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SUMMARY

Our theoretical study aims at finding the statistical parameters characterizing the vibrations of an oscillator wi-
thout damping and forced by stochastic impulses magnitude of the different distribution. We will derive the depen-
dence of these parameters on rigidity and mass of the oscillator and on the stochastic distribution of the impulse
magnitude. We will also carry out a numerical simulation verifying the derived mathematical model and interpret
the differences between the results obtained in simulation and the mathematical calculations. This study is the first
stage of research aimed at designing and calibrating a probe that will facilitate measuring of parameters determi-
ning the quality of a technological process.
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STATYSTYCZNE PARAMETRY CHARAKTERYZUJACE DRGANIA OSCYLATORA
BEZ TEUMIENIA Z WYMUSZENIEM STOCHASTYCZNYM

Celem badan teoretycznych w tej pracy jest znalezienie statystycznych parametrow charakteryzujqcych drgania
oscylatora bez ttumienia i bedqcego pod wplywem stochastycznych impulsow o roznych rozkladach. Zostanie wy-
prowadzona zaleznos¢ tych parametrow od sztywnosci i masy oscylatora oraz od stochastycznego rozkladu wielko-
sci impulsu. Przeprowadzimy rowniez symulacje numerycznq weryfikujqcq wyprowadzony model matematyczny
oraz zinterpretujemy roznice pomiedzy wynikami otrzymanymi z symulacji a obliczeniami teoretycznymi. Badania
te sq pierwszym etapem prac majqcych na celu zaprojektowanie i skalibrowanie sondy, ktora umozliwi dokonywa-

nie pomiarow parametrow okreslajqcych jakos¢ procesu technologicznego.

Stowa kluczowe: oscylator, stochastyczne impulsy, wartos¢ oczekiwana, wariancja

1. INTRODUCTION

The work was inspired by attempts at constructing a mea-
suring device that would control the composition of the
medium in a dust pipeline. The difficulties that arose then in
connection with statistical interpretation forced us to search
for a mathematical model that would explain its causes.

In the case of stochastic impulses forcing mechanical
systems such as an oscillator, a string, a membrane, etc., the
parameters of movement of particular elements in the sys-
tem, including location, velocity and acceleration are ran-
dom and thus are recognized as stochastic variables.

The first partial mathematical results regarding the vibra-
tion of oscillators forced by stochastic impulses can be
found in the following works [2, 3,4, 9, 11, 17]. In the study
[19] by L. Takacs we can find the results that generalize the
findings published in previous works. The works [11, 12,
13, 14, 15, 16, 17] consider vibrations of oscillators forced
by stochastic impulses and suggest their possible techno-
logical applications. These results will help solve the pro-
blem of stochastic response of systems to the action of sto-
chastic impulses. Monographs [8, 10, 18] introduce the
foundations of the considered problems. Works by R. Iwan-
kiewicz [5, 6, 7] include certain results concerning nonlin-
ear systems subjected to stochastic forces that might not act

continually. These systems are solved by stochastic equa-
tions with Ito integral.

In this study we will, first of all, present a mathematical
reasoning and a theorem that will allow us to calculate the
basic parameters of considered stochastic variables like
mathematical expectation or variance. We will assume that
the probability that an impulse will occur in a short time
interval is proportional to its duration and the moments of
impulse occurrences and their magnitude are not probabilis-
tically interrelated.

Secondly, in this study, we will apply these results for the
oscillator without damping, forced by impulses in the form
fo=>, n;8, . We will calculate mean value of the ampli-

1<t
tude of this oscillator as well as its theoretical variance re-
lated to time and characteristic parameters of the oscillator.
Further, we will carry out our numerical simulation, com-
pare the results of the simulation with theoretical calcula-
tions and interpret the differences that may occur.

The obtained results will allow us to suggest possible
ways of interpreting the statistical qualities influencing the
system depending on statistical characteristics of measure-
ments. They will also explain certain difficulties connected
with the initial studies on designs of measurement devices
mentioned at the beginning of this introduction.
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2. THEORICAL BACKGROUND

Let g;: [0,00) > R,i=1,2, 3, ..., m be a sequence of conti-
nuous functions, A be a bounded connected Borel subset of
R? for some pe N, h: A —>R,i=1,2,3, ..., mbe a sequence
of bounded and continuous functions, {1; }:;1 — a sequence

of independent identically distributed (i.i.d.) random varia-
bles with exponential distribution F(x) = 1—exp(-Ax) for x >0

and F(x) =0 for x <0, {ni};; —asequence of i.i.d. random

variables with finite expectation, {Ci}; — a sequence of

i.1.d. random variables with values in the set A and finally
let {o;}", be a sequence of real numbers. Let us put

to=0,4;=3"_7;,i=123,.. and

E»(t)=§0‘n > T'ljhn(Cj)gn(t—tj) (1)

n=l1 O<t i<t

Denote by ¢ and ¢, distributions of {and 7 respectively.
Let4 ,c Cand B,c [0,)i=1,2, ..., m be Borel sets and
k(i, j), for every fixed i, be an increasing sequence of all
natural numbers such that

XA, (nk(i,,-))xBl. (ak(i,j)) =1 ()

where 34 (x)=1 if xe A and x4 (x)=0 if xe A. Write
tl] :tk(i,j) and Tl] :tlj _tlj_l.
We will say that &(7) is decomposable if for every n € N,

all Borel sets 4; c 4 and B; c [0, e0), i =1, 2, ..., n such that
A; x B; are mutually disjoint
T

i=1

i.

iy

are i.i.d random variables with exponential distribution

F(x)=1—exp (—kd)g (A4;) @, (B; )) forx >0

4)
and F(x) =0 forx <0
E (=20, X MGy (Ck(i,j))gﬂ (e=17),
n=l  0<t/<t (5)
i=1L2,...m
are independent and
&0 =X% (6)

i=1

From the technical point of view, decomposability of the
process &(#) means that we can divide the acting stochastic
forces in any way, and space onto which they acted (for
a string, a membrane etc) can be divided into any areas. If
we consider the processes corresponding with the acting
forces, let’s say group number i acting on the area number /,
we will receive a series of processes. As regards these
processes we assume that they are independent.

Theorem 1

If the above defined process &(7) is decomposable, then
1) characteristic function of &(7) is given by

9(s)=

o, ™)
= exp(kt[L‘ JO J?)exp (isz o, yh, (2)g (ut) J dudy (dy)g (dz)— ID
n=1

2) the expectation of &(7) is

\ m 1
EGO) =2 Ak () ¥ o, B, ()] gawrde ()
n=1

0

3) the variance of (%) is

D*(E@) = EE*(0) - E* (&) =

=S (vo-@ro)-

©)
2\ m m 1
=2 (0”3 3, oty B, (€ (6] 8 ()¢ )
n=l j=1 0

Lemma 2

Let g: [0, ) — R be an integrable in the Riemann sense
function, {t; }Zl be a sequence of i.i.d random variables
with exponential distribution F(x) =1- exp(—Ax) for x > 0
and F(x) =0 forx <0.

Letus put 7y =0, ¢ =2 i=1,2,3, .. and

i .
j=t"i

&)= g(t~t;) (10)

t]-<t

1) characteristic function @(s) of §(¢) is given by the follo-
wing formula

o(s) = exp(hs ( [jexp (isg (ur)du _1)) an
2) the expectation of &() is
E(&(r))=@=m}g(m)du (12)
0
3) the variance of &(7) is
D) = EE* (1) - E* (€)=
(13)

1
= (0O -7 ) =1
0
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Proof. Let N () = max{n: ¢, < t}.It is well known that
(see [1]) N(2) ZX 0.4] () is a Poisson process with in-

tensity A. Forne Nandk 0,1,2,.

( Jf i, }n1“(kt (k;l)t) 40

., n—1 let us put

Y = (14)
kt (k+1)t
zf{t}nlm( ( )J 0
n
We can represent Y;' in the following way
Y =x (N ((k+1)t/n)—N(kt /n))- g(kt / n) (15)

where x(x) = 1 if x > 0 and (x) = 0 otherwise. This, since
N((k + Dt/n)-N(kt/n), k = 0, 1, 2, 3, ..., n—1 are mutually
independent random variables, implies that ¥;" are also mu-
tually independent. Now let us set

n—1
X"t)=> v (16)
k=0

Since T;> 0 almost everywhere and in any interval (0, ¢)
process N(u) is finite with probability one, by 1 X"(¢) is
convergent to X(7) almost everywhere. It is well known (see
[1]) that

P(N(ty) —N(t) =0)=1-A(t, —t))+o(ty 1),

(17)

P(N(t)=N(1y) =1) =Mty —t1) +0(t3 —17)

and
P(N(1)) =N(t) >1)=o(t, —1).
Therefore, characteristic function of Y;" is
n Mt .
Qr(s) = (1 ——+o(1/n) Jexp(st) +
n

(18)

+(ﬁ+o(1/n)Jexp(isg(kt/ n))
n

And, consequently, characteristic function of X"(f) is
given by

n—1
@u ()= T1 @k (s)=
k=0
(19)

=11 |:(1 _ +o(1/n) )+ (E +o(1/n) )exp(isg(kt/n))]
k=0 n n

We can rewrite the above formula in the following way

n n—1
¢,(s)= (l—£+0(l/n)) + (1—E+o(l/n)) X

Mt Mt -
x[—+o(l/n)] Y exp(isg(tk/n))+| 1 —— + o(1/n) %

k=0

2
X[E +o(l/ n)] > exp(is(g(th, / n) + g(tky /n))) +
n k<k, (20)

n—3 3
+(l—£+o(l/n)) [E + 0(1/’1)] X

x Y. exp(is(g(thy/n)+ g(tky / n) + gtk / n))) +... =
k<ky<ksy

:10+11+13 AP ooo

It is easy to see that
lim [ = e™M

n—seo

and

l .
lim [, = e_xtktj 580 gy

n—>00

0

(21)
n—oo 0
Since for every functionf{#),n€ Nand k| =k,=0,1,2, .
n—1
Y, flqt/n)f(kyt /n)=
<k,
(22)
_L 2 fkyt/n) f(kyt [ n)— 2 f2 (ke /)
klak2
for 7, we obtain
2 (M1 2
lim I, =™ (7»;) [ [ eisg(ut)du] (23)

Without any difficulties, by the same reasoning as for /,,
for p > 2 we obtain

P (1
lim 1, =™ (A1) [ [ eisg(ut)duT (24)

!
n—eo p: 0
Now, since for n > p and some ¢

n—p P
IP£(1—£+0(1/11)J [£+0(1/n):| (HJS
n n p
(25)
< (A +c)’
p!
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after some computations we get

k
: e (7\,1‘) il 5 s
lim @, (s)=e IIZE)T(J.O eZSg(”t)du) =

n—>o0

(26)
=exp(Mt (J.; 80 gy —1))

Thus, by the Lévy—Cramér theorem we have 1. The re-
maining part of the thesis is a simple consequence of 1.

Proof of the theorem

The theorem we prove for p = 1, 4 = [0, b] and at the addi-
tional assumption that m is bounded by number M. For
p > 1 and 1 unbounded the proof is similar. Let us consider
the following family of two dimensional intervals 4y, * B,
where Ay, = [bk/n, b(k+1)/n)] fork=0,1,...,n- 1,4, ; ,=
= [b(n—1)/n, bn/n],n=1,2,3, ..., B, - [Mg/n, M(q + 1)/n)],
q=0,1,...,n—1,B,, ,=[Mn-1)/n,bn/n],n=1,2,3, ...
It is obvious that

n—1n-1

U UAkn xBg, =[0,6]x[0, M ]
k=0g=0

27

Write

&zq(t) = i o, Z

r=l 0N

= 2 i[%@hr (%D g, (t—=1)

O<t/ <t r=1 Z

b ()

(28)

and

n—1 n—1

(=2 X &0

k=0 g=1

(29)

where t;-’kq is a subsequence of {#;} such that 4 §E A and
N; € By, Itis obvious (see [1]) that E"(¢) is convergent to
E(t) asn tends to . Since t?kq - t;’lf{ have the same expo-
nential distribution F(x) =1—exp(-AD¢ (A, )Py, (By,)),
by lemma 2 the characteristic function (pzq of &zq(t) is
given by

(Pnkq =¢&xXp [lt(l)p (Akn )q)n (Bqn )X

x{_j;exp is[é (a,%h, (’%’ ))g, (tu)]du—l)

(30)

and consequently, since &"kq (r) are independent, the charac-
teristic function ¢, of §,(7) is

n—1 n—1

[ (S) = H H eXp{lt(])g (Akn )q)n (Bqn ) X

k=0g=0

x{iexpis[g (oc, %h, (k—:))g (tu)] du _1]

It is obvious (see [1]) that @,(s) tends to @(s) as n — eo.
By the Lévy—Cramér theorem we obtain 1) of the theorem.
The remaining part of the thesis of Theorem 1 is a simple
conseguence of 1.

(€2))

Applications

Let us consider the differential equation of the forced har-
monic oscillator without damping and with one degree of
freedom

2
X 2= 1)
dt’

(32)

The solution of the above equation satisfying the follow-
ing initial conditions

x(0)=0 (33)
and
%(0)=0 (34)
has the form
)= [ F)sin a(t—u)du (35)
a
0

If n; is any sequence of real numbers, ¢; is any increasing
sequence of real numbers and f'(¢) is given by

f@=2n3,

ti<t

(36)

where 51,— are 90-Dirac distributions at 7;, then the solution of
(32), (33) (34) takes the following form

x(7) =% Y n; sin(a(t-¢)) (37)

t<t

Let us notice that the derivation of the above function is
discontinuous at ¢; and, consequently, the second derivative
of this function does not exist in the classical sense. Fortu-
nately, function (37) can be considered as a solution of (32),
(33),(34) in the distribution sense and it is sufficient for our
purposes.
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Ifn;i=1, 2, ... are independent and identically distributed
random variables with finite expectation and T; =¢; —¢;_,
i =1, 2, .., are also independent and identically distri-
buted random variables with exponential distribution
F(u) =1—exp(—Au) for u >0 and for some A and F(u) =0
for u <0) then x(¢) is a stochastic process satisfying assump-
tions of theorem 1 with m =1 and /; = 1.

Applying this theorem we get the following formulas for
the expectation and variance of x(¢):

E(x(t))= w(n)i [ sin(au)du =
0

=AE(M) iz (1-cos at);
a

D? (x(1))= M(n) jsm (au)du =

=AE(M?) % (at —cos (at)sin (at)).

2a

3. NUMERICAL SIMULATION

For numerical simulation we will consider stochastic pro-
cess x(¢) given by (37) for ¢ € [0, 20m/a]. Here 21/a is the
period of the solution of (32), (33), (34) with f(¢) = 0.

For simplicity of computations we assume that random
variables 1; have only two values. One of them is 728 and
the second 214. The probability that 1); assumes 728 is 2/3
and the probabilty that n; assumes 214 is 1/3. The numbers
728, 214, and the probabilities 2/3, 1/3 are chosen by
chance, but in such a way that disturbances of vibrations of
the oscillator are clearly distinguishable. In a similar way
we choose A = 10.

e}

To get a statistical sample with n elements we repeat the
following procedure n times. First we choose randomly 7, in
accordance with exponential distribution for A = 10 until
t,>20mt/a for the first time. We remember that ¢, = Z?:l T;.
After that we choose randomly the values of 1; in accordance
with the distribution P(n = 728) =2/3and P(n =214)=1/3.
We substitute these data into (37) and thus we obtain an
element of our statistical sample. Elements of the sample
are denoted by xk(t). Three such elements are given in the
Figure 1. We will consider three different statistical sam-
ples.

Having n elements of the sample we can write

L (x(0)= 2 X (2)

and

n

D2 (x(t)) :%Z(xi () —E (x(t)))z.

i=1

E, (x(t)) and D, (x(r)) are estimators of the expecta-
tion and the variance of x(¢) respectively.

_ By the law of large numbers for every fixed ¢ € [0, 207/a]

E, (x(2)) and D,*(x(r)) are convergent to theoretical ex-
pectation E(x(t)) and theoretical variance D? (x(2)), respec-
tively, as n tends to infinity.

Figure 1 presents three different realisations of the pro-
cess (37), showing three different elements of statistical
sample.

Figure 2 shows three diagrams E,, (x(¢)) for three differ-
ent n-clement statistical samples where » = 10 000 and
a diagram of theoretical expectations E (x(¢)). Differences
between theoretical results and value of estimator of the ex-
pectation for three statistical saples in simulation are small
and thus statistically insignificant.

6000

4000

2000 |-

-2000

00 the first realization
=== the second realization

the third realization

-5000 L
0 5 0 15

20 25 30 35

Fig. 1. Three different realisations of the process (37)
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3000 r I

2600 --

2000 |- - g-- gl

1500

1000

500

-500
1]

=== theoretical expectations E(x(t))

the estimator of the expectation - the first statistical sample

=== the estimator of the expectation - the second statistical sample

the estimator of the expectation - the third statistical sample ks

Fig. 2. Estimators of the expectation for the oscillations shown in Figure 1

2900 -

2850 -

=== theoretical expectations E(x(t))

the estimator of the expectation - the first statistical sample
=== the estimator of the expectation - the second statistical sample

the estimator of the expectation - the third statistical sample

2800

27E0

2ran

2650

2600

2550

2800

2450

Fig. 3. The blow-up of the framed fragment of the diagram

In Figure 3 we show a blow-up of the framed fragment of
the diagram.

Diagrams of the estimated variances D,? (x(t)) for the
same statistical samples as well as the diagram of theoreti-
cal variance are shown in Figure 4.

We can see high conformity between the simulation and
the theoretical results for the initial values of ¢. The discrep-
ancies at higher values of ¢ are caused by the fact that vari-

ance is a steeply growing function, which is in accordance
with statistic laws.

If the sample size is increased to 100 000 elements, the
diagrams 13,,2 (x(2)) of estimators approximate theoretical
variance D> (x(r)) much better, what is shown in Figure 5.

In Figure 6 we present diagrams of estimated variances
when £(n) is of the same value as before, but its variance is
different DZ(T]).
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= the estimator of the variance - the first statistical sample
------ the estimator of the variance - the second statistical sample
the estimator of the variance - the third statistical sample

--+---the theoretical variance

L
" 5 10 15 0 = 0 ES
Fig. 4. Estimators of the variance for the oscillations shown in Figure 1
w10
18 T T T T
S S S i S Y e SR SN T SN 3 B
T T E
== the estimator of the variance
—— the theoretical variance
0 i I I i i i
i 5 10 15 0 3 n E

== E(n%)=397 943.11

S ™ i i o= E(n?)=368 588.00

0 | i ‘ i i i | = E(n")=339 231,60
1] 100 200 300 400 500 500 700 800 900 1000

Fig. 6. Variances of x(f) when £(n) is of the same but Dz(n) is different
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4. CONCLUSIONS

The first part of computer simulation was to test whether the
derived formulas for parameters characterizing the stochas-
tically forced vibrations of oscillator were derived correctly.
This stage was also meant to assess the size of the statistical
sample, so that the estimators E, (x(z)) i D, (x(t)) could
well approximate the theoretical solution.

The second stage of simulation was to visualize the de-
pendence between the distribution of particle sizes with the
same mean statistical value multiplied by the strike rate A,
but with different variances.

In an actual technological system the occurrence of large
particles evoking movement of the oscillator at the same
average mass of medium flowing through the dust pipeline
in a time unit was an unfavourable phenomenon. Calcula-
tion of the mean value and the variance allows for detecting
such occurrences.

The diagrams of variance estimators presented above
suggest how we should conclude about the distributions of
values of stochastic forces influencing an oscillator from
the values of variance estimators and the mean value of the
process x(f) given by (37).

If A increases, the maximum E(T]z) at constant flow
AE(M) = const must decrease, and thus, on the basis of the
diagrams we may conclude about D? (x(2)) that the less the
D? (x(2)), the closer the size of a falling particle to the
mean value and the lesser the probability of a large particle
strike.

To achieve the results of immediate technological signi-
ficance, the problem requires further studies of more com-
plex mechanical systems with damping, like a string,
a membrane or a hollow log. Such systems placed within
a dust pipeline will allow for maintenance of appropriate
statistical parameters of the medium.
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