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INTRODUCTION

The automotive industry is facing the dif-
ficult task of building cars with more powerful 
powertrains on the one hand, and using less fuel 
to meet the requirements imposed by the ap-
plicable standards on the other. CO2 emissions 
from road vehicles contribute to the greenhouse 
effect and are recognized as a gas of which emis-
sions should be significantly reduced. European 
Union regulations set CO2 emission of passenger 
cars to 95 g/km in 2021 [1, 2]. Euro 7 [3, 4], 
which is planned to be introduced within a few 
years, will cut CO2 limits even more. This forces 
vehicle manufacturers to produce more efficient 
cars, which means: increasing the efficiency of 
the internal combustion engine (ICE) [5, 6], 
implementation of transmissions that use 7, 8 
or 9 gears [7], vehicle weight reduction [8], im-
proving aerodynamics [9] or rolling resistance 

reduction. In the future, clean transport will be 
based mainly on battery electric vehicles, fuel 
cell electric vehicles [10, 11] and vehicles with 
hydrogen fuelled ICEs [12]. These vehicles are 
characterized by zero CO2 road emissions. How-
ever, for now, there are still many problems con-
cerning all of these groups. In the case of battery 
electric vehicles, they concern: range anxiety 
[13, 14], high price [15], performance at low 
temperature [16], high voltage lithium-ion trac-
tion battery (BAT) durability [17], availability of 
rare earth elements [18], peak energy demands 
influencing charging cost [19] or black out prob-
lems [20] due to overloaded energy systems. In 
the case of hydrogen vehicles, problems concern 
mainly methods of hydrogen production, the 
small number of hydrogen stations, vehicle pric-
es, the small market of such vehicles and policy 
issues [21]. Another way to decrease CO2 emis-
sions significantly is with hybrid electric vehicle 

Drivetrain Modelling of Hybrid Electric Vehicles

Piotr Bera1*

1	 Department of Machine Design and Maintenance, Faculty of Mechanical Engineering and Robotics, AGH 
University of Krakow, al. A. Mickiewicza 30, 30-059 Kraków, Poland 

	 E-mail: pbera@agh.edu.pl

ABSTRACT

The aim of this paper is to present mathematical models of all the propulsion components of hybrid drivetrains. 
These models are based on very limited amounts of data, nevertheless they match real characteristics with high 
accuracy based on numerous measurement data points, thus they allow the modelling process of fuel and energy 
consumption for a particular vehicle in any homologation driving cycle to be performed in a very short time at the 
early stage of vehicle design. The characteristics provided in the article concern: the full load engine torque curve, 
full load electric motor power curve, combustion engine efficiency characteristic, including dynamic states and 
warm-up period, electric motor efficiency characteristic, inverter efficiency characteristic, battery characteristics in 
a wide temperature range and efficiency of the drivetrain. Moreover, the main principles concerning gear ratio se-
lection are provided to conduct subsequent steps of transmission modelling from scratch. Simulations of drivetrain 
performance and vehicle fuel consumption in WLTP and US06 tests prove the suitability of the presented models. 

Keywords: hybrid drivetrain, brake specific fuel consumption, electric motor efficiency, battery efficiency, fuel 
consumption.

Received: 2024.07.24
Accepted: 2024.09.11
Published: 2024.10.06

Advances in Science and Technology Research Journal, 18(7), 305–328
https://doi.org/10.12913/22998624/193197
ISSN 2299-8624, License CC-BY 4.0

Advances in Science and Technology 
Research Journal



306

Advances in Science and Technology Research Journal 2024, 18(7), 305–328

(HEV), which refer to vehicles that use the ICE 
in conjunction with at least one electric motor 
(EM) and a BAT for propulsion. They are an area 
of interest of most car manufacturers, because 
they combine the advantages of battery electric 
vehicles and ICE-only drivetrains: mature tech-
nology, affordable prices, no range anxiety, zero 
emission driving at low speed, high durability 
and reliability. Some car manufacturers already 
have most models available as HEVs. This is the 
reason for continuous development of simula-
tion methods of such drivetrains.

The full analysis of a hybrid drivetrain is 
very complex because it involves a few over-
lapping areas: mechanical design including 
e.g. gearing, ICE and EM characteristics, BAT 
performance characteristics and optimization 
algorithms that join all the above components 
together. These areas involve the analysis of 
many variables, interactions, and non-linear 
characteristics, requiring multidisciplinary 
teams equipped with professional software to 
solve series of single problems. 

In [22], the authors studied the energy man-
agement of a power-split HEV equipped with 
planetary gear sets. 

In [22], the authors studied the possibility of 
using alternative fuels as CNG, LPG and LNG, 
in combination with hybrid drive of a midibus, 
to quantitatively assess the further possibility of 
emissions reduction. In [23], the authors analyzed 
the function of a Hybrid Air system proposed in 
2015 by PSA concern. It utilizes hydraulic com-
ponents instead of electric ones in HEVs. Analy-
sis concerning the modelling and optimization 
techniques of four types of hybrid powertrain 
configurations was conducted in [24]. An auto-
mated modelling method allowed 14 configura-
tions to be classified based on a binary tree. 

One paper [25] proposes a new optimal de-
sign approach of a permanent magnet synchro-
nous motor in HEVs. It aims to solve the key 
research problem of how to find a viable and 
computationally efficient solution to achieve the 
maximum energy efficiency of the EM over the 
driving cycles. 

The authors [26] present a thorough compara-
tive study of energy management strategies for a 
parallel HEV, while BAT ageing is considered.

In [27], the authors estimated the operating 
time share of electric and hybrid modes in real 
driving conditions based on the electronically-
controlled continuously variable transmission 

(e-CVT) series-parallel hybrid drivetrain. Analy-
sis of the driver’s operation allowed determina-
tion of the conditions of energy flow and the work 
share of the electric drive in the total driving time. 

In [28, 29], the authors considered the influ-
ence of exploitation place and traffic control sys-
tem on energy consumption, which is strongly 
connected with hybrid drivetrain programming 
and optimization. One element that significantly 
influences hybrid drivetrain functioning is the 
BAT. Its design influences size, efficiency and du-
rability [16, 17, 30–33].

The articles mentioned above refer to drive-
train characteristics, but do not provide proper 
mathematical models of each component for the 
whole working range to perform the optimization 
process or verification of a particular drivetrain 
design, for example. Thus, the main aim of this 
article is to develop new formulas for the model-
ling of ICE, EM, BAT and inverter (INV), includ-
ing the whole working range and a wide range of 
ambient temperature −10–40 °C. To carry out the 
whole modelling process, some basic formulas of 
vehicle dynamics, resistances, and ICE friction 
phenomena are also included.

To conduct the whole process of the drive-
train modelling along the manuscript, the follow-
ing inputs are required: vehicle frontal area Av 
[m2], aerodynamic drag coefficient Cd[-], driven 
wheel dynamic radius Rd [m], empty vehicle mass 
me [kg] and maximum vehicle speed vmax [km/h]. 
As a result, the mileage fuel consumption GV 
[dm3/100 km] in any virtual homologation test, or 
at constant vehicle speed, is obtained.

The following sections present: the criteria of 
maximum gear ratio and the ratio of maximum 
speed, novel characteristics of ICE, EM, INV and 
BAT characteristics, simulations of fuel consump-
tion and drivetrain performance in a Worldwide 
Harmonized Light-Duty Vehicles Test Procedure 
(WLTP) and US06 of vehicle with parallel hybrid 
drivetrain, proving the suitability of the proposed 
models of hybrid drivetrain components. 

BASIC DRIVETRAIN CALCULATIONS

A vehicle body is always subjected to external 
and internal forces that make it move or keep it at a 
standstill, which is presented in Figure 1. For a vehi-
cle in motion, the driving force Fdrv must overcome 
rolling resistance force Froll, aerodynamic drag force 
Faero, inertia force Fin and grading force Fslope.
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Figure 1. Forces acting on a vehicle 

Maximum gear ratio 
Moving off on a slope (Fig. 1a) determines the first gear total ratio it1 in a parallel full-hybrid or 

just the reduction ratio in series and series-parallel hybrid for an EM. Every car must be capable of 
moving off on a slope of 26%. Formula (1) allowing a total ratio in first gear it1 to be calculated concerns: 
fully loaded vehicle (mgross ≈ 1.4 ꞏ me), front-wheel drive cars (which are most prone to tyre slipping), 
μ = 0.8 (tyre-ground friction coefficient), hc = 0.5 m, lb = lf = 1.4 m, vehicle acceleration av = 0.8 m/s2 
and froll = 0.015. Taking the above into consideration, the it1 is: 

Ttr

dgross
t1 4.3

T
Rm

i






        (1) 

Part of the power produced by the ICE or EM is lost due to the friction in the transmission, 
which is represented by ηtr in formula (1). In the initial drivetrain calculations the following values can 
be used [34–36]: ηtr ≈ 90% for automated mechanical transmission (AMT) and dry dual clutch 
transmission (DCT), ηtr ≈ 87% for wet DCT, ηtr ≈ 83% for automatic transmission (AT) and e-CVT. 

The second factor concerns dry friction clutch durability (in the case of AMT and dry DCT). 
The it1 ratio should be relatively high to ensure nominal clutch durability of 250 000 km. For a standard 
clutch material [37, 38], 50% of city driving with 3 starts/1 km, 50% of extra-urban driving with 0.2 
starts/1 km, 2% of uphill starts (α = 15%), average vehicle load is half of the maximum load [36, 39] 
(mt ≈ 1.4ꞏme) and nICE ≈ 1500 rpm, the following formula for it1 was developed: 

3
TtICEdt1 0042.0 TmnRi          (2) 

In the case of series and series-parallel drivetrains, it1 must also meet the condition of maximum 
speed vmax for traction EM which is permanently connected to the wheels and its speed cannot usually 
exceed 15 000 rpm [40]. 

Maximum vehicle speed 
The maximum speed vmax [km/h] of a vehicle (Fig. 1b) is a constant speed that can be developed 

on a flat, dry road, without wind, with the throttle fully opened. In the case of a hybrid vehicle, vmax is 
calculated for the power of the ICE only: 

    trchgmaxICEmaxrollt
2

maxvdair 3600/]6.3/5.0[  knP=vfgm+vACρ v      (3) 

 The maximum speed vmax is reached at ICE speed nvmax = (0.90–1.05)ꞏnN (according to Table 1). 
The coefficient kchg = (0.95–0.98) takes into account the need for BAT recharging, after depletion during 
acceleration to vmax. In the initial calculation, ICE power PICE(nvmax) ≈ PN [kW] can be assumed. Tyre 
rolling resistance coefficient froll can be calculated based on Kamm model [41]. 

Then the gear number (AMT, AT and DCT) for vmax (3) is set based on Figure 2 (Input data for 
the example marked with blue lines are: PN = 53 kW and normal version. This results in a 5-speed 
gearbox, vmax is reached in k = 4th gear and kv = 0.95). 

 

 

 

1.2
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Figure 2. Selection of drivetrain parameters with regard to desired vehicle characteristics 

In the case of AMT, AT and DCT, intermediate gears and overdrive must also be calculated 
[36], whereas in the case of series-parallel e-CVT transmissions, the geometry of planetary gears must 
also be determined [33, 42]. 
Now, when the nominal ICE power PN is known, other ICE parameters: ICE displacement VICE [dm3]: 

 TNTN

N
ICE

120
nbmepCn

PV



     (4) 

and ICE nominal torque TT [Nm] developed at nT: 

 
01256.0

ICET
T

VnbmepT 
      (5) 

can be determined with the use of data from Table 1. 

Table 1. Basic parameters of spark ignition (SI) ICEs used in hybrid drivetrains 
No Parameter SI NA Atkinson SI NA Otto SI TB Otto SI Miller (charged) 

1 bmep(nT) [MPa] 1.0–1.1 1.2–1.3 1.8–2.5 1.5–1.8 

2 nT [rpm] 3000–4000 3500–5000 1400–2500 1400–4400 

3 nN [rpm] 5000–6000 5000–6300 4500–6000 5000–5500 

4 CNT [-]* 0.80–0.95 0.70–0.90 0.70–0.90 0.85–0.90 

Note: *smaller value for greater nN, greater value for smaller nN and when bmep(nM) is small, NA – naturally 
aspirated, TB – turbocharged. 

INTERNAL COMBUSTION ENGINE 

ICE torque and power characteristics 

In full-hybrid drivetrains SI Atkinson cycle ICEs are commonly used. They are characterized 
by a long piston stroke (γ = cylinder bore B [mm] / piston stroke S [mm] < 0.8) and late intake valve 
closing. Mild-hybrid drivetrains are usually equipped with NA Otto ICEs or SI TB ICEs. The parameters 
allowing (6) to be calculated are presented in Table 1. In the proposed ICE model (6), the power P [kW] 
and torque T [Nm] characteristics versus rotational speed n with the throttle fully opened (Fig. 3) are 
based on 5 highlighted points.  

The developed formula (6) can be used both for ICEs where the peak torque TT occurs at one 
speed as well as in a wide speed range (nT1-nT2): 

  T00 TnnanT p       (6) 

where the coefficients depending on n are: 
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   T1
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     (7) 
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   1
T2T1

12

5.0^5.01
p

nnn
ppp 




     (9) 

and the constants: 

    
    idle1Tm1T

TidleTm
1 ln

ln
nnnn
TTTTp




     (10) 

  1idleT1

idleT
1 ^ pnn

TTa



      (11) 

NNN 9550 nPT       (12) 

 
 NTN

2TNN
2 TTn

nnTp



      (13) 

  22TN

NT
2 ^ pnn

TTa



      (14) 

To evaluate the accuracy of the presented model (6) and further models: (17), (62) and (86), they are 
compared with real characteristics. The difference Δ is defined as: 

%100



S

MS      (15) 

where: S determines the series parameter and M determines the model parameter. The parameter S is 
torque, efficiency or voltage, with regard to the analysed model. Table 2 presents a comparison of serial 
characteristics with their models based on (6). 

 
Figure 3. ICE power and torque performance curves 
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Table 2. Comparison of serial characteristics with their models based on (18) 
Parameter Mazda 2.0 Skyactiv-G Toyota 2.5 D-4S VW 1.5 TSI evo 

Serial 

   

Model 

   

Δ [%] 

   

It can be noticed that the difference Δ strongly depends on the original shape of the torque characteristic. In the case 
of properly drawn (without irregularities) original torque, the maximum difference is |Δ| < 0.2% (VW 1.5 TSI evo).  

Brake specific fuel consumption characteristic 

The overall ICE efficiency reaches over 40% for SI Atkinson cycle ICEs. This parameter is 
sometimes presented in the form of ηICE contours in a coordinate system of n and T. It can also be 
presented as a brake specific fuel consumption ge [g/kWh] characteristic (Fig. 4). The ηICE and ge can be 
used interchangeably (petrol calorific value Wp = 43 MJ/kg [43]): 

  %100/84 eICE  g       (16) 

The parameters allowing (17) to be calculated are presented in Table 3.  

Table 3. Parameters of SI ICEs required for a ge characteristic 
No Parameter SI NA Atkinson SI NA Otto SI TB Otto SI Miller (charged) 

1 CR [-] 13.0–14.0 10.8MPI–11.0GDI 10.0MPI–10.5GDI < 12.5 

2 ηP0 [%] 41 38 36 38 

3 TP0 [Nm] (0.6–0.8)ꞏTT (0.6–0.8)ꞏTT (0.6–0.7)ꞏTT (0.7–0.8)ꞏTT 

4 nP0 [rpm] 1700-2500 2500-3000 2000-3000 2000-3000 

5 TP1 [Nm] ~0.15ꞏTT ~0.15ꞏTT ~0.15ꞏTT ~0.15ꞏTT 

6 ηP1 [%] ~0.6ꞏηP0 ~0.55ꞏηP0 ~0.7ꞏηP0 ~0.7ꞏηP0 

7 ηP2 [%] ~ (0.85–0.95)ꞏηP0 

8 λk [-] ~ (0.90–0.95) 

9 λm [-] ~ (0.85–0.90) 

Note: points: 2–7 – see Fig. 4, MPI - multipoint port injection, GDI - gasoline direct injection, CR – 
compression ratio. 

The formula for ηICE (17) requires η, n and T of 5 highlighted points: P0…P4. Maximum 
efficiency ηP0 is reached at P0. Points P0…P5 are located so as to match real contour shapes. The dashed 
green line represents the optimum operating curve. 
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Figure 4. Brake specific fuel consumption characteristic 

The developed formula for ηICE in the whole working range is the following: 
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where: the variables depending on the torque T are: 
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nnTTn 




      (23) 

and the constant values connected with line t: 

  
  0P1P0P

0P1P0P
t ln

ln
TTT

p




      (24) 

 tP00Ptd ^ pTa       (25) 

  t0P2P

2P0P
tg ^ pTT

a




      (26) 

The presented model of ICE efficiency (17) is now compared with characteristics provided by 
vehicle manufacturers. In contrary to model (17), which is based on 6 points, original characteristics are 
usually based on more than 400 points. Table 4 presents 3 serial characteristics of η for SI ICEs, their 
corresponding models, and relative error Δ according to (15). To determine the difference graph, serial 
characteristics were meshed as presented in the first line of Table 4: the ICE speed step is 250 rpm and 
the torque step is 10 Nm. 
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Table 4. Comparison of serial η characteristics with their models based on (17) 
Parameter Honda 1.5 L15B7 Mazda 2.0 Skyactiv-G Toyota 2.5 A25A-FKS 

Serial 

   

Model 

Δ [%] 

  

The error Δ along the optimum operating curve does not exceed ± 4% in the case of NA ICEs 
(Mazda and Toyota). Higher values of error Δ (Mazda and Toyota), of no more than ± 6%, are obtained 
at low load and high speed – which is the area where ICEs do not usually work. The results show that 
the proposed model better fits NA ICEs, where λ is stoichiometric in a much wider area than in the case 
of TB ICEs, which creates sudden changes in ge at high load (Honda). In this case, the error Δ along the 
optimum operating curve reaches 10%.The above characteristic (17) allows the calculation of a ge in 
steady states (when n and T are constant) and at a nominal working temperature, which is usually about 
90 °C. Formula (27) allows GV [dm3/100km] for a constant v [km/h], also during the warm-up period 
(the ICE temperature influences the equivalence ratio λ(tempICE) (53) and oil viscosity influences friction 
torque (29), (47)), to be calculated: 
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,
05.1 






 v
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Tng

G     (27) 

and ρfuel = 0.75 g/cm3. The calculation of idle fuel consumption Gh [dm3/h] (28) needs a small torque to 
be assumed, e.g., T = 0.1 Nm (at T = 0 Nm ge cannot be calculated). Then the formula is:  

 
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idlee
h 10,05.1 





nT
temp

TngG     (28) 

Dynamic states 

The ICE used for vehicle propulsion works permanently in highly dynamic working conditions. 
A detailed model, based on artificial neural networks, can be used [44, 45] to represent the dynamic 
behaviour of the ICE. It includes inertias of rotating components as well as inertia of the oil and coolant. 
The delay in the ICE response to a control signal is also included. However, such a model requires plenty 
of detailed data concerning the particular ICE. Thus, commonly static ICE characteristics, with the 
inclusion of ICE inertia JICE [kgꞏm2], are used to represent ICE dynamics and specific fuel consumption 
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[33, 34, 36, 39, 46, 47]. In this article, the following model of ICE behaviour in dynamic states is 
proposed: 

  ICEnmICEICEfr_dyn sgn1   kJTTT     (29) 

where: the developed formula for ICE inertia is JICE: 

)1(1.0 ICE
2

ICEICE  VVJ      (30) 

The coefficient knm < 0.01 takes into account non-mechanical inertias of the oil and coolant. Tfr_ν is the 
friction torque (47) generated by the oil when tempoil < 100 °C. 

Warm-up period 

When a cold ICE starts at an ambient temperature tempamb it consumes much more fuel than at 
a nominal working temperature because of the increased oil viscosity and air-fuel mixture (AFM) 
enrichment. Determination of heat phenomena during the warm-up time is important in overall GV 
analysis and has been investigated in many research projects [48–54].  

In the following analysis, it is assumed that ICE temperature tempICE represents: block, head, 
pistons (made of aluminium) and coolant temperature, whereas oil temperature tempoil represents the 
temperature of oil, crankshaft and oil pan. Heat and cooling sources in the ICE are presented in Figure 
5. The energy for the ICE propulsion HAFM [W] comes from the AFM [43, 48] flowing into cylinders. 
With regard to petrol calorific value this energy equals: 

PgH  eAFM 12       (31) 

After a cold start, part of HAFM warms up the ICE [43, 48, 55]: 
51.0

AFM
46.0

IN 33.1 HnH       (32) 

Part of HIN [W] is transferred from the coolant to the cabin heat exchanger: 

 ambICEchecheche
3

che 10 temptempVhH       (33) 

 
Figure 5. Heat transfer in the ICE 

 
Heat is also given away to the surroundings through the cylinder block and head, cooled by the air 
flowing by: 

 ambICEbhbhbh temptemphAH      (34) 
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Part of HIN is transferred from the coolant to the oil in the heat exchanger: 

 oilICEhexhexhex
3

hex 10 temptempVhH       (35) 

Oil is also warmed-up by contact with hot ICE parts. This heat depends on the total oil pump flow Qoil 
[kg/s] in the ICE [43, 56–59], which can be described by the following, developed model: 

    5.3
oil

625.0
NN

11
oil 50/102.9   tempnnPQ    (36) 

By means of splash lubrication, part of the total input heat [57, 60–64] is transferred to an oil mist Hmist 
[W] in a crankcase: 

  oilNICEoiloilmist /50102.0 tempPPtempQCH     (37) 

Another part of heat is transferred from the ICE block to the oil when it is in the valve-train area and 
then flows down to the oil pan: 

 oilICEoiloilcam 02.0 temptempQCH      (38) 

The heat Hpan that the oil transfers through the oil pan to the air increases with v and is: 

 amboilpanpanpan temptemphAH      (39) 

Moreover, part of the HAFM (31) is used to overcome the ICE inside friction. This is an important 
part of energy loss (mainly in the area of crankshaft bearings and piston-cylinder assembly), which plays 
an important role in ICE warm-up, and generates additional resistance torque Tfr_v [Nm] (47). It can be 
calculated precisely according to [65, 66]. Characteristics of the most common ICE oils [67] used in 
full-hybrid drivetrains are presented in Table 5. 

Table 5. Specifications of 0W-16, 0W-20 and 5W-30 oils 
Oil ν(40 °C) [mm2/s] ν(100 °C) [mm2/s] koil [mm2/s] Θ1 [°C] Θ2 [°C] 

0W-16 29.9 6.7 0.125 871.9 119.7 

0W-20 44.9 8.6 0.129 889.6 112.5 

5W-30 66.4 11.7 0.088 1116 129.0 

Note: ν(tempoil)=koilꞏexp[θ1/(θ2+tempoil)]. 

All the fmep [kPa] factors, connected with mechanical friction phenomena in the area of the crankshaft 
(crk), pistons (pst) and camshafts (cam), are the following [43, 65]: 

        cam2pst2crk2cam1pst1crk1o
oil

total )C100(
)( fmepfmepfmepfmepfmepfmeptempfmep  




 (40) 

where: 
    096.0/1129.01003.3 cc

4
crk1   nnBnfmep     (41) 

    cc
2210

c
25

crk2 /11066.0/1085.0 nnnBnBfmep     (42) 

      07.2/4/0098.0 Tpst1  nTnbmepTnfmep     (43) 

    

































 




7T2

4

pst2 10
33.933.1^36.07.050011066.3 BnCR

nT
Tnbmep

nB
fmep  (44) 

      ]//208.5[84 2
c

3
ccam1 BnnBnnfmep      (45) 

 

where: nc is the number of cylinders. The cylinder bore B [mm], can be calculated in the following way: 
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3
cICE4.108 nVB        (46) 

The factor fmepcam2 including friction factors connected with valve-train design independent of 
oil viscosity can be ignored, because it is small, and it is difficult to differentiate the heat from the valve-
train from combustion heat. The efficiency characteristic (Fig. 4) includes oil friction when the ICE and 
oil have nominal working temperatures. Thus, to calculate fuel consumption (27)–(28) and dynamics 
(29) at lower oil temperature, only factors dependent on oil viscosity are considered:  

         



 cam1pst1crk1o

oil21oilICE
fr_ 1

)C100(
/exp

56.12
fmepfmepfmeptempkVT 
















     (47) 

However, in the case of calculations of ICE warm-up, it is the total piston friction Hfr_pst [W] which 
warms up the coolant: 

    


















 pst2pst1o
oil21oilICE

fr_pst )C100(
/exp

120
fmepfmeptempknVH 


      (48) 

and the total crankshaft friction Hfr_crk [W] which warms up the oil: 

    


















 crk2crk1o
oil21oilICE

fr_crk )C100(
/exp

120
fmepfmeptempknVH 


      (49) 

The calculations of ICE warm-up requires its mass mICE [kg], which is: 

ICEICEICE )3540( kVm       (50)  

where: kICE = 1.0 for NA ICE and kICE = 1.2 for TB ICE. Table 6 presents the specifications of 
materials and elements required for ICE warm-up calculations. 

Taking the above into consideration, the oil temperature changes according to: 

t
mCmCkVC

HHHHH
temp 





panpancrkcrkaddoiloiloil

pancamhexfr_crkmist
oil 

   (51) 

where: kadd = 1.2 includes additional mass of the crankshaft support. The ICE temperature change in the 
time interval Δt [s] is: 

t
VCkmCmC

HHHHHHH
temp 





clntclntclntscpstpstbhbh

camhexbhmistchefr_pstIN
ICE 

   (52) 

where: ksc ≈ 30% is the part of total coolant volume in a small circuit. The equivalence ratio λ during the 
warm-up period depends on tempICE and can be assessed by the developed formula:  

   

1

ICE
ICE 08.0exp1

7.07.1













temp

temp     (53) 

After ICE start-up at an ambient temperature, it usually works permanently until it reaches at 
least 40 °C. Then a stop-start function is activated. 

The above thermal model of the ICE is used in simulations in Validation of hybrid transmission 
models section, where the ICE works under load, according to traffic conditions. These simulations 
indicate the maximum difference of 8% between the proposed model and real ICEs. 
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Table 6. Specifications of ICE materials and parts (average values) 

ICE start 

In a hybrid drivetrain, the ICE is permanently stopped and started. A quick response to provide 
an immediate reaction to the driver demands results in a high angular acceleration of the EM and ICE 
connected together by means of a gear pair. When the ICE is stopped, the EM acts as a starter and uses 
electric energy supplied from the BAT to put the ICE into motion. In the ICE start process, the EM must 
overcome its own inertia (78) and ICE resistances: inside friction, inertia, pressure loading and pumping 
losses. To ensure a quick and smooth start, the ICE must reach nidle in about 0.3 s [68, 69], which results 
in an angular acceleration of εICE ≈ 300 rad/s2. The peak power required to start the ICE is: 

 
95509550

idleICEstartICEICEidleICE_start
ICE_start

nVkJnT
P 







   (54) 

where: kstart is: 

   5.115^965.0)C100( oil
o

start  tempk      (55) 

The developed coefficient kstart varies significantly with oil temperature, e.g. for 0W-20 oil: kstart = (22, 
12) for (-10 °C, 90 °C) respectively.  

ELECTRIC MOTOR 

Electric motor torque characteristic 

EM is a better propulsion for automotive vehicles than the ICE due to its numerous advantages: 
small size (high power and torque density), perfect balance, high speed range (in automotive 
applications EMs reach a maximum speed of 15 000 rpm [40]), high torque from zero speed and high 
efficiency (over 97% [40]) in a wide range of work field. To draw graphs of P and T (Fig. 6) specific 
parameters for highlighted points must be provided. 

The developed formula allows P in the whole range of n to be calculated:  

  N00 PnnanP p      (56) 

where the variables are the following: 

   Tmax
NTmax

TmaxN
0 5.0^5.01

n
nnn

nnn 



    (57) 

 

Part name (abbr.) ρ [kg/m3] V [dm3] m [kg] C [J/(kgK)] h [W/(m2K)] 

Oil (oil) 850 4–5 10-3ꞏρoilꞏVoil 1985 - 

Coolant (clnt) 1070 5–9 10-3ꞏρclntꞏVclnt 3300 - 

Cabin heat exch.1(che) 2700 1.0–1.8 - 930 0-30 

Oil heat exch.1 (hex) 2700 0.3ꞏVICE - 930 300 

Block, head1 (bh) 2700 - 25%ꞏmICE 930 5+12ꞏv0.25 

Pistons1 (pst) 2700 - 1.2%ꞏmICE 930 - 

Oil pan1 (pan) 2700 - 2%ꞏmICE 930 5+12ꞏv0.25 

Crankshaft2 (crk) 8750 - 12%ꞏmICE 490 50 
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Figure 6. EM power and torque characteristics 
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and the constants:  
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The above formula can be used in calculations of vehicle dynamics, e.g. acceleration time, which 
requires the inclusion of EM inertia (77)–(78). 

Electric motor efficiency characteristic 

An EM is characterised by high efficiency in the whole work area, with the maximum value 
exceeding 97%. This section allows a formula for motor efficiency, as a function of its speed n and torque T, 
to be determined. The developed formula (62) is based on 14 highlighted points (Fig. 7), which should come 
from measurements performed on a test rig. Each point P0–P9 is determined by 3 values: n, T and η (except 
P4 which requires only speed: nP4). The specific conditions that allow the use of (62) are: nP7 = nP8 = nP9 = nw, 
TP7 = TP1, TP8 = TP0, TP9 = TP2, TP1 < 0.5ꞏTP0, TP3 = TP5 = TP6 = TT, points: Pkd, Pku, Ptd and Ptu are determined 
only by T and line k always starts at (0, 0). The developed formula for ηEM is: 
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where the variables depending on T are: 

T
T
n
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P6

P6
k       (63) 
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Figure 7. EM efficiency characteristic 
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The above formulas allow the efficiency in static states to be determined. In dynamic states, the 
inertia must be taken into account. The presented model (62) is now compared with the efficiency 
characteristics of real EMs. The results are presented in Table 7. The EM efficiency model (62) needs 
more points than the ICE model, because in the case of EMs, often realizing the function of traction 
EMs, working operating points may constantly occur in the whole working area. 

Table 7. Comparison of serial efficiency characteristics with their models based on (62) 

 Nissan Kicks Toyota Prius Honda Accord 

Serial 

   

Model 

   

Δ [%] 

   

The results presented in Table 7 show a strong correlation between the models and real characteristics. 
|Δ| < 2% is reached for any work point throughout the whole range of n and T. 

Dynamic states 

In dynamic states, the EM rotor inertia JEM [kgꞏm2] generates additional torque, which influences the 
dynamic torque Tdyn: 

EMEMdyn  JTT       (77) 

where: JEM can be calculated with the use of the developed formula: 

 75.3125.0001.0 TEM  TJ      (78) 

The EM operates with high angular acceleration exceeding 1000 rad/s2, which may consume over 10% 
of the total EM torque. 

EM start 

When the EM starts the ICE it overcomes both ICE inertia as well as its own inertia, which requires 
the power:  
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INVERTER CHARACTERISTIC 
The INV changes the parameters of electric power (voltage and current) and converts direct current from 
the BAT to alternating current propelling the EM, or vice versa. The INV efficiency ηINV depends on 
the power transferred Prel (Fig. 8). The developed formula that allows the ηINV to be calculated is: 

P00
rel

P0
rel

0
rel

INV ^)(   pPPaP     (80) 

where: Prel is the ratio of the actual power transmitted by the INV to its nominal power (which is the 
nominal power of the relevant EM). The variables are the following: 
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where: p = 2-3. 

 
Figure 8. Inverter efficiency vs relative transferred power 

BATTERY IN A HYBRID DRIVETRAIN 

Battery – general overview 

A BAT in a hybrid drivetrain has multiple tasks: it realizes the ICE stop-start function, enables 
the vehicle to move in an electric mode, recuperates kinetic energy, supports the ICE or accumulates 
excess energy from the ICE. A properly-sized BAT allows gentle city driving in the electric mode 
without the assistance of the ICE. This can be assessed based on the WLTP vehicle speed profile, where 
moderate acceleration in average city traffic is 0.8–1.1 m/s2 to the speed of 40–45 km/h (the product of 
avꞏv < 30). The required BAT power PBAT [kW] which allows vehicle propulsion is: 
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This power can be developed during intermittent working conditions lasting 15–20 s. The 
nominal voltage usually exceeds 180 V and in the case of series design is the sum of each cell voltage.  
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The parameters of a single cell are: nominal voltage Unom [V], rated capacity RC [Ah], Crate_max 
[1/h] expressing charge/discharge intensity and internal resistance of a lithium-ion cell R [Ω]. (Figure 
9) is based on [30, 70–75]).  

 

 
Figure 9. BAT parameters 

The BAT parameters are: 

   cellrate0ratecellcellBAT(Crate) 001.0 nRCCRURCCnPP     (84) 

RCUnCAP  nomcell001.0      (85) 

Total capacity CAP [kWh] in a full-hybrid drivetrain varies from 0.9 to 2.4 kWh. 

Single cell voltage vs degree of discharge characteristics 

For a detailed analysis of the charge and discharge process, the voltage U vs degree of discharge 
ψ [%] (ψ = 100% − state of charge SOC [%]) characteristic, presented in Figure 10, can be used. 

 
Figure 10. U vs ψ of a lithium-ion cell 

 The upper blue line represents the characteristic U0 when no current draws through the cell. 
The bottom red line represents cell voltage when it provides the maximum current Imax. To describe the 
characteristic of U0 versus ψ the following formula was developed: 
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where: 
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To draw the characteristic of U0, four points must be determined: P1, P2, P3 and P4. Table 8 presents a 
comparison of serial U(ψ) characteristics with corresponding models based on (86). 

Table 8. Comparison of serial voltage characteristics with their models based on (86) 
Parameter LIR 18650 LG Chem 18650 Panasonic NCR 18650B 

Serial 

 
 

Model 

 

Δ [%] 

   

The differences |Δ| presented in Table 8 do not exceed 0.8% in any case. This proves the high 
accuracy of model (86). To obtain a full voltage characteristic, for different currents and temperatures, 
the R must also be known. Figure 11 presents R vs ψ for a lithium-ion cell at different working 
temperatures [29–31, 76]. There is an additional point P0 with corresponding RP0 (minimum value of R). 
The internal resistance R25 of a single cell at 25 °C is:  
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where: 
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At low temperatures, cell performance deteriorates due to increased R. The developed 
dimensionless coefficient CR (varies from CR = 3 for −10 °C to CR = 0.5 at 50 °C) represents the change 
of cell R in relation to its temperature: 

cellR ^969.02.2 tempC      (96) 

 
Figure 11. Resistance vs degree of discharge for a lithium-ion cell 

Finally, the formula for R, in the temperature range −10–50 °C, is: 

R
25 CRR       (97) 

To perform in the area of the lowest internal resistance R level (high efficiency and low 
temperature gradients) and extend the lifetime of a lithium-ion battery, their SOC should operate within 
the maximum range of (30–80%)ꞏCAP. Moreover, the BAT must always be ready for an e-boost and 
recharging. This means that the SOC should vary only by 25%ꞏCAP. 

Battery thermal behaviour 

The simplified model of uniform thermal behaviour of a cell is: 
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where: hair = (10–25) W/m2K (smallest value for BAT fan off, largest for fan max speed), tcab is the cabin 
temperature and kc = 1 for BAT charging and kc = −1 for BAT discharging. Part of the Equation 98 in 
round brackets represents the efficiency of charging and discharging and is used in power losses 
calculations. 

VALIDATION OF HYBRID TRANSMISSION 
MODELS

In this section, a design example of a Hyundai 
Ioniq parallel hybrid is used to present drivetrain 
parameters in a WLTP test from the simulation 
model. Parameters of this vehicle are the follow-
ing: VICE = 1.6 dm3, PN = 77 kW, nN = 5700 rpm, TT 
= 147 Nm, nT = 4000 rpm, CAP = 1.6 kWh, PEM = 
32 kW, me = 1436 kg.

The simulation model utilizes control strat-
egies that make the ICE work only in the area 

of its highest efficiency: when resistances are 
small the ICE is additionally loaded by the EM 
and charges the BAT, whereas when resistanc-
es are high the ICE is supported by the EM 
powered by the BAT.

The first simulation is based on a WLTP ho-
mologation cycle. Selected parameters of the 
drivetrain are presented in Figure 12. In the case 
of the WLTP test, BAT temperature increases by 
6 °C from 25 °C to 31 °C, which is less than 
35 °C (safe limit for lifetime durability of the 
BAT). In [77] an increase of 8 °C was obtained 
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in WLTP for a vehicle of similar size. SOC varies 
in the range 45–70% which is 25%·CAP. Simi-
lar SOC ranges were obtained in [78], [79] and 
[80]: 18%·CAP, 28%·CAP and (20–25%)·CAP, 
respectively. As a result of this simulation, GV = 
4.35  dm3/100  km for the considered vehicle is 
obtained. For the serial vehicle fuel consump-
tion is 4.40 dm3/100km.

The second simulation is conducted for a 
double US06 homologation cycle, which is a high 
acceleration aggressive driving schedule that is 
often identified as the Supplemental Federal Test 
Procedure driving schedule. The results are pre-
sented in Figure 13. 

In the US06 test, which is characterized by con-
tinuous strong dynamic states, BAT charging and dis-
charging phases occur frequently and its temperature 
rises 8 °C from 25 °C to 33 °C, which is only 2 °C 
more than in WLTP, and still remains in a safe range. 
Due to strong and long e-boost phases, the SOC var-
ies by 35%·CAP, which is 10% more than in WLTP. 
The average fuel consumption is Gv = 7.8 dm3/100 
km. ICE thermal behaviour (in WLTP and US06) 
is verified by comparing its temperature increases 
in short subsequent time intervals with regard to its 
speed and torque, with reference measurements [52, 
81–84]. A comparison indicates a ± 8% difference 
depending on the ICE operating conditions.

Figure 12. Drivetrain parameters of a Hyundai Ioniq hybrid in a WLTP homologation test

Figure 13. Drivetrain parameters in two subsequent US06 homologation tests
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CONCLUSIONS

The comparisons of single characteristics 
with production ones indicate:
	• > 98% average accuracy for ICE torque 

characteristic.
	• > 95% average accuracy for ICE efficiency 

characteristic.
	• > 98% absolute accuracy for EM efficiency 

characteristic.
	• > 99% absolute accuracy for BAT voltage 

characteristic.

Performed simulations of drivetrain perfor-
mance in WLTP and US06 homologation tests 
indicate:
	• The ICE thermal characteristic differs less than 

8% from values indicated in other research. 
This concerns low-speed and high-speed driv-
ing, as well as low and high dynamics.

	• The recommended range of the Crate parameter 
and SOC allows the BAT temperature to be 
maintained below 35 °C (with the cabin tem-
perature of 25 °C). 

	• ICE efficiency varies in the high range of 
20–40% in each simulation, which also proves 
the suitability of the implemented control 
algorithm. 

The proposed characteristics, with recom-
mended parameter ranges, may be applied to any 
transmission design: series, parallel or series-par-
allel with planetary gears. The proposed models 
allow the warm-up period to be included, which 
influences fuel consumption significantly, espe-
cially over short distances. The provided formu-
las can be implemented in any program, thus they 
can be useful for students, scientists, engineers 
and enthusiasts in this area searching for more 
technical information on hybrids.
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