Silesian J. Pure Appl. Math.

ﬂ vol. 10 (2020), 1-13
PAM

Santosh M. POPADE!, Rajkumar N. INGLE?, P. THIRUPATHI REDDY?,
B. VENKATESWARLU*

'Department of Mathematics, Sant Tukaram College of Arts & Science,
Parbhani — 431 401, Maharastra, India

?Department of Mathematics, Bahirji Smarak Mahavidyalay, Bashmathnagar —
431 512, Hingoli Dist., Maharastra, India

3Department of Mathematics, Kakatiya University, Warangal — 506 009,
Telangana, India

4Department of Mathematics, GSS, GITAM University, Doddaballapur —
561 163, Bengaluru Rural, India

PROPERTIES FOR SOME SUBCLASSES OF
MEROMORPHIC FUNCTIONS DEFINED BY
BESSEL FUNCTION

Abstract. In this paper, we introduce and study a new subclass of
meromorphic univalent functions defined by Bessel function. We obtain
coeflicient inequalities, extreme points, radius of starlikeness and convexity.
Finally we obtain partial sums and neighborhood properties for the class

an(n,k,v).

Mathematics Subject Classification: 30C45.

Keywords: meromorphic, Bessel function, coefficient estimates, partial sums.
Corresponding author: B. Venkateswarlu (bvlmaths@gmail.con).

Received: 16.06.2020.



2 S.M. Popade et al.

1. Introduction

Let X denote the class of meromorphic functions of the form
Fo =103 (1)
z = "
which are analytic in the punctured unit disc

Ur:={z:2€C, 0<|2| <1} =U\ {0} (2)

Let g € X be given by

g2 =2+ bt (3)

Then the Hadamard product (or convolution) of f and g is given by
1 o0
(F49)2) =+ 3 anba 2" = (94 H)2) @
n=1

Let us consider the second order linear homogenous differential equation (see
Baricz [3, p. 7]):

2w’ (2) + 2w (2) + (22 —vHw(z) =0, veC. (5)

The function w,,(z), which is called the generalized Bessel function of the first
kind of order v, where v is an unrestricted (real or complex) number, is defined
a particular solution of (5). The function w,(z), has the representation

S e e
wv(z)_gf(n—i—l)I‘(n—i—v—i—l) (5) ’

Let us define

2T (v+1)
= T wv(z

3 :éJri (-D"T(v+1) o

Lo — 4"T(n+1)I'(n+v+1)

n

The operator £, is a modification of the of the operator introduced by Deniz [4]
for analytic functions.
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By using the Hadamard product (or convolution), we define the operator £,

as follows:
1 o0
(o) (2) = 8u(2) * f(2) = + 3 dn(v)an ",
n=1
—1)" D(v+1
where ¢, (v) = 1= I‘((nﬁl)l—‘((n+3+1)'

The operator £, is a modification of the operator introduced by Szasz and
Kupan [10] for analytic functions.
It is easy to verify that

2 (Lof) (2) = (v +1) (Lof) (2) = (v +2) (Lor1f) (2)- (6)

Motivated by Sivaprasad Kumar et al. [9], Atshan et al. [2] and Venkateswarlu
et al. [11,12], now we define a new subclass o, (n, k,v) of 3.

Definition 1. For 0 < n < 1, k > 0, we let o3(n,k,v) be the subclass of
consisting of functions of the form (1) and satisfying the analytic criterion

e (UG ) R ) 2

In order to prove our results wee need the following lemmas [1].
Lemma 2. If n is a real number and w is a complex number then
Re(w) =2 n — ‘w+(1—77)| - |w—(1—|—77)‘ > 0.
Lemma 3. If w is a complex number and n, k is a real numbers, then
—Re(w) > klw+1+n < Voe|[-m7]: —Re(w(l+ke?)+ke?) =n.

The main object of this paper is to study some usual properties of the geometric
function theory such as the coefficient bounds, extreme points, radii of meromor-
phic starlikeness and convexity for the class o, (n, k,v). Further, we obtain partial
sums and neighborhood properties for the class also.
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2. Coefficient estimates

In this section, we obtain necessary and sufficient condition for a function f to
be in the class o7 (n, k, v).

Theorem 4. Let f € ) be given by (1). Then f € a,(n,k,v) if and only if
Z (k+1)+ k+77)] bn(v) an < (1—mn). (8)

Proof. Let f € oy (n,k, v). Then by Definition 1 and using Lemma 3, it is enough
to show that

For convenience

C(z) = —[2(&uf(2))] (1 + ke — ke 2, f(2),
D(z) = Evf(z)

That is, the equation (9) is equivalent to

—Re (28) 21

In view of Lemma 2, we only need to prove that

|C(2) + (1 =n) D(2)| = |C(2) = (1 +n) D(2)| > 0.

Therefore

)+ (1 -n)DE)| = 2 — % S k4 1)+ (k41— 1)] 6u(v) ay |2]"
n=1

and

|C(2) = (1+m) D(2)| < " + ) [nk+ 1)+ (k+n+1)] ¢n(v) an 2"
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It is to show that

06+ (1= D:)| - |0) — (142 D) >

>2(1—-n) ——22 (k+1)+ (k+n)] dn(v)an 2" >0,

by the given condition (8). Conversely suppose f € o7 (n, k,v). Then by Lemma 2,
we have (9).
Choosing the values of z on the positive real axis the inequality (9) reduces to

(I=m L+ 5 [n(+ke®) + (1 +ke®)] gn(v) 2!
Re n=1 — > 0.
L+ 3 du(v)ay 2n!
n=1

Since Re(—e'?) > —|e?| = —1, the above inequality reduces to

L&+ > [n(L+ k) + 0+ k] dn(®) anr
Re n=1 >0.

o0

2 ga(or

n=1

Letting » — 17 and by the mean value theorem, we have obtained the inequal-
ity (8). O

Corollary 5. If f € 0,,(n,k,v) then

(1—n)
S AR+ (4 R a0 1o
Theorem 6. If f € o,,(n,k,v) then for 0 < [z| =7 < 1:
1 (Chll) 1, (1-n)
P ke SIS me et MY
This result is sharp for the function
£e) =1 L) (12)

PR Gy e o
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Proof. Since f(z) =1+ Y a, 2", we have

n=1
|f(z)|—l+ia r”<l+ria (13)
r n=1 " h r n=1 v

Since n > 1, 2k +n+1) ¢1(v) < [n(k+1) + (k +n)] ¢n(v), using Theorem 4,

we have

2k+n+1) o1 (v Z <D [nk+1)+ (k+n)] ¢n(v) < (1—-1n)

n=1

(1-n)
= LS Gy rnan)

Using the above inequality in (13), we have

1 ) L 1=
TS G naw . ™ VO G aw

The result is sharp for the function f(z) =1 + W . O

Corollary 7. If f € 0,,(n, k,v) then

1 (1-n)
2 2k+n+1)¢i(v) <IfR)I <

(1—mn)
2T Rkt t Dor)

The result is sharp for the function given by (12)

3. Extreme points

Nlr—\

= ) n
T P TR ORREE D

Then f € ay(n, k,v) if and only if it can be expressed in the form

z) = Zun fn(2), up >0 and Zun =1. (15)
n=0 n=1
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Proof. Suppose f(z) can be expressed as in (15). Then

o0

F) =S tn falz) = 0 fol2) + 3 tn ful2) =
n=0 n=1

o0

B z+,; TR+ R)] da(v) T
Therefore
iu (1—-mn) (n(1+k)+ (n+k)] dn(v) e
= (k) + (4 E)] da(v) (1-n)

o0
:Zunzl—uogl-
n=1

So by Theorem 4, f € o (n, k,v).
Conversely suppose that f € o7 (n, k,v). Since

< (1—n)
S R4k + (n+ k)] én(v)’

n n>1.

We set u,, = [n(1+k)4(r1(:;:7r)k)] 9 g >1and ug = 1 — 3" . Then we have
n=1
o0 o0
f(2)= > un fu(2) =uo fo(z) + > up fn(z). Hence the results follows. O
n=0 n=1

4. Radii of meromorphically starlike and convexity

Theorem 9. Let f € o,(n,k,v). Then f is meromorphically starlike of order §
(0 < 6 < 1) in the unit disc |z| < r1, where

r1 = inf (1—=06) [n(+k)+0n+k)]on(v) T
n | (n+2-19) (1—1n) ,

The result is sharp for the extremal function f(z) given by (14).
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Proof. The function f € o (n, k,v) of the form (1) is meromorphically starlike of
order ¢ is the disc |z] < r; if and only if it satisfies the condition

2 f'(2)

o +1‘ < (1-9). (16)
Since - -
e 1S ne ] S @i
+ 1‘ < n=1 — < n=1 —
f(2) 1+ Zla”ZnH 1— 21 lan| 2|71

The above expression is less than (1 — ) if Z ("J%é) an |2|"*1 < 1. Using the

fact that f(z) € o5 (n, k,v) if and only if

a, < 1.

= [n(1+ k (n+ k)] én(v)
z:: —n)

Thus, (16) will be true if

(n+2-9) o[ < [n(14+k)+m+Ek)] dn(v)

(1-9) (1—=n)
or equivalently
|Z|n+1 < (1_6) [’I’L (1+k)+(77+k)} (bn(’u)
(n+2-9) (1-mn)
which yields the starlikeness of the family. O

The proof of the following theorem is analogous to that of Theorem 9, and so
we omit the proof.

Theorem 10. Let f € o,(n,k,v). Then f is meromorphically convex of order §
(0 <6 < 1) in the unit disc |z| < ra, where

[0y masnarRsm]™

3
WV
—_

The result is sharp for the extremal function f(z) given by (14).
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5. Partial sums

Let f € > be a function of the form (1). Motivated by Silverman [7] and
Silvia [8], we define the partial sums f,, defined by

1 m
fm(2) Z+n§=1a z m € (17)

In this section we consider partial sums of function from the class o;(n, k,v)
and obtain sharp lower bounds for the real part of the ratios of f to f,, and f’ to

fin:
Theorem 11. Let f € o,,(n, k,v) be given by (1) and define the partial sums f1(z)

and fu(2) by

AE=1 and fu)=1+ Y laleh  meN\{1L (1)

o0
Suppose also that > dyp |an| < 1, where

n=1

]-a ifn:172a"'am;

[n (14+k)+(n+k)] ¢ (v)
(1—m) ’

dn > (19)

fn=m+1m+2, ...

Then f € a3(n, k,v). Furthermore

Re(f(z))>1— ! (20)

fm(z) dm+1
i fu(2)\ _ d
m\% m+1
re(53) - T 21

Proof. For the coefficient d,, given by (19) it is not difficult to verify that

A1 > dyy > 1. (22)
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Therefore we have

m [eS) o0
Z |an| + dm+1 Z |an| < Z |an| dm <1 (23)
n=1 n=m-+1 n=1

by using the hypothesis (19). By setting

o0

dmt1 >, apz™ !

_ f(z) ( 1 )) _ n=m+1
=y (2L (1 =
91(2) +1 (fm(z) 1 F 1+ . i .
n=1

then it sufficient to show that

g1(z) -1
Re z)) =20, zeU, or — |1, zeU,
(91( )) g1(2) + 1‘
and applying (23), we find that
(oo}
- At > Jal
gl()+1‘< m nomt %) glv ZEUa
z
a 2-2 % |an| —dni1 > an|
n=1 n=m-+1

which ready yields the assertion (20) of Theorem 11. In order to see that

1 zmtL
= - 24
f)= 2+ (24
gives sharp result, we observe that for
in m+2 1
z=rem that /(z) —1-1 —1- as r—1".
fm(z) dm+1 dm—i—l

Similarly, if we takes g2(z) = (1 4+ dpmt1) (ff’"(—(zz)) - 11(1;;) and making use of
(23), we denote that

o]

A +dms1) > lan]

n=m-+1

2-2 5 lan| = (1 —dmy1) > |an]

n=1 n=m-+1

which leads us immediately to the assertion (21) of Theorem 11.
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The bound in (21) is sharp for each m € N with extremal function f(z) given
by (24). O

The proof of the following theorem is analogous to that of Theorem 11, so we
omit the proof.

Theorem 12. If f € o,(n,k,v) be given by (1) and satisfies the condition (8)

then #( ) .
z m +
Re >1-—
(f&(z)) dm+1
" f(2) d
m z m-+1
R > ,
e<f’(Z)> ML+ doir
where

n, ifn:2537"'7m7

dp > [n(1+k)+(n+k)]¢n (v)
a-n ’

fn=m+1m+2,...

The bounds are sharp with the extremal function f(z) of the form (12).

6. Neighborhoods for the class o%(n, k, v)

In this section, we determine the neighborhood for the class 0;‘5(77, k,v) which
we define as follows

Definition 13. A function f € > is said to be in the class Ul*f(n,k;,v) if there
exits a function g € oy (n, k,v) such that

f(z)
’m—1‘<1—§7 z€FE, 0<&<1. (25)

Following the earlier works on neighbourhoods of analytic functions by Good-
man [5] and Ruscheweyh [6], we define the d—neighbourhoods of function f € >

by

Ng(f)—{gEZ:g(z)—é—i—anz" and Zn|an—bn|<§}. (26)
n=1 n=1
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Theorem 14. If g € o (n, k,v) and

5@kt ) éiw)
@Rt Daw) - 0

then Ns(g) C 0’;5(77, k,v).

Proof. Let f € Ns(g). Then we find from (26) that

o0

n=1

which implies the coefficient inequality
> lan —ba| <5,  meN. (29)
n=1

Since g € o, (n, k,v), we have

= (1-n)
;b”g(%mﬂwl( )’ (30)
So that
‘M_1‘<n§'“"‘b"'_ SEEEn+ a0
e -5, EFtDam -7

provided ¢ is given by (27). Hence by definition, f € 0;5(77, k,v) for £ given by
which completes the proof. O
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