves the existence and stability of the sliding motion
on the plane described by equations (2) and (3). Taking
into account condition (4) and the assumption that t0 = 0 we
obtain:

A= B ce1(0) (6)

Solving equation (2) with the introduced initial con-
dition, assuming that t0 = 0 and considering relation (6)
we get the tracking error and its derivative for the time
t ∈ 〈0, tf〉:

( )2 2 1
1 1( ) 0cte t Bc e e Bc Bc t− − − −= − + + − (7)

( )1
2 ( ) 1cte t Bc e− −= − (8)

Notice that for the time t ≥ tf the switching line is fixed
and passes through the origin of the error state space. This
leads to the condition A + Btf  = 0. From this equation and
relation (6) we obtain

( )1 0
f

ce
t

B
= (9)

The fact that c and tf are greater than zero implies that
constants e1(0) and B always have the same signs. Next, we
will analyze the behavior of the system in the second phase
of its motion, that is when the switching line does not move.
The time invariant switching line is described by relation
(3). The initial conditions which are necessary to solve
equation (3) can be determined from (7) and (8) whose va-
lues are evaluated at the time instant tf. Solving equation (3)
with those initial conditions, we obtain:

( )2
1( ) 1 m cte t Bc e e− −= − + (10)

( )1
2 ( ) 1 m cte t Bc e e− −= − (11)

where

( )2
1 0c e

m
B

= (12)

is a strictly positive constant. Notice that the tracking error
described by (7) and (10) does not exhibit any overshoots.
Next in the paper a new method of the switching line selec-
tion will be proposed.
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In order to select the optimal switching line parameters c,
A and B we minimize two criteria:

C> %,��&�%�6
����7�(�'%���

(
�D���>

0

IAE 1( )
t

J e t dt
∞

= ∫ DC;>

9> %,��&�%�6
���()�%,��%&*��*'�%&8�&�	�7.�%,���7�(�'%���

(


D����>

0

ITAE 1( )
t

J t e t dt
∞

= ∫ DCE>

Since the tracking error converges monotonically, substi-
tuting equations (7) and (10) into criteria (13) and (14), we
obtain that IAE is given by:

( ) ( )2
1 1

IAE
0 0

2

c e e
J

B c

⎡ ⎤⎣ ⎦= + (15)

and ITAE can be presented as follows:

( ) ( ) ( ) 22
1 11

ITAE 2 2

0 03 06

6

e c ee
J

Bc B

⎧ ⎫⎡ ⎤⎪ ⎪⎣ ⎦= + +⎨ ⎬
⎪ ⎪⎩ ⎭

(16)

On the other hand, calculating c from (12) we obtain:

( )1 0

mB
c

e
= (17)

In order to facilitate the minimization process, further in
the paper we will consider the quality criteria as functions
of variables m and B, instead of c and B. Substituting (17)
into (15) and (16), we obtain the IAE criterion expressed as:

( ) ( ) 3 2
1

IAE
0 1

,
2

e m
J m B

mB

⎛ ⎞
= +⎜ ⎟⎜ ⎟⎝ ⎠

(18)

and the ITAE criterion equivalent to:

( ) ( ) 2
1

ITAE
0 6

, 3
6

e
J m B m

B m

⎡ ⎤ ⎛ ⎞⎣ ⎦= + +⎜ ⎟⎝ ⎠
(19)

Next we will present how to find the optimal (in the sense
of the IAE and ITAE criteria) switching line parameters,
subject to acceleration constraint.

�� �����������������	�������������

����� 
���������

In this section, in order to find the optimal switching line
parameters, we minimize IAE and ITAE with the following
constraint:

( )2 maxe t a≤� (20)

where amax is the maximum admissible value of the system
acceleration. Calculating the maximum value of ( )2e t�

(Bartoszewicz 2009), we obtain that relation (20) holds if
the following inequality is satisfied:

maxB a≤ (21)

Notice that for any given value of m, the minimum of
criteria (18) and (19), is obtained for the greatest value of |B|
satisfying constraint (21). Consequently, minimization of
the IAE and ITAE criteria, as two variable functions
JIAE(m, |B|) and JITAE(m, |B|) with constraint (21) may be
replaced by the minimization of the following (single va-
riable) functions without any constraint:

( ) ( ) 3 2
1

IAE
max

0 1

2

e m
J m

a m

⎛ ⎞
= +⎜ ⎟⎜ ⎟⎝ ⎠

(22)

and

( ) ( ) 2
1

ITAE
max

0 6
3

6

e
J m m

a m

⎡ ⎤ ⎛ ⎞⎣ ⎦= + +⎜ ⎟⎝ ⎠
(23)

Minimizing criterion (22), we obtain that it reaches its
minimum value for m = 2. Consequently, the optimal value
of parameter B is calculated from the following relation:

( )max 0sgnoptB a e= (24)

Then, the other switching line parameters, calculated
from relations (17), (6) and (9), are presented below:

( )
max

1

2

0opt
a

c
e

= (25)

( ) ( )1 max 1sgn 0 2 0optA e a e= − ⎡ ⎤⎣ ⎦ (26)

( )1

max

2 0
f opt

e
t

a
= (27)

In this way we select the switching line parameters when
IAE is minimized.

On the other hand, from the minimization of criterion
(23) as a single variable function, we get that the minimum
value of this criterion is obtained for 6.m =  Then, param-
eter Bopt is given by equation (24). In this case, i.e. when
ITAE is minimized, the other switching line parameters
have the following forms:

( )
max

1

6

0opt
a

c
e

= (28)

( ) ( )1 max 1sgn 0 6 0optA e a e= − ⎡ ⎤⎣ ⎦ (29)

( )1

max

6 0
f opt

e
t

a
= (30)

This set of the optimal (in the sense of ITAE) parameters
ends the proposed switching line design procedure.
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In order to verify the proposed method of the switching line
design we consider the following second order system

1 2,x x=�  ( )2
2 1 2(1 )sin 0.5 exp ( )x x x u d t= + ε + − − + +�  with

model uncertainty ε = 0.39 and external disturbance
d(t) = 0.6 sin(10t). As a consequence, we choose γ = 1. The
initial conditions are specified as x10 = 1, x20 = 0. Further-
more, the considered system is supposed to track the
following desired trajectory x1d (t) = – cos t. The maximum
admissible value of system acceleration is equal to
amax = 0.5. Calculating the parameters of the switching line
according to the proposed method we obtain the following
switching line parameters when IAE is minimized:
Bopt = 0.5, copt ≈ 0.71, Aopt ≈ –1.41, tf opt ≈ 2.83 and from
minimization of ITAE we get: Bopt = 0.5, copt ≈ 0.78,
Aopt ≈ –1.56, tf opt ≈ 3.13.

Figures 1 and 3 show evolution of the tracking error and
its derivative in both cases. It can be seen from these figures
that, no matter which criterion is minimized, the tracking
error converges to zero monotonically and furthermore, the
system is insensitive with respect to the external distur-
bance and the model uncertainty from the very beginning of
the control action. Figures 2 and 4 present that the accelera-
tion constraint is always satisfied and finally, Figure 5 de-
monstrates phase trajectories of the considered system.

���������
�+�&�6��

(
���	�&%��	�
&-�%&-��D����*&�&*&��%&(�>

���������.�%�*��++���
�%&(��D����*&�&*&��%&(�>

���������
�+�&�6��

(
���	�&%��	�
&-�%&-��D�����*&�&*&��%&(�>

���������
�+�&�6��

(
���	�&%��	�
&-�%&-��D�����*&�&*&��%&(�>

��������2,����%
���+%(
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In this paper a new SMC algorithm has been proposed. This
algorithm employs a time-varying switching line which
moves with a constant velocity and a constant angle of incli-
nation to the origin of the error state space. Parameters of
the line are chosen in two ways, i.e. when two criteria are
minimized subject to the system acceleration constraint.
Firstly, the minimization of the integral absolute error is
taken into account and next, the integral of the time multi-
plied by the absolute error is considered. The switching line
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designed in both cases guarantees that the reaching phase is
eliminated and in this way the system insensitivity with re-
spect to external disturbances and model uncertainties from
the very beginning of the control process is ensured. Fur-
thermore, in both cases the tracking error converges to zero
monotonically.
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