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1. Motivation

Let (X, ]|) be a Banach space, N € N. Consider g € C ([0, 1]) and the
classic Bernstein polynomials

(1) (ENg) (t):é;;(ﬁ)(f)tku—t)m, Vitelo,1].

Let also f € C'(]0,1],X) and define the vector valued in X Bernsein linear
operators

@ exnw=1(5)(V)ra-vE vicpa,

k=0
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That is (By f) (t) € X. Clearly here || f|| € C (]0, 1]).

We notice that
N
) ro-o

= (Bx () @, veelo].

(3) I(Bnf) @)

IN

The property

(4) I(Bx) O < (By (7)) (1), Ve e [0,1],

is shared by almost all summation/integration similar operators and moti-
vates our work here.
If f(z) =c € X the constant function, then

(5) (Bnc) =c.
If g€ C([0,1]) and ¢ € X, then cg € C ([0,1],X) and
(6) (B (cg)) = ¢Bw (9).

Again (5), (6) are fulfilled by many summation/integration operators.

In fact here (6) implies (5), when g = 1.

The above can be generalized from [0, 1] to any interval [a,b] C R. All
this discussion motivates us to consider the following situation.

Let Ly : C([a,b],X) < C([a,b],X), (X, |:]]) a Banach space, Ly is a
linear operator, V N € N, z¢ € [a,b]. Let also Ly : C ([a,b]) < C ([a,b]), a
sequence of positive linear operators, V N € N.

We assume that

7) IEx (9) @l < (I (171)) (o).

VNeN VYV €lab],VfeC(ab],X).
When g € C ([a,b]), c € X, we assume that

(8) (Lx (cg)) = cLn (9)-
The special case of

(9) Ly (1) =1,
implies

(10) Ly(c)=¢, VceX.
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We call Ly the companion operator of Ly.

Based on the above fundamental properties we study the fractional ap-
proximation properties of the sequence of linear operators {Ln} ey, i-e.
their fractional convergence to the unit operator. No kind of positivity
property of {Ly} ycy is assumed.

2. Background

We need

Definition 1 ([3]). Let[a,b] C R, (X, |-||) @ Banach space, g € C* ([a, b])
and increasing, f € C ([a,b],X), v > 0.

We define the left Riemann-Liouville generalized fractional Bochner in-
tegral operator

(1) () @)= o5 [ @@ a2 ) f ()

V x € [a,b], where T is the gamma function.

The last integral is of Bochner type. Since f € C ([a,b],X), then f €
Lo ([a,b],X). By [3] we get that I, .f € C([a,b],X). Above we set
I&_;Qf = f and see that (Ig+;gf) (a) =0.

When g is the identity function id, we get that Iy, a = 1ay, the ordinary
left Riemann-Liouville fractional integral

(12) (1) @) = 557 [ =0 F e
V€ [a,b], (I4,.f) (a) = 0.
We mention

Theorem 1 ([3]). Let p,v >0 and f € C([a,b],X). Then

+v
(13) Ig—l—;gIay—i-;gf = Icl;—i-;gf = IaV+;gIS+;gf'

We need

Definition 2 ([3]). Let [a,b] C R, (X,]|-|]) @ Banach space, g € C* ([a,b])
and increasing, f € C ([a,b],X), v > 0.

We define the right Riemann-Liouville generalized fractional Bochner in-
tegral operator

1

b
W) (1) @) = / (@(2) g (@) g () f (2) de,

YV x € [a,b], where I is the gamma function.
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The last integral is of Bochner type. Since f € C([a,b],X), then f €
Loo (la,0],X). By [3] we get that Iy f € C([a,b],X). Above we set
Ig_;gf := f and see that (Il’;_;gf) (b) =0.

When g is the identity function id, we get that I;)’_;id = Iy, the ordinary

right Riemann-Liouville fractional integral

1 b v—1
rﬁ0L<t1ﬁ f(t)at,

Y z € [a,b], with (I}_f) (b) = 0.

(15) (- f) (z) =

We mention

Theorem 2 ([3]). Let p,v >0 and f € C([a,b],X). Then
(16) Iﬁ—;glg—;gf = Il/;j;;f = Ig—;gll?—;gf'

We will use

Definition 3 ([3]). Let a > 0, [a] = n, [-] the ceiling of the number.
Let f € C™([a,b],X), where [a,b] C R, and (X, ||||) is a Banach space. Let
g € CY([a,b]), strictly increasing, such that g~ € C™ ([g (a),g (b)]).

We define the left generalized g-fractional derivative X -valued of f of
order a as follows:

(17) (Dg-i-%gf) (z) := m

YV x € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [3], we have that (DS, ,f) € C([a,b], X).
We see that

(18) (Ig;g <(fog’1)(n) og)) () = (Dyuf) (&), V€ lab].
We set
(19)  Digf@)i=((fog )" og)@eC(al),X), neN,

Dpof (@)= f(2), Vaelab.
When g = id, then

(20) Dg—&-;gf = Dg—i-;idf = Dgafa

the usual left X -valued Caputo fractional derivative, see [5].
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We will use

Definition 4 ([3]). Let « > 0, [a] = n, [-] the ceiling of the number.
Let f € C™([a,b],X), where [a,b] C R, and (X, |||) is a Banach space. Let
g € C([a,b]), strictly increasing, such that g~ € C™ ([g (a),g (b)]).

We define the right generalized g-fractional derivative X -valued of f of
order o as follows:

(="

(21) (‘Dl?—;gf) () = m

V 2 € [a,b]. The last integral is of Bochner type.
If a ¢ N, by [3], we have that <Dg‘_;gf> € C([a,b], X).
We see that
(22) Lo (0" (fog™) ™ og) (@) = (Dfyf) (@), a<w<b
We set
(23) bof (@)= (=1)" ((fog™")" 0g)(z) € C(la,b], X), neEN,
Dy_of (x) :=f(z), Y a€lab].
When g = id, then
(24) Dy f (2) = Dy_jaf (x) = Dy f,
the usual right X -valued Caputo fractional derivative, see [5].
We make

Remark 1. All as in Definition 3. We have (by Theorem 2.5, p. 7, [7]
and [9])

(25) H( a+;g ) H_Fn—a)
[ @ =gty @|(os )™ )|
(fo 1 © g(z
< ‘ gF (n_OjH Lo /g(;)(g (2) =g (1))" ™" dg (2)
g™ o]

L8 (g (2) = g (a)"

'n—a+1)
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That is
H (f ° gil)(n) °9 ‘oo [a,b]
@) (D) @l < agy s W@ g @)™
V& € la,bl.

If ¢ N, then (D3, f) (a) = 0.
Similarly, by Definition 4 we derive

27)  |[(Dy_yf) (@) < p(nl_a)

b
[ @ =g@r g @] (roa™)” oo a

‘ (fog—l)(n) og

< NCE i / ((j) (9.(t) = g ()" dg (1)
AT
i v s CIORTI Q)
That is
AT
@) O @l g B g @)
V€ la,bl.

If o ¢ N, then (Dgg;g f) (b) = 0.

Notation 1. We denote by

(29) Dy, = Dgy o Doty -Doy.y (n times), n € N,
(30) Io%g = LaglatigTatg:

(31) Dye., =Dy Dy ,..Dy

and

(32) Ll =1 Iy g Iy

(n times), n € N.
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We mention the following g-left generalized modified X-valued Taylor’s
formula.

Theorem 3 ([3]). Let 0 < o < 1, n € N, f € C'([a,b],X), g €
C! ([a, b)), strictly increasing, such that g~ € C'([g (a),g (b)]). Let F} :=
Dk f k=1, ..,n, that fulfill F € C' ([a,b],X).

Then
(33) S @)= z(; . (1:“6)(1; i(ib))) (Dikal) (@) + 5 ((n i 1) a)
[ @ -9 g 0 (0057 0,
vV x € [a,b].
Clearly here D((ﬁjgl)af € C ([a,b],X).

We also mention the following g-right generalized modified X-valued Tay-
lor’s formula.

Theorem 4 ([3]). Let f € C!([a,b],X), g € C'([a,b]), strictly in-
creasing, such that g~ € C'([g(a),g(b)]). Suppose that F, := D{ff;gf,
k=1,..,n, fulfill F, € C*([a,b],X), where 0 < a <1, n€N.

Then

3 r@=Y CRoEEE o, 0+
=0

b
[ a0 =g @) g o) (D) 0 e,

v
I'((n+1)a)

Vx € [a,b].
Clearly here Dl()r_LJ,rgl)af € C([a,b],X).

For differentiation of functions from real numbers to normed linear spaces
the definition is the same as for the real valued functions, however the limit
and convergence is in the norm of linear space (X, |-|).

We state

Corollary 1 (to Theorem 3). Let0 < a <1, n €N, f e C'([a,b],X),
g € C1 ([a,b]), strictly increasing, such that g~ € C ([g (a), g (b)]). Assume

Dry f€C'([a,b],X), k=1,...n, and (D% ,f) (a) =0,i=0,2,3,....n.
Then
(35)  f(2) = =

1
IF'((n+1)a)
[ @ =g @) g 0 (D7) @) a

a+;g
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YV z € a,b.

We state

Corollary 2 (to Theorem 4). Let f € C!([a,b],X), g € C'([a,b]),
strictly increasing, such that gt € C' ([g (a), g (b)]). Suppose that D,’fﬁ“;gf €
Ct ([a,b],X), fork =1,...n; where 0 < a < 1, n € N. We further assume
that (D};"_‘;gf) (b)=0,i=0,2,3,...n.

Then
(36) fz) = w
b
[ @O g @) g 0 (07 (0,
V€ la,b.

We mention the following g-left generalized X-valued Taylor’s formula:

Theorem 5 ([3]). Let « > 0, n = [a], and f € C™([a,b],X), where
[a,b] C R and (X, ||-|) is a Banach space. Let g € C*([a,b]), strictly in-
creasing, such that gt € C™ ([g (a),g (b)]). Then

(9(2) ~ g (a))

7!

|
—

n

(37) flx) = fla)+ (fog ™) (g(a)

T ) @@ =g @) T g (1) (Di,f) (1) dt

=1
1 g(x) o N B
ey L, @0 =T (i) 007 (e

vV z € a,b].
We also mention the following g-right generalized X-valued Taylor’s for-
mula:

Theorem 6 ([3]). Let « > 0, n = [a], and f € C™([a,b],X), where
[a,b] C R and (X, ||-|) is a Banach space. Let g € C*([a,b]), strictly in-
creasing, such that g=* € C™ ([g (a),g (b)]). Then

n—1 ‘ )
38)  f@) = fo)+ Y TEION (000 )
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2!

n—1 A .
=1

L o o= o _
T /g(x) (z—g ()" ((D5igf) o g Y (2)dz, V€ a,b].

Integrals in (33)-(38) are of Bochner type. For the Bochner integral
excellent resources are [6], [8], [9] and [1], pp. 422-428.
We need

Definition 5 ([4]). Let f € C([a,b],X), [a,b] C R, (X, |]|) @ Banach
space. We define the first modulus of continuity of f as

(39)  w(f.0)= sw |f@-f 0<6<b—ua
z,y€la,b]:
lz—y|<o

If § > b—a, then wy (f,0) = w1 (f,b—a).
Notice wy (f,6) is increasing in § > 0.

Clealry f is uniformly continuous and w; (f,d) < co. For f € B ([a,b], X)
(bounded functions) wy (f,d) is defined the same way.

Lemma 1 ([4]). We have w; (f,0) = 0 asd L0 iff f € C([a,b],X).
We need

Theorem 7 ([4]). Let f : [a,b]> — X be jointly continuous, X is a
Banach space. Consider

(40) G(x):wl (f('ax)a(sa [va])> 0>0, ze [aab]'
Then G is continuous on |a,b].

Theorem 8 ([4]). Let f : [a,b]> — X be jointly continuous, X is a
Banach space. Then

(41) H(z) = w1 (f(,2),0[a,z]),
x € [a,b], is continuous in x € [a,b], 6 > 0.
We need

Lemma 2 ([2], p. 208, Lemma 7.1.1). Let f € B([a,b],X), (X, |]]) is
a Banach space. Then

|x — x|

2) 17 @) = ol <en () [E52 <o (14 2570,

YV x,x0 € [a,b], h > 0.
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We make

Remark 2. All here as in (7)-(10). Let f,g € C ([a,b],X). We have
that

(43) I1Ln (f) (o) = L (9) (zo)ll = (L~ (f = 9)) (zo)|

VN eN, Ve la,b.
In this work, for simplicity, from now on we will assume that

(44) Ly(1)=1, VN eN.
We observe that
(45) (L (F) (20) — f @)l 2 (L (£)) (m0) — (L (f (o)) (o)

N (F — £ @) @oll S I (15 () = 7 (@o)]) (o).

YV xo € [a,b], VN € N.
We have proved that

(46) I(Lx () (o) = f (@o)| < Lv (IIf () = f (z0)Il) (o)
YV xo € [a,b], VN € N.

3. Main results

We need

Definition 6. Let Dgg;l)af denote any of D%Jj}g)af, Diﬁi}g‘”‘f, neN
and § > 0. We set

(47) wr ((Dgg;l)a f) 0gL, 5)
‘= max {wl ((Dg(c’gf,lg)af) og 5) ,

[9(a).g(z0)]
w1 ((Dggigaf> o g_l, (5)

where xo € |a,b]. Here the moduli of continuity are considered over [g (a), g (zo)]
and [g (zo) , g (b)], respectively.

i

[9(z0),9(b)] }

We will use the following;:
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Theorem 9. Let 0 < a < 1, f € C'([a,b],X), g € C*([a,b]), g is
strictly increasing and g~ € C'([g(a),g (b)]). Assume that DE*_ _f €

xo—39

C* ([a,z0), X) and D§g+;gf € O ([xo,b],X), for k = 1,...,n; where xg €

[a,b] is fized. Further assume that (D“" f) (xo) = 0,7 = 2,...,n + 1,

zot;g
n € N. Then

w1 ((Dg(gzgl)af) og_1,5>
F'((n+1)a+1)

) — g (wg)| "D+
d((n+1)a+1) ]’

(48) 1S () = f(zo)ll <

!rg@c) g ()| L 19

V€ la,b], > 0.
Proof. By (D, gf) (x9) =0, for i =2,...,n+ 1, and (33) we have

(19) f(a)—f(m0) = —— | /x<g<m>—g<t>><"“>“—1g'<t>

I'((n+1)a) /),
[(PLer) @ = (PG r) (o)) at

Ve [l‘(),b].

Here we apply the change of variables method for Bochner integrals, see

Theorem 2.5, p. 7, [7] and [9].
Hence (z := g (t))

(50) /(@)= @0) = ri e /g gxo) J(m+Da-t
[((DSZIZ ) ) () - ((Di’éfg £) oa™) (o o0))] =
V x € [z9,b].
By (DQPO‘ gf) (xg) =0, fori=2,....,n+1€N, and (34) we have
6 1) =1 ) = gy [ 609"

(PG r) 0 = (DG2075) (o) .

Vae [aa :UO] :
Hence (z := g (t))
(zo0)
(52)  f(x) = f(w0) = l_‘((n—li—l)oz) /(g ) (z — g(m))(n-i-l)a—l
g(x

(Rl ) o) )= ((26°7) o07") (o o]
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Yz € [a,xo] .
We have that (zg <z <)
I17@) = £ @)l < F T n+1 /gg Jyast
() o) - (22) s,
. ) gy 0~

/j:)) (9 (x) =)D (1 * W) -

(n+1)a -1
D ;0 ntl)o
(e R ) [<g () — g () "V

F'(n+1)a) (n+1)«

(n+1)a _
w1 ((DIOW f) °9 1’51)[g(xo),g(b)] (9 (x) — g () "D
I'((n+1)a) (n+1)a

1T ((n+1)a)T'(2)

o I'((n+1)a+2)

wr (D7) 097t 1)
F'(n+1)a)

[(g () — g (o))" 1 (g (x) — g (w0)) "V

(9(2) — g <xo>><"“>°‘“] -

[9(x0),9(b)]

m+ha  TamtDa(m+Datr1)|
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We have proved that

(56) I1f () = f(2o)|| < ((n +1)a+1

(g (90) g (zg)) "D
h(n+1l)a+1) ’

o (EE) o)
)
)

[<g (z) — g ()™ TD* +

Ve [.%'o,b], 61 > 0.
We have that (a < x < x0)

1@ -1 S ey [ )
[((Pmsrr)ea™) = (6500 0) eo™) o] <

(62>0)
1 /g(zo) (n+1)a—1
- z—g(x

_ (42)
67) e (Dl eg, 2EZ ) dz <
e 0 [o(a).g(xo)

((D et ) °J 71"52>[g<a>,g<x0)}
L((n+1)a)

e (R e

g(wo)
02

S~

(z)

(n+1)a g
w1 ((onf;g f) qg 1, 52) [9(a).9(z0)] (g ($0) —g (:E))(n+1)a .
L'((n+1)a) n+1)
(zo)
(58) 512/9@) (g (':UO) _ Z) 1 (Z (':U))(n-i-l)oc 1 d ]

T(nt1)a) m+Da

1T ()T ((n+1)a)
S T((n+1)a+2)

D) F) og 6 wt1)a
“ (( 20=ig f> °9 2>[g<a>,g<xo>} [(g(xo)—g(x»( +1)

(9 (x0) g <x>><"+1>“+1] _
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i ((D797F) 097" 2)
I'((n+1)a)

[9(a),g9(z0)]

(g(x0) — g (x))(n+1)a 1 (g(x0) —g (x))(n—‘rl)a—i-l
) [ (n+1)a "5+ Da((ntDat)

o ((D25°7) 097'12) l9(a) g(z0)]
F'(n+1)a+1)

(20) — g <x>><"+”a“]
S ((n+1)a+1)

[<g (z0) — g () Ve 4 19

We have proved that

60)  lf @)~/ @)l < NCENEE

1
( ( ) (I) (n+1) a+1]
S (n+Da+1) |

(B oo,
)
)

[(9 (w0) = g ()™ +
Yz € [a,xo], 62 > 0.
By (56) and (60), setting 6 = 01 = d2 > 0, we derive (48). [ |
We state
Corollary 3 (to Theorem 9). All as in Theorem 9. Then
wi ((Dé%”“f) og~!, 5)
= F((n+1)a+1)

(61) 1 () = f (2o

[w () — g (a0 4 190 9 <xo>|<"+”““] |

d((n+1)a+1)
d > 0, true over [a,b].
We need

Definition 7. Let Dg, .. f denote any of Dg ., f and 6 > 0. We set

rot;g
(62) w1 ((Dfygf) 097", 0) := max {“’1 ((Dz4:98) ©979) gy gt

a —1
wi ((Dgy—igf) 097",9) [g(axg(:vo)}} ’

where xo € [a,b]. Here the moduli of continuity are considered over [g (zo),
g(b)] and [g(a), g (z0)], respectively.
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We will use:

Theorem 10. Let o > 0, n = [a], a ¢ N, and f € C" ([a,b],X),
where [a,b] C R and (X, ]-||) is a Banach space. Let g € C ([a,b]), strictly
increasing such that gt € C™ ([g(a),g (b)]). Let zo € [a,b], be fived such

that (f og—l)(i) (g(20)) =0, for,i=1,...,n—1. Then
wi ((Dgyef) 097,9)
I'a+1)
a+1

o 19(x) =g (o)l
[|g<m>—g<xo>|+ et |

(63) [If (2) = f ()|l <

Vd>0,Vz€a,b.
If 0 < a < 1, then we do not need any initial conditions.

Proof. By Remark 1 we get that (D% 4., f) (x0) = 0, for a ¢ N. By (37)
we obtain

(64)  f(x)~ f(z0) = F(la) / (@) — g (1) (1) (D2, ) (B d,
V x € [z0,b].
And, by (38) we get

(65) f(x)— f(z0) = 1) /“(g(t)—g(w))a—lg'(t) (DS, o) () dt,

I'(«
V€ la,xo].
When 0 < a < 1, i.e. n =1, then (64), (65) are valid without any initial

conditions.
We can write

(66) J(0) = f(o0) = 7y [ 0@ =901 1)

[(Dgo-i- gf) (t) (Dgo—i— gf) (1'0)] dt,
YV x € [x0,b],
(67 £(@) = f @) = s [ a0 =9 @) O

vV x € la,xo].
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We can rewrite (66) and (67) as follows (by z := g (¢)):

(z)
09 S@ T [ @
g
(D24, f) 097") (2) = ((D2siyf) 0 97Y) (g (20))] dz,
Yz € [z, b], and
(zo)
©)  S@ T = [ g
g
[((DLCBXO gf) Og_l) (Z - ((Dgo—;gf) o g_l) (g ($O))] dz,

V€ la,xo].
We have that (zg <z <)

I () = f (x0)] (/g;)

(D24 of) o 97" (2) - ((Dgorig)) 0og™ ") (g (z0))| dz <

((51 > 0)
1 g(x)
T / INCOR
_1 01|z —g(x0)] (42)
Dgyigf) 09 1,> dz <
<( +if) o1 [9(0),9(b)]
(( w0+gf) )[g(ﬂm) g(b)]

/g(g:)) (g(z) —2)*" (1 1 molm) gl(x()))) dz =

wi ((Dgy+; gf) °og!,01) [9(z0),9(b)]

I'(«)
(g(x) —g(xz0)* | 1 [ a— - _
[ = +51/(0)(g(w)—2) 1(2—9(960))2164—
((Dgﬁ gf) °g, 61)[9(10),g(b)]
I' ()
(9(z) —g(x0)" 1T (a)T(2) atl| _
[ o : +571F(oz+2) (9(@) —g(x)) Jﬂ_
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w1 ((D§‘0+;gf) og~!, 51)[9(10)79@)]

I' ()
(71) (9 (x) —ag (z0))" N (Slla(alJr ~ (0(2) — g (z0)* ]
Vaxe [$0, b] .

We have proved that

(72)

wi ((D3+:95) © 97 01) g0y a0
I'(a+1)

If (@) = f (2o)]| <

))a+1

o, @)—g=
[<g<x>—g<xo>> R

Ve [mo,b], 61 > 0.
By (69) we obtain

)

|

1 9(zo) o1
I @) = f (o) < F(a)/g(m) (2 — g.(x))
[((Dgy—igf) 097") (2) = (D5 f) 097 ") (9 (w0))|| dz <
(52 > 0) (o0)
1 giro a—1
i, Go@)
_1 02(g(w0) — 2)
w D3, _.,f) o L dz
! <( ) 02 )[g(a>,g(xo>]
w1 (D5o—96) ©97"82) () (a0
I'(«)
g(zo) L . a1 g (xo) — 2 L
1) I e e
w1 ((Dgo—;gf) 09, 62)[9(@:9(%)]
I'(«)

33
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[(9 (z0) —g(®))* 1T @)I(e)
a dy I'(a+2)

(9 (20) — 9 <x>>“ﬂ -

wi ((D3)-195) © 97" 02) (4(0) (a0
I'(«)

) [ OE  Sa) —g@) -

wi ((D2)-95) © 97" 02) (4(0) g(ao]
EESY

I O O

S @@ -9 @),

YV x € [a,xo].
In conclusion we derive

wi ((Dgy—gf) 097", 52)[
I'(a+1)

o (g9(z0) —g(x)**"!
[(g(xo)—g(x)) + §2(a+1) ]

9(a),9(x0)]

(76) If () = f (zo)|| <

Yz € [a,xo], 62 > 0.
Choosing 6 = 01 = d2 > 0 by (72) and (76), we get (63). |

We state
Corollary 4. All as in Theorem 10. Then

wl((Dgo; )Og_l’(s)
(77)  f () = f (o) < r(i+1)

lg () — g (w0)|* ™
d(a+1) ’

lg(-) — g (x0)|* +

true over [a,b], § > 0.
If 0 < a < 1, no initial conditions are needed.

We make

Assumption 1. Let Ly : C ([a,b],X) — C([a,b],X), (X,]]|) e« Ba-
nach space, Ly is a linear operator, V. N € N, xy € [a,b]. Let also
Ly : C([a,b]) = C ([a,b]), a sequence of positive linear operators, ¥V N € N.
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We assume that

(78) 1L () o)l < (I (171) (wo0)

VNeN,Vz€lab],V fel(ab,X).
When g € C ([a,b]), ¢ € X, we assume that

(79) (Ly (cg)) =cLn (g), ¥V N €N.
We treat the special case of

(80) Ly(1)=1, VN €N,
which tmplies

(81) Ly(c)=¢, Yce X, VNeN.
We call EN the companion operator of Ly .

Operators By see (1), and By see (2), fulfill Assumption 1.
We make

Remark 3. Let Ly : C ([a,b]) = C ([a,b]), N € N, be a sequence of
positive linear operators. By Riesz representation theorem (see [10], p. 304)
we have

(82) Ly (f,x0) = . £ () dun,, (t),

V 2o € [a,b], where up, is a unique positive finite measure on o-Borel
algebra of [a,b]. Call

(83) Ly (1,20) = pn,, ([a,b]) = My, .

In our case of Ly (1,z0) = 1, we have that Mp,, = 1, and up,, is a
probability measure.
By Holder’s inequality we obtain

(84) Ly (1 (-) = g (w0)|*) (w0) = / lg (t) — g (x0)| dpw,, (1)

[a,b]

(/[ ) g () — g (20)|* " dpun,, (t)> Q

= (Zn (g () = g @o)*™) (@) ™ .
Similarly, it holds

(85) Ly (lg () = g ()" (o)
(n+1)a

< (EN (|9 ()—g (:Uo)!(nﬂ)aH) (;EO)) (nFDatl .

IN
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We present

Theorem 11. Under Assumption 1 and all as in Theorem 9, we derive

w1 ((Déﬁfgl)o‘f) o g*1,5)
F(n+1)a+1)

L (lg () = g (o)D) (950)]

(86) I(Lx () (o) = f (o)l <

!ZN (190 =9 o)l ™*°) o)+ —— 5

VNeEN,d>0.
Proof. By (61) we get

~ o (057°7) o)
€  In (O = F @) () € — DAt

Ly (lg () = g (o) "+0+) <xo>]

!EN (\g(-) —g(wo)\("“)a) (wo) + S((n+1)a+1)

along with (46) proving the claim. |
We also give

Theorem 12. Under Assumption 1 and all as in Theorem 10, we derive

w1 ((Dgo;gf) og',9)

(88) (L () z0) = f (o)l = =0
_ . Ly (l9 () = g (20)|**) (o)
Ly (g (-) = g (20)|%) (w0) + CES) ;

VNeN, >0
Proof. By (77) we get

w a f£)ogl
59 In(IF0) - F o) () < 2Pl 0970)

I'(a+1)
_ ) L (lg () = g (20)|**) (o)
Ly (lg () — g (z0)|”) (zo) + SlatD) ;
along with (46) proving the claim. |

We give
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Theorem 13. Under Assumption 1 and all as in Theorem 9, we obtain

(n+1)a+2)
F'(n+1)a+2)

(90) (L (f)) (o) = f (o)l <

wi <(D§£$D“f) 097 (In (I9() = g (@)l "0 (20) W)
(n+1)a

(Zo (19 () = 9 @)l "01) (a0)) "7 ¥ N e

1 Ly (J9) = g @) "D ) w0) = 0. then Ly () (20) = f (x0). as
N — oo.

Proof. By (87) and (85) we obtain that

o (D7) 05-1.0)
S T (it Datl)

Right hand side (87)

(91) [(EN (\g ()—g (x0>‘(n+1)a+1> (x0)> GoFaST

_|_

=: (%).

Ln (Ig.() = g (o)l "4 (o)
d((n+1)a+1)

Momentarily we assume that Ly (|g() —g(xo)](”H)O‘H) (xg) > 0, and
choose

(92) § = (ZN (|g ()—g (9;0)|<"+1>“+1) (:z:o)) g

Thus, we have

wi ((Da(c%l)af) 097 (In (Ig () = g (o) "0+ (x0)><"“1)‘*“>

() = T((n+1atl)
~ Dl 7514{1;11 5(n+1)a+1
03) | (I (g () = 9 o) "*074) () T 4 s =

w1 <(D¥;;ng)af) og~!, (EN <\9 ()—g (xo)\(nH)QH) (:170)> W)
F'((n+1)a+1)
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(n+1)a

(Zn (lg () = g @o) 9% () ) 777 [1 + W] =

(n+1)a+2) nt1a -
(94) F((n+1)a+2)wl(<D§”0;1) f)og,

(Ex (19— g )% ) 777 )

(n+1)a

(Z (l9.) = 9 )07 a)) 77

So far we have proved that

(n+1)a+2)
'n+1)a+2)

< <<D55$1 “f) og™ (I (190 = 9 o)) (a0)) )

(95) N ([ ¢) = F (zo)ll) (o) <

(n+1)a

(Zx (19 ) = 9 @o) D1 () "7

when § > 0.
If 6 =0, we get R.H.S.(95)= 0, and

(96) L (lg () = g (o)D) (o)

— /[ 190 =g @) e, 0 =0

Hence |g (t) — g (zo)| = 0, a.e. on [a,b]. That is g (t) = g (xo), a.e. on [a, b
and t = g, a.e. on [a,b], because ¢ is strictly increasing. More precisely
AN, {t € [a,b] : t # 20} = 0. Therefore uy, concentrates on zg, that is
[N, = Oz, the unit Dirac measure.

Consequently, it holds

(97) N (1) = f(xo)ll) (= )=/ 1 (&) = f (o) || dbwy ()

)

= ||f (w0) — f (zo)|| = 0.

Therefore (95) is true always, in both cases, completing the proof of the
theorem, by the use of (46). [

We also give
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Theorem 14. Under Assumption 1 and all as in Theorem 10, we obtain

(a+2)
I'(a+2)

“ ((Dﬁo;gﬂ o9~ (Zn (Ig () = g (@o)**) <xo>)ﬂl+1>

(Zx (190~ g @o)l™*) (0)) ™, ¥ NN

©98)  [[(Ln () (xo) = f (o)l <

1f L (l9.() = 9 (@0)|"™") (w0) = 0, then Ly (f) (x0) = f (w0), as N — ox.

Proof. Similar to the proof of Theorem 13. It is based on (89), (84) and
(46). We omit the details. [ |

We give
Corollary 5 (to Theorem 13). All as in Theorem 13. Then

((n+Da+2) e g o -
(99) (L (1)) (o) = f @l < ey gy (P850°7) 097

1
Hg,Hoo,[a,b] (LN <|' - $o|(n+1)a+1) (ZEO)) Wl)a“)
(n+1)a

(19gon) ™ (B (1= 20l ) ) "7 v v e

If Ly (|. - x0|<"+1>a+1) (z0) = 0, then L (f) (zo) — f (z0), as N — oo.

Proof. By Theorem 13 and

(100) 9 (@) = g (@0)| < ||¢']| 4 fay 12 — %0l V@, @0 € [a,0].

We give
Corollary 6 (to Theorem 14)). All as in Theorem 14. Then

(a+2)
I'(a+2)

w1 ((Dgo;gf) og !, Hg'Hoq[aM (EN (’ — xo‘a+1> (x0)>ail)

(19l ogos)” (B (=0l o)) ™, ¥ N e

(101) [[(Ln (£)) (o) = f (wo)|| <

If Ly (|- . x0|a+1) (z0) — 0, then Ly (f) (zo) — f (x0), as N — oo.
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Proof. By Theorem 14 and

(102)  1g(@) ~ g @0)| < [l9'| e goy b — w0l ¥, w0 € [a,B].

We make

Remark 4. Theorems 13, 14 and Corollaries 5, 6 have direct applications
to By, By Bernstein operators over [0,1]. We obtain there By (f) (z¢) —
f(x0), as N — oo.

We notice that

a+1 _ |

|- — zo —x0|* |- — zo| < |- — xo|, over [0,1].

Hence
By (|- = a0|*™) (20) < By (|- = wo) (w0) , @0 € [0,1]
Similarly, it holds

‘(n-‘rl)a-i-l _ ‘ _ wo,(n-ﬁ-l)a ’

|- —zo — x9| < |- —mg|, over [0,1].

Hence
By (| = w0l ™D (w0) < B (I = wol) (20) , w0 € [0,1]

‘We have that

103) B ()~ wol) o) < (B (-~ 20)?) (w0))

Zo (1 — xo) 1
- < , VNeN.
N ~ 2VN

We give
Corollary 7. Here [a,b] = [0,1] and all as in Theorem 9. Then

(n+1)a+2)
F'n+1)a+2)

1
; - 1 (nFa+1
w1 ((D;O;gl)af) g 1’ Hg,Hoo,[a,b] (W) )

(n+1)a
(n+1)a 1\ GFDatt
<H9/Hc>o7[a,b]> <2\/N> , YNeN, z€0,1].

As N — oo, we get By (f) (o) — f (z0).

(104) [I(Bw (f)) (xo) — f (o)l <
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Proof. By Corollary 5 and (103). [
We give
Corollary 8. Here [a,b] = [0,1] and all as in Theorem 10. Then

(a+2)
I'(a+2)

’ 1 art
o (@ o ol (55) )

, e 1 QLH
(W) (57) - ¥V eN

As N — oo, we get By (f) (zo) — f (20), zo € [0,1].
Proof. By Corollary 6 and (103). [ |

(105) 1(Bn (f)) (o) = f (o) || <

We continue with the following

Corollary 9 (to Corollary 8). Here [a,b] = [0, 1], all as in Theorem 10,
and g (x) =e*, x € [0,1]. Then

(o +2)
I'a+2)

Oyt () ) () e
w roex) ) ONT €| —F— e | —= ) e N.
! 0; 2N 2N

As N — oo, we get By (f) (xo) — f (z0), 2o € [0,1].
Proof. By Corollary 8. |

(106) [[(By (f)) (o) = f (o) |l <

We finish with

Corollary 10 (to Corollary 9). Here [a,b] = [0,1], all as in Theorem
10, g(z) = €®, z € [0,1] and o = L (no initial conditions needed). Then

A7) (B (F) (o) £ (o)l < m\/f

% VRS
w1 <<Dw0;exf> olnzx, e (m) ) (W) )
VN € N, Vzg € [0,1]. As N — oo, we get By (f) (zo) — f(z0), any

xo € [0, 1]..
Proof. By Corollary 9. |
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