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Abstract: 

This study examines the main trends in the modern development of wind 

energy, addressing the critical tasks and proposing solutions for advancing 

wind energy technology. It includes theoretical calculations of the efficiency 

factor of wind turbines, particularly focusing on the Betz limit, which 

traditionally sets an upper bound on their efficiency. The research highlights 

the fallibility of Betz's limit calculations in both physics and mathematics, 

challenging its long-held assumptions. A novel formula for the true 

dependence of wind turbine efficiency on the utilized energy of the wind 

flow is derived, providing a more accurate representation of their 

performance. This new formula is supported by a graph illustrating the 

relationship between wind energy input and turbine efficiency. Additionally, 

the study explores various strategies and innovative approaches to enhance 

the efficiency of wind turbines, aiming to maximize their potential in 

harnessing wind energy. These findings contribute to the ongoing efforts to 

improve renewable energy technologies and increase the viability of wind 

power as a sustainable energy source. 

Keywords:  vertical-axial wind turbine; horizontal-axial wind turbine; wind 

flow; coefficient of wind flow energy utilization; blades  
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1.  Introduction 

 The use of wind energy has undergone a significant and lengthy evolutionary process, 

transitioning from simple mechanical windmills used for basic agricultural tasks to sophisticated, 

large-scale industrial wind turbines. These modern turbines are designed to harness the power of wind 

more efficiently and are now capable of generating substantial amounts of energy [1]. Over the years, 

technological advancements have led to the development of wind turbines with impressive capacities 

ranging from 6 to 8 megawatts (MW) per unit. These turbines are massive structures, with mast 

heights typically reaching between 120 and 140 meters, and the lengths of their blades extending up to 

60 to 80 meters [2]. Such dimensions allow the turbines to capture greater wind energy over a larger 

swept area, significantly improving their energy output [3].  

However, these advancements come with substantial material and structural demands. The total 

weight of modern wind turbines can reach up to 6,000 tons, including the heavy components of the 

tower, rotor blades, nacelle, and various other mechanical and electrical systems [4]. This immense 

weight and size are necessary to withstand varying wind speeds and environmental conditions while 

maintaining operational stability and efficiency [5]. The scale of these installations also reflects the 

level of investment in research and development to optimize the design and performance of wind 

turbines, making them not only more powerful but also more resilient to wear and tear over time [1, 6].  

Despite these impressive achievements, the main challenge facing the wind energy sector today is 

not merely about maximizing energy output from each turbine [7]. A critical focus is on producing 

renewable energy at a cost that can compete with traditional energy sources, such as those derived 

from burning hydrocarbon fuels [8]. This involves enhancing the efficiency of wind turbines, 

improving energy conversion technologies, and reducing the costs associated with manufacturing, 

installation, and maintenance [9]. The ultimate goal is to make wind energy an economically viable 

alternative that can contribute substantially to global energy needs while helping to reduce carbon 

emissions and combat climate change [10].  

The purpose of this article is to demonstrate methods to increase the efficiency of wind energy and 

to reduce the costs associated with the creation and operation of wind turbines [11, 12]. At present, 

large-capacity horizontal-axis wind turbines, which produce up to 70% of all wind energy, have 

become the most widespread [11, 13, 14]. However, these turbines come with several significant 

disadvantages:  

-  Their large size and weight result in high material consumption and extended manufacturing 

times. This, in turn, increases the cost of the wind turbines themselves and the energy they 

produce [15].  

-  The logistics of delivery, installation, and operation of these large structures are complex and 

costly, further driving up the cost of the electricity generated [16].  

-  These turbines have a relatively low coefficient of wind flow energy utilization (EU) on the 

swept area of the windmill [17]. Typically equipped with three blades, they can only harness  

a small portion of the available wind flow.  

To address these issues, it is essential to explore innovative designs and technologies that can 

enhance the efficiency of wind turbines [18]. This includes investigating new materials that are lighter 

and stronger, improving aerodynamic designs to capture more wind energy, and developing more 

efficient manufacturing processes to reduce costs [19]. Additionally, optimizing the placement and 

maintenance of wind turbines can help maximize their energy output and operational lifespan [20]. By 

addressing these challenges, the goal is to make wind energy a more viable and cost-effective 

alternative to traditional fossil fuels, contributing to a more sustainable and renewable energy future. 
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2. Literature and patterns background  

The task of this article is to determine the physical processes of converting the energy of the wind 

flow into mechanical energy and to find mathematical formulas for the dependence of the efficiency 

coefficient on the mode of operation of wind turbines. The efficiency coefficient, often termed as the 

"power coefficient", measures the effectiveness of a wind turbine in converting wind energy into 

usable electrical power. It is defined as the ratio of the turbine's actual power output to the total wind 

energy passing through the swept area of the turbine blades. It should be noted that even if the entire 

swept area of the windmill was covered by blades, according to the theory of today's wind energy, the 

coefficient of wind energy use could not exceed 0.593 according to the Betz limit [11, 21]. However, 

the authors of this article believe that the analytically obtained maximum theoretical efficiency of all 

types of wind turbines obtained by Betz does not correspond to reality and prove it based on the 

reasons given below. There are discrepancies in the equations obtained by Betz and other authors both 

in the field of physics and in the field of mathematics [11, 12].  

Several factors influence the efficiency coefficient of a wind turbine, including blade design, 

aerodynamic efficiency, wind speed variations, and turbine orientation. Blade shape, material, and 

length significantly impact the conversion efficiency since they determine how much energy is 

captured and transferred to the turbine rotor [13, 14]. Additionally, wind speed plays a crucial role in 

determining efficiency, as power output is proportional to the cube of wind speed. Thus, even small 

variations in wind speed can cause substantial changes in the turbine's power output. Technologies like 

pitch control and yaw mechanisms help optimize turbine orientation and blade angle to maintain 

higher efficiency.  

Over the years, advancements in materials and design have led to improvements in the efficiency 

coefficient of wind turbines [22]. Modern wind installations often use composite materials that offer 

high strength-to-weight ratios, reducing energy losses due to structural inefficiencies. Additionally, 

advanced aerodynamic modeling and simulations help optimize blade design, leading to reduced drag 

and increased lift forces. Control systems, such as smart sensors and real-time feedback loops, help 

monitor wind speed, direction, and blade position, enabling continuous optimization of turbine 

performance, thereby improving efficiency.  

Despite advancements, challenges remain in achieving higher efficiency coefficients. Wind 

turbines face issues like turbulence, mechanical losses, and energy conversion inefficiencies. 

Turbulence near ground level or due to nearby structures can lead to irregular wind flows, affecting the 

turbine’s efficiency. Additionally, mechanical and electrical losses in components like gearboxes and 

generators reduce the overall efficiency. Ongoing research focuses on enhancing turbine reliability and 

durability through better materials, control algorithms, and maintenance strategies to minimize 

downtime and energy losses. Furthermore, integrating wind installations with smart grids and storage 

solutions can help in maintaining energy output consistency and better utilization of the harvested 

wind energy.  

The same efficiency limit of wind turbines was independently derived by three distinguished 

authors from different backgrounds, showcasing the universal nature of their findings. The German 

physicist Albert Betz first presented this limit in 1919, significantly influencing the field of 

aerodynamics and wind energy [23]. Prior to Betz, the British scientist Frederick Lanchester explored 

similar concepts in 1915, contributing to the understanding of fluid dynamics in relation to wind 

turbines. Meanwhile, the Ukrainian scientist Mykola Zhukovskyi also arrived at this efficiency limit in 

1920, further enriching the discourse on wind energy [19, 24]. The concurrence of these three 

scientists from various nations underscores the fundamental principles governing wind turbine 

efficiency, highlighting its significance in both historical and contemporary contexts.  
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However, the general error of energy selection by the device-wind turbine is uniquely determined 

by the equation of the flow power at the input and output of the device and, accordingly, the efficiency 

of the device (wind turbine), fully determines the amount of initial energy given to the device and the 

energy remaining in the flow [25]. An attempt to add here additional equations of this process during  

a detailed examination shows the inability of additional equations, their further addition to the 

equation of state and obtaining an incorrect result. 

3.  Methods 

The Fig. 1 shows the mathematical scheme of the theoretical transformation of part of the energy of 

the wind flow into mechanical energy with simultaneous transmission of it outside the given wind 

flow by any device and shows: V0 – the EU speed at the input to the device, S0 – cross-sectional area of 

the flow at the input to the device, S – cross-sectional area of the flow at the output of the device, 

V – the EU speed at the output to the device.  

 

 

Fig. 1. Scheme of theoretical conversion of part of the wind energy flow: V0 – the EU speed at the 

input to the device, S0 – cross-sectional area of the flow at the input to the device,  

S – cross-sectional area of the flow at the output of the device, V – the EU speed at the output to the 

device 

For the theoretical determination of the efficiency of using energy units (EU), the design of the EU 

energy conversion device itself is not of primary importance. The focus is solely on the input and 

output parameters of the energy unit, disregarding the specific internal mechanisms or structural 

characteristics of the conversion device. In this context, only the energy entering and exiting the 

system is considered relevant for calculating efficiency. The internal design elements, such as material 

composition or mechanical configurations, do not directly impact the theoretical efficiency analysis. 

This approach allows for a more generalized assessment, independent of variations in device 

architecture. Therefore, the efficiency can be evaluated by comparing the input energy to the output 

energy, regardless of how the conversion process is carried out within the device.  

According to the law of conservation of mass, the amount of air entering and leaving device 1 (Fig. 1) 

per unit of time is the same. Based on this, the power of the wind flow used in the device will be the 

difference in the energies of this wind flow at the entrance and exit of the device per unit of time. 

𝑃𝑦 = 𝑃0−𝑃𝐵   (1) 

 

where 𝑃0 – EU power at the input to the device 1, 𝑃𝐵 – EU power at the output of the device 1,  

𝑃𝑦 – wind energy power that is converted into mechanical energy and used in the device 1.  

Based on this, it is possible to obtain the dependence of the amount of wind energy used by device 1 

on its parameters at the input and output of the device.  
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As you know, the second mass flow of air is equal to: 

𝑚 ̇ = 𝑝∙𝑣∙𝑠, 

where �̇� – mass second flow of air passing through the transverse wind flow cross section, 𝑝 - air 

density, 𝑠 – cross-sectional area of the wind flow, 𝑣 – wind flow speed.  

For the scheme of Figure 1. 

        �̇� = 𝑝∙𝑣0∙𝑠0 = 𝑝∙𝑣∙𝑠                     (2) 

Where �̇�– the EU mass per second flow through the device, 𝑠0 – cross-sectional area EU at the 

input to the device, 𝑣0 – the EU speed at the input to the device, 𝑝 - air density, 𝑠 - cross-sectional area 

of the flow at the output to the device, 𝑣 - the EU speed at the output to the device. Formula (2) shows 

us that:  

                                            (3) 

where 𝑛 a dimensionless quantity.  

It is determined that the power is taken from the wind flow in the device, taking the value of the 

second mass flow from (2), expressing 𝑣 and 𝑆 from (3).  

Through                               and also considering that                     and by substituting these values (1) 

we get: 

 

Or after transformations we will get: 

                                                                                (4) 

the first element of formula (4) 0,5∙𝑝∙𝑣02∙𝑆0 represents the entire power or specific kinetic energy of 

the wind flow entering the device (1), i.e. it is practically all the energy of the wind flow that can be 

used in the wind turbine device.  

The second element 1−1/𝑛2 shows what part of the power of the wind flow is selected in the device 

(1), i.e.  

4. Results of the research 

Wind turbines, the same figure is the coefficient of wind flow utilization. Formula (4) presents  

a graph illustrating the relationship between the power of the wind flow that is harnessed and utilized 

by the wind turbine (referred to as device 1). This relationship is depicted based on the ratio of the 

wind flow’s energy at the input and output of the turbine.  

The graph highlights how the power captured by the wind turbine changes as the difference 

between the input and output energy levels varies. Essentially, it demonstrates the efficiency of energy 

conversion within the turbine by visualizing how much of the incoming wind energy is successfully 
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extracted. The graph thus serves as a crucial tool for understanding the turbine’s performance and 

energy utilization in varying wind conditions.  

By dividing 𝑃𝑦 by 𝑃0, we get the EU energy utilization factor in device 1, that is, the wind turbine: 

   
The graph of this dependence obtained by formula (5) is shown in Fig. 2. 

 

Fig. 2. Wind turbine efficiency dependence graph 

 

For value n = 1, 𝑃𝑦 = 0 means that the speed of the wind flow at the entrance and exit of the device 

is the same and no energy transfer of the EU of the device 1 has occurred. Further, as the difference in 

the speed of the EU at the input and output of device 1 decreases, the amount of energy extracted from 

the EU by the device increases and, accordingly, this is the efficiency of the device. 

The efficiency function of wind turbines (5) Fig. 2 does not have an extremum, but smoothly 

approaches "1", like the efficiency of other machines, particularly in thermodynamics, therefore there 

are no theoretical restrictions on the efficiency of wind turbines up to "1", since physically it would 

mean that from a certain position, the moving elements of the wind turbine structure (device 1) 

perceive the pressure of the wind turbine and convert it into mechanical energy, which is output 

outside the device 1, cease to perceive the impact of the wind turbine, which is impossible. And if the 

impact of wind turbines on the moving elements of the wind turbine structure is constant, then it is 

always possible to use a certain geometry of the moving elements of the wind turbine to remove part 

of the turbine energy, reducing the velocity of the wind turbine, passing it through a larger section of 

the wind turbine. When considering the effect of EU on the wind turbine blades, it may seem that the 

optimal angle of attack of the blades gives the maximum amount of energy received, but this can only 

apply to the specific design of the wind turbine and has nothing to do with the theoretical efficiency of 

wind turbines.  

(5) 
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There are discrepancies in the equations obtained by Betz and other authors both in the field of 

physics and in the field of mathematics [11, 12].  

The same efficiency limit of wind turbines was obtained independently by three different authors: 

the German physicist Albert Betz in 1919, the British scientist Frederick Lanchester in 1915, and the 

Russian scientist Mykola Zhukovsky in 1920. However, the general error of energy selection by the 

device-wind turbine is uniquely determined by the equation of the flow power at the input and output 

of the device and, accordingly, the efficiency of the device (wind turbine), fully determines the amount 

of initial energy given to the device and the energy remaining in the flow. An attempt to add here 

additional equations of this process during a detailed examination shows the inability of additional 

equations, their further addition to the equation of state and obtaining an incorrect result.  

Thus, in one of the methods of proving the Betz limit [12], the force created by the wind flow 

(shaded section in the form of an ellipse) and acting on the sensor in Fig. 3. 

 

 

Fig. 3. Scheme of the flow of air through the rotor of the wind generator 

A sensor is a device for obtaining wind energy - a wind turbine obtained by applying Bernoulli's 

theorem twice on one side between a point upstream and a point directly in front of the sensor. On the 

other hand, a point immediately after the sensor and a point downstream. 

 

  

                                         (6) 

 

 

 

                                         (7) 

 

 

   

Subtracting (6) from (7) gives: 

                                                                       (8) 
 

The final equation (3) relates the pressure in the flow on one line at the beginning and at the end of 

the flow according to this scheme, and the presence of a wind turbine (sensor) is not taken into 

account here. At the same time, it is assumed that the pressure and flow rate before and after the sensor 
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are the same, and this will mean that the flow did not transfer energy to the sensor. In fact, the 

parameters of the flow, that is, the pressure and speed before the sensor and immediately after it, differ 

significantly, since the flow gives the sensor part of its energy and slows down significantly in the 

sensor, so the difference (6) - (7) does not give (8).  

In addition, Bernoulli's equation is derived with the fundamental assumption that the work done to 

move a specific mass of fluid in the flow is directly proportional to the change in the total energy of 

that mass. This relationship is crucial for understanding fluid dynamics, as it helps to explain how 

energy is conserved within a fluid system. However, if, for instance, a device within the flow extracts 

an unknown portion of energy, the classical application of Bernoulli's equation becomes problematic. 

In such a scenario, the equation will not hold true at the extreme points of the flow, specifically at the 

beginning and end of the energy extraction process. This discrepancy highlights a significant 

limitation in applying Bernoulli's principle when external forces or devices alter the energy 

distribution in the flow. Therefore, the presence of energy-extracting devices necessitates a more 

nuanced approach to analyze the fluid's behavior and the energy dynamics involved.  

Thus, other forms of derivation of equations [11] include the use of the equation of Newton's 

second law: "The force acting on the air flow from the side of the rotor is equal to the air mass 

multiplied by its acceleration." The work done by a force can be written in differential form as: 

 

𝑑𝐸=𝐹∙𝑑𝑥. 
 

Errors in the derivation and obtaining of the Betz formula for the coefficient of performance of 

wind turbines are eliminated. In accordance with the physics of the process of wind flow energy 

transfer and according to the mathematical model of this process, the formula for determining the 

coefficient of performance for wind turbines of any type and design is obtained, the dependence of 

which is shown in Fig. 2.  

 

In the analyzed physical model, there is no way of moving the object under the action of force, that 

is, there is no work performed by this force. Indeed, the force acts on the rotor blades and the rotor 

itself. But the rotor remains in place according to the conditions of the model and in fact, and the air 

flow goes strictly along the axis of the rotor and perpendicular to its blades, therefore the projection of 

the force of the wind flow on the plane of rotation of the rotor blades is zero, and accordingly in this 

scheme and the work of this force is equal to "0". It follows that the replacement of force with power 

[11] and all subsequent transformations are erroneous and lead to an erroneous result. 

5. Discussion the research results  

The discussion of results focuses on the theoretical framework and practical implications of the 

wind energy conversion depicted in Fig. 1. The mathematical scheme illustrates the transformation of 

part of the wind flow's energy into mechanical energy and the transfer of this energy outside the wind 

flow by a wind turbine (device 1). The theoretical model indicates that the efficiency of wind energy 

conversion relies solely on the input and output parameters – specifically, the wind flow’s speed and 

cross-sectional area at the input (V0, S0) and output (V, S). This approach isolates energy conversion 

efficiency from internal design specifics, which allows a generalized understanding of the energy 

exchange process.  
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The results confirm that, according to the law of conservation of mass, the volume of air entering 

and leaving the wind turbine remains constant. Consequently, the power harnessed is expressed as the 

difference between the incoming power (P0) and the residual power (Py) that exists the device. This 

power relationship is mathematically modeled to demonstrate the efficiency coefficient K. As shown 

in the discussion, when the speed of the wind flow at the input and output remains the same (n = 1), 

there is no energy transfer, resulting in zero power extracted. The increase in energy extraction as the 

difference in wind speed increases highlights the impact of the wind turbine's design and configuration 

on its overall efficiency.  

The comparison with the Betz limit and the derivation of similar equations by Lanchester and 

Zhukovsky emphasize discrepancies in historical interpretations of wind turbine efficiency. This 

discussion challenges the theoretical assumptions underlying the Betz limit, particularly the 

application of Bernoulli’s principle and Newton’s second law, which suggest that additional 

complexities in energy transfer are not adequately represented in traditional models. The critique 

implies that prior methods overestimate the efficiency limits due to incorrect assumptions about 

energy transfer and flow characteristics within the turbine structure.  

Finally, the presented physical model challenges the prevailing assumption that wind turbines 

achieve maximum efficiency solely at specific blade angles. It argues that optimal energy capture is 

not necessarily linked to design specifications but is instead governed by the theoretical constraints 

outlined in the derived formula. This perspective raises significant questions about the traditional 

limitations imposed on wind turbine efficiency, suggesting that these constraints may be more flexible 

than previously thought. Moreover, the findings indicate that continuous improvements in turbine 

design and technology could lead to higher energy utilization rates than currently realized. This opens 

the door to innovative approaches that go beyond the conventional parameters of wind turbine 

efficiency. Additionally, the implications of this model encourage further investigation into alternative 

wind turbine designs, particularly those that explore options beyond existing theoretical limits. 

Ultimately, embracing this broader understanding of efficiency may lead to more effective strategies 

for harnessing wind energy in the future.  

6. Conclusions  

Returning to the problems of wind energy, it is necessary to note that the operation of real wind 

turbines often differs significantly from theoretical models. A considerable portion of the wind flow 

that meets the rotor blades can be reflected and lost, delivering only a fraction of its energy to the 

rotor. Thus, the main challenge in improving wind turbine efficiency lies in utilizing the maximum 

energy of the wind flow passing through the area of the rotating blades. Although large industrial wind 

turbines utilize some of this energy, there is potential to achieve similar energy yields with smaller 

turbines through more complete wind flow utilization.  

Wind turbines that rely on the lifting force of the wing to rotate the rotor face certain structural 

limitations. The lifting force occurs only when the blade interacts correctly with the wind flow, 

limiting the amount of energy the air can transfer. This results in relatively low efficiency. However, 

wind turbines designed to use the pressure of the wind flow show greater potential, especially in 

modern vertical-axis turbines, where a higher degree of energy extraction is possible.  

The evolution of wind energy technology has led to substantial advancements, transforming basic 

windmills into large industrial turbines with capacities ranging from 6 to 8 MW. The masts of these 

turbines now reach heights of 120 to 140 meters, and blade lengths extend to 60 to 80 meters. By 

enlarging the swept area of the blades, modern turbines can capture more energy from wind flows, 

optimizing overall efficiency and output.  
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Despite these advancements, the considerable size and weight of modern turbines, which can reach 

up to 6,000 tons, pose challenges. While the increased weight provides structural stability, especially 

under changing environmental conditions, it also emphasizes the need to improve efficiency. The 

limitations in current designs mean that a significant portion of wind energy remains unutilized. This 

calls for a focus on innovations that can harness more energy from the same wind flow.  

One of the primary goals of wind energy development is to make wind-generated power 

economically competitive with conventional energy sources. The objective is to produce renewable 

energy at a cost per kilowatt-hour comparable to that of burning hydrocarbon fuels. Achieving this 

requires improving not just the capacity of wind turbines, but also their efficiency in extracting wind 

flow energy, potentially through more refined designs.  

Future strategies to enhance wind energy production involve improving energy conversion 

technologies, enhancing component durability, and refining manufacturing processes. Vertical-axis 

wind turbines, which rely on wind flow pressure rather than lift forces, present a promising 

opportunity for better energy extraction. This could lead to smaller, more efficient turbines capable of 

delivering higher energy yields.  

In conclusion, while the evolution of wind energy technology continues to drive advancements in 

turbine size, efficiency, and cost-effectiveness, further development is essential. By addressing current 

limitations and focusing on maximizing wind flow utilization, the industry can move closer to 

achieving its sustainability goals. Such efforts, combined with careful consideration of environmental 

and social impacts, will be crucial for establishing wind energy as a significant and viable component 

of the global energy mix. It also, be the topicks of our further research investigations. 
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