N Silesian J. Pure Appl. Math.
J vol. 10 (2020), 103-120

Vita OLSHEVSKA

Department of Mathematics, National University of Kyiv-Mohyla Academy,
Kyiv, Ukraine

ALGORITHMS FOR COMPUTATIONS WITH
SYLOW 2-SUBGROUPS OF SYMETRIC
GROUPS

Abstract. An algorithm to transform n-levels labeled binary rooted
trees into elements from Sylow 2-subgroups of symmetric groups of degree
2" is described. The inverse algorithm that on input permutation from
a Sylow 2-subgroup of symmetric groups of degree 2" finds a labeled tree
is presented. An algorithm for multiplication of labeled trees that corre-
spond to the multiplication of permutations from the Sylow 2-subgroup is
introduced. The complexity and correctness of these algorithms are studied.

1. Introduction

Sylow p-subgroups of symmetric groups were described by Leo Kaluzhnin in
terms of wreath products of cyclic groups in [4]. He proposed the representation
of elements of these groups as tables, i.e. ordered sets of polynomials of a certain
form (see e.g. [3] and [7] for details). Ju. Dmitruk described the algebraic structure
of Sylow 2-subgroups of symmetric groups in [1]. The minimal generating sets and
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Cayley graphs of a Sylow p-subgroup (p — prime) of the symmetric group Spn
were characterized by A. Slupik and V. Sushchansky in [8].

Fix a positive integer n > 1. Denote by Syla(San) a Sylow 2-subgroup of the
symmetric group San». The group Syla(San) is isomorphic to the n times iterated
wreath product of cyclic groups or order 2, i.e.

Sylg(SQn) = ZQ L.l ZQ.
—_———

n times

B. Pawlik in [5] using the polynomial representation of elements described the
action of Syla(Sa») on a set of of minimal generated sets of this group.

Another useful representation of wreath products of permutation groups is in
terms of automorphisms of rooted trees. In particular, one can view elements
of Sylow p-subgroups of the symmetric group Sy~ as so called portraits of such
automorphisms, i.e. labeled regular rooted trees (see [2] for details). Since tree-
like data structures are convenient and efficient for computations this leads to
the natural direction of developing algorithms for computations with Sylow p-
subgroup of symmetric groups using this representation. The basic case p = 2
deserves special attention due to the binary nature of the data involved.

The goal of this paper is to describe and analyze algorithms for computa-
tions with Sylow 2-subgroups of symmetric groups. We present algorithms that
transform elements of Syls(S2») into labeled binary rooted trees and vise versa.
We discuss correctness and complexity of these algorithms. An algorithm that de-
scribes the multiplication of two labeled binary trees is presented. It is shown that
using this algorithm the product of corresponding permutations from Syla(San)
can be calculated.

2. Preliminaries

A tree T is called rooted tree if we fix one vertex vy that is called the root.
A rooted tree is called binary tree if the degree of the root vg is equal 2 and the
degrees of others vertices (except leaves) are equal 3. The distance between the
vertices v; and v; is equal to the length of the shortest path between them. If
the distance between the root vy and the vertex v is j, then a vertex v is called
a vertex of the jth level. Denote by T, a binary rooted tree with n levels. Denote
by V the set of vertices of tree [2,6].
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A binary rooted tree, which has label 0 or 1 on all vertices from level 0 to level
(n — 1), is called labeled tree. Denote the set of all such n-level trees by LT .
Note that its cardinality is |LT} | = 22" 1.

Let D is a tree from the set LT, ,. We numerate all vertices of all levels. And
let 4 is a number of vertex v on level j. In this case we say that a pair (j,4) is
coordinates of the verter v of a tree D, i € {1,...,27}, 5 €{0,...,(n—1)}.

Denote Coord(D) is a set of coordinates of all vertices of tree D.

Define mapping ¢ : V(T,,) — Coord(T,,) by the rule

c(v) = (4,1), if (j,¢) is a pair of coordinates of vertex v on the tree T,.

Assume that (j,7) < (k,r) if j < k or j = k with ¢ < r.
We also say that v < w if ¢(v) < c(w).
Denote the next sets

1. OC(D) = {(j,i) € Coord(D)| exists vertex with pair of coordinates (j,%) la-
beled by 1 in the tree D }.

2. OV (D) = {v € V(T,,)] pair of coordinates (j, %) of vertex v belongs to OC(D)}.
We consider next operations on a set of all vertices of the tree D:

1. switch(D,v) ="to switch two sub-trees of the tree D, for which vertex v is
a root”;

2. switch(D, j,i) ="to switch two sub-trees of the tree D, for which some vertex
v with a pair of coordinates (j,1) is a root”.

2 ...2n

ay az ... Qgn

The second row a = (a1, as, ..., asn) of permutation 7 =

is called a block of elements. Permutation 7 is called 2-separated if we can do the
next steps.

1. At first, we divide the block a into 2 sub-blocks with the same length: u; =
(a1,...,a9n-1) and ug = (agn-141,...,a2n). Then we check if every element of
uq is greater (or less) than every element of us.

2. If step 1 holds, then we repeat process and divide blocks w1 and us into sub-
blocks w1 1, u1,2 and ug 1 ug 2. After that we check the value of elements between
corresponding blocks. And so on until we get sub-blocks that contain only one

element.
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From the definition of the wreath product [9] follows that any 2-separated per-
mutation is an element of wreath product S ?...0.S2. Thus, these permutations
—_——

n times

are elements of the Sylow 2-subgroup of the group So» according to [7].

3. Transformation a tree from LT5, to permutation
from SylySon

Consider an algorithm (see Algorithm 1) of obtaining a permutation from
SylySan based on a tree from LT5,. Input is a set of coordinates of vertices
labeled by 1 of some tree D. Output is a final vector a = (7(1),7(2),...,7(2")).

Algorithm 1: Algorithm of transformation a tree into a permutation
Input: OC(D) be a set of coordinates of all vertices labeled by 1 of a tree
D.
Output: (a;,,a,, - @i, ) is the second row of permutation.
1 (a1,a9, - -agn) = (1,2,---,2") ;
for (j,4) € (OC(D), <) do

m = 2""J~1 (is count of elements in one block) ;
for [:=1 tom do

2

3

4

5 b:= A(2i—2)m+13
6 A(2i—2)m+1 ‘= A(2i—1)m+1;
7

A(2i—1)m+1 *= b;

Example 1. Consider a tree D € LT 4 where the 2nd vertex of the 1st level
labeled by 1. Obtain permutation, which a tree D sets (see Fig. 1).

block 1, m=4 block 2, m=4 block 3, m=4 block 4, m=4
\_/

Fig. 1. 4-levels labeled tree and elements of the vector a
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From the Fig. 1 we have: (a1 azas ... a16) = (1,2,3,...,16), j = 1, i = 2,
n = 4. Then we obtain

e m = 2"~ =4 is a length of a block;

e switch 2¢ — 1 = 3rd and 2¢ = 4th blocks:
a(2i—2)ym+1 = ag switch with a(g;_1ym41 = a13,
a(2i—2)ym+2 = @10 switch with a(g;_1ym42 = a1,
a(2i—2)ym+3 = a11 switch with a(2;_1ym43 = a1s,
a(gi_g)m+4 = 12 switch with a(gi_l)m+4 = a16-

As result, we get the permutation

1 ... 8 9 ... 12 13 14 15 16
1 ... 8 13 ... 16 9 10 11 12/

Theorem 2. The algorithm of transformation tree into a permutation is correct.

Proof. Note that initial row (1,2,...,2") is 2-separated. Also note, that for every

pair of coordinates (j,i) € Coord(D) blocks u1 = (@(2i—2)m+1s- - -+ A(2i—2)m+m)
and uz = (@(2i—1)ym+1s-- > A(2i—1)m+m) also are 2-separated. And after switch
among themselves, block u = (a(i—2)m+1s-- > A2i—2)m+m> C(2i—1)m+1s - -

a(2i—1)ym+m) is still 2-separated. So, every transformation on pair of coordinates
(j,i) € OC(D) does not change 2-separated property of row a. As result, we
obtain that the row a is defined by 2-separated permutation 7. O

Theorem 3. The complezity of transformation algorithm of a tree from LT5
into a permutation from Syla(Sar) is equal to O(n - 2™).

Proof. Assume that every vertex v of the tree D is labeled by 1, c(v) € OC(D). In

this case OC(D) has maximum cardinality. Then we need to do 2"~7~1 switches

of corresponding elements of vector a for every vertex v with coordinates (j, 7).
Based on the fact that level j contains 27 vertices, 0 < j < (n — 1), we get

n—1 n—1
Z 2] . 2n7j71 _ Z gn—1 _ , . on—1
=0 =0

So, we have O(n - 2"~1) = O(n - 27). O
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4. Transformation a permutation 7 from Syls(Son)
into a tree from LT3,

Consider an algorithm (see Algorithm 2) that finds a corresponding tree D €
LT, for a permutation m € Syla(Sen). Input is a = (7n(1),7(2),...,7(2")).
Output is a set of coordinates whose vertices are labeled by 1.

Algorithm 2: Transformation algorithm of a permutation into a tree

Input: (aj,az,...,azn) is the second row of 2-separated permutation ,
7 € Syla(San).
Output: OC(D).
1 OC(D) :=0;
2 for j:=0ton—1do
3 m :=2""J~1 (length of block);
for i:=1 to 27 do
\; if A(2i—2)m—+1 > A(2i—1)m+1 then

o Gk

| 0C(D) := 0C(D)U{(:1)}

1 2 3 45 6 7 8

Example 4. Let 7 =
34216 5 7 8

) € Sg. Consider the corespond-

ing vector
(a17 az,as, a4, as, ag, ay, a‘8) = (35 47 2) 17 6) 57 7) 8)

Define the set OC(D) = ). According to the Algorithm 2 we have (see Table 1):

Table 1
‘ j ‘ m ‘ Blocks ‘ [ A(2i—2)m41 A(2i—1)m+1 Com- ‘ OC (D) ‘
paring
0 4 34216578 1 a) =3 as =6 3 %6
1] 2 [ 34]21[65]78 | 1] a1 =3 a3 =2 352 )
2 a5 =0 ar =7 5% 7 T, )
2 1 | 3[42[1]6[5[7]8 | I | a1 =3 ay =4 344 (1,1)
2 a5 =2 ay = 1 2> 1 (T,1),(2,2)]
3 ] as=6 ag =5 6>5 (1,1),(2,2),(2,3)}
T [ ar =7 as =38 7¥8 T, 1), (22,2, 3)]

As result, we obtain: OC(D) = {(1,1),(2,2),(2,3)}. So, we have the next tree
(see Fig. 2):
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Fig. 2. The tree D as result of Algorithm 2

Theorem 5. The complexity of the transformation algorithm of a permutation
from Syla(San) into a tree from LT; ,, is equal to O(2™).

Proof. There are two loops in algorithm: first is over j (required for defining level
of tree) and second is over 4 (required for defining index of vertex on level). All
vertices of tree are considered in this loops. Inside the loops we have one operation.
So, the complexity of algorithm is O(2" — 1) = O(2"). O

Define mapping v : LTs , — Syl2(S2n) that is determined by the Algorithm 1.
Similar, define mapping 7 : Syla(Sen) — LT, that is determined by the Algo-
rithm 2.

Theorem 6. Mappings 1 and T are inverse to each other and are bijections be-
tween LTy, and Syla(San).

Proof. We need to show that 7(¢) = id.
Let m be some 2-separated permutation and D = 7(7) be a tree from LT5 ,,
obtained from 7 by Algorithm 2. Then

(4,1) € OC(7(m)) if and only if a(2;—2ym+1 > @(2i—1)m+1 in permutation 7. (1)

Let D be some tree from LT5 , and m = ¢ (D) be 2-separated permutation,
obtained by Algorithm 1. As Algorithm 1 started from ordered row (1,2,...,2"),

(4,i) € OC(D) if and only if a(2;—2)m+1 > @(2i—1)m+1 in permutation (D). (2)
Then from (2) we have
(j, Z) € OC(D) if and only if in ’ll)(D) : a(gi_g)m+1 > a(gi_l)m_,_l.

So, (1) implies that (j,7) € OC(7(¢»(D))). Therefore, (1) = id.
The proof of ¢(7) = id is similar. O
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5. Multiplication of trees from LT,

Consider the multiplication algorithm (see Algorithm 3) for two trees D1, Dy €
LT, . Let a vertex v labeled by 1 and ¢(v) = (j,7) € OC(D1). Let w be a vertex
of the tree Dy and c(w) = (j,4) € OC(Dz). In steps 3-4 we run the operation
switch(D2, j,1) and change a label of vertex w to the opposite.

Algorithm 3: Algorithm of tree multiplication

Input: Two trees: D; first multiplier, Dy second multiplier.
Output: A tree D with defined set OC(D).

1 OC(D) := OC(Dy);

2 for (j,i) € (OC(D1),<) do

3 switch(D, j,1);

1 L 0C(D) := OC(D)A{(j.)}:

By A we denote the symmetric difference of sets.
Note that in Algorithm 3 we can replace the ordered set (OC(D;), <) by the
ordered set (OV (D), <).

Example 7. Consider trees Dy, Dy (see Fig. 3). We have

Fig. 3. Input for Algorithm 3

The next tree (see Fig. 4) is the product of the trees Dy, Da:

oJelolelelelele)

Fig. 4. Output for Algorithm 3
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Theorem 8. The complexity of the multiplication algorithm of the trees from
LT, ,, is equal to O(2™).

Proof. There is a loop of length |OC(D1)| in the Algorithm 3. The maximum
cardinality of the set will be reached if the tree D; will have the label 1 on all
vertices from 0 to (n — 1)th level. That means

|OC(D1)| = |Coord(Dy)| = 2™ — 1.

Inside the loops we have 2 operations on every pair of coordinates (j,1%):
switch(D, j,1) and symmetric difference OC(D)A(j,¢). Therefore there will be
done 2 - (2™ — 1) operations.

So, the complexity of the algorithm is O(2 - (2" — 1)) = O(2"). O

6. Multiplication of permutations in terms
of multiplication of binary labeled rooted trees

6.1. Vertex mapping

Let vo,v,w € V(T,). Denote by Path,,(v) := {vo,...,v;—1} a path, that is
connected the root vy with some vertex v of jth level. We say that a vertex v is
under a verter w (a vertexr w is above a vertexr v) if w € Path,(v). In this case we
will write that v > w. Remark that if v > w then v > w.

Definition 9. Let w be a vertex from V(T,,). Define a mapping ACT,, : V(T},) —
V(Ty) for a vertex v € V(T,,) by the next rule: ACT,,(v) =" if and only if v is
an image v after swithe(T,,w).

Note that

e if v > w and c(w) = (k,7), ¢(v) = (4,1), then ¢(v") = (4,4) and

i+ 207k < (r— 1) - 207k 20kl

which means that v is in the left branch of a sub-tree with a root w,

i— 2Rl > (r— 1) 20k g2kl

which means that vis in the right branch of a sub-tree with a root w,

o if v ¥ w then ACT,,(v) = v.
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Remark 10. For every vertex w € V(T},) we have
ACT? =id

Let A = {wi,...,w:} be an ordered set, B = {v1,...,v;}, 4,B C V(T,,) and
v be some vertex from V(7). Denote by

o ACT,(B) := {ACT,(v1), ..., ACT,(v;)}.

o ACT4(v) := (ACTy, - ... - ACTy,)(v) = ACTy, (... (ACTy, (v))...).
We will consider that for empty set A = 0: ACT 4 = id.
[ ] A(CTA(B) = {A(CTA(’Ul), ce ,A(CTA(UZ)}
Let D € LT ,, w € V(D). Note that the set of vertices of the tree switch(D,w)
is ACT,,(OV (D)).

Remark 11. Let D € LT; ,, be some tree and m = (D) be some permutation,
obtained by Algorithm 1. Then for any k,1 < k < 2" and v € V(T,), c(v) = (n, s):

7(k) = s if and only if ¢(ACT oy (py,<)(v)) = (n, k).
Theorem 12. For any trees D1, Dy € LT5 5,
OV(D1 * Dg) = (ACT(Ov(Dl)K)(OV(Dz)) ) A OV(Dl)

Proof. Consider steps 2 — 4 from multiplication Algorithm 3. This loop can be

replaced by two in such way

For v € (OV(D4),<) :
switch(D,v);
ForvE(O( 1),<):
OV(D) := OV(D)A{v};

Then the first loop can be rewritten as follows OV (D) := ACT oy (p,),<)(OV (D)).
And the second loop can be rewritten as follows OV (D) := OV (D)AOV (Dy).
From notation D = Dy x Dy and step 1 we have

OV(Dl * Dg) = ACT(OV(D1)7<)(OV(D2)) A OV(Dl)
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6.2. Vertex mapping properties
Lemma 13. Let v1,v2 € V(T),) and v1 # ve and vy % vi. Then
ACT,, - ACT,, = ACT,, - ACT,, .
Proof. Let t € V(T,,). Consider the next cases:
Case 1. Let t > v1. Then for ACT,,t :=t' we obtain
' =vy, t¥wvy and t ¥ vo.
Then
ACT,,(ACT,,t) = ACT,,t' = t/,
ACT,, (ACT,,t) = ACT,,t =t
Case 2. Let t > vo. Then the proof is similar to case 1.
Case 3. Let t ¥ v1 and t 3 ve. Then we obtain
ACT,,(ACT,,t) = ACT,,t = t,
ACT,, (ACT,,t) = ACT,,t = t.
Therefore ACT,, - ACT,, = ACT,,, - ACT,, . O
Lemma 14. Let v,vq € V(T,) and v; <v. Then
ACTycr,, (v) = ACT,, - ACT, - ACT,, . (3)
Proof. Case 1. Let v 3 v1. Lemma 13 implies that we have
ACT, - ACT,, = ACT,, - ACT,,. (4)
Note that v % vy, so ACT,, (v) = v. So, we have
ACTycr,, (v) = ACT,. (5)

From (4) and (5) we have

ACT,,-ACT,-ACT,, = ACT,,-ACT,, -ACT, = id-ACT, = ACT, = ACT4cr,_ (v)-
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Case 2. Let v > v1. Denote by v’ := ACT,, (v). Let ¢ be some fixed vertex V(T},).
We consider the next cases.

o Let ¢t ¥ v1. Asresult ¢t # v and t 3 v'. That’s why

(ACT,, - ACT, - ACT,,)(t) = t = ACT,/(t).

e Let t > v; and ¢ % v'. Then, on the one hand ACT, (t) = ¢t. Note that
t # v = ACT,, (v). Then, by acting over vertex vy, we have

ACT,, () # ACT,, (ACT,, (v)) = v,

so ACT, (ACT,, (v)) = ACT,, (v). So, on the other hand

(ACT,, - ACT, - ACT,,)(t) = ACT,, (ACT,(ACT,, (t))) =
= ACT,, (ACT,, (t)) = t.

e Let t = vy and ¢t = v’. Let vertices v,v; and ¢ have the next coordinates:
c(v) = (k,r),c(v1) = (k1,7r1) and c(t) = (k2,72), where k1 < k < ko, 1 <
r1 < 2k (see Fig. 5).

level k,

Fig. 5. The location of vertices of the tree T},
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Without loss of generality we can say that
(a) v lies on the left to v'. Then

r=r 42l (6)

(b) tis in the left branch of a sub-tree with the root v’ of the tree T,,. Then

(' —1)-277F L1 <py < (1 — 1) - 2Rk 4 gkamhmL (7)

From (7) and (b) follows that the left part of equality (3) is equal to
c(ACTy (1)) = (ko,ro + 277571, (8)

From (a) and (b) we have that ¢ is in the right branch of a sub-tree with the
root vy of the tree T;,. So, the image of ¢ will be in the left branch of the sub-
tree with a root v1. Hence ACT,, (t) = t', where c(t') = (ka,ro — 2F27F171),
So, we have

(ACT,, - ACT, - ACT,,)(t) = (ACT, - ACT,,)(t). 9)
From (7) and (6) we have:

ro < (7”/ _ 1) . 2k2—k 4 2k2—k—1 _ (7“ 14+ 2k—k1—1) . 2k2_k + 2k2—k—1 _
=(r— 1)2k27k 4 oke—k=1 4 oli—k1—1+ka—¥

Hence

7'2 _ 2}(:27]6171 S (T‘ _ 1)2]{7271@ + 2]{7271@717
~—_——

second coordinate
of the vertex t’

which means that ¢ is in the left branch of a sub-tree with a root v of the
tree T,. Hence ACT, (') = ¢, where c(t"") = (ko,re — 2F2=F1=1 4 oka—k=1)
So, we have

(ACT, - ACT,,)(t') = ACT,, (t"). (10)

As t' = v, t” = v. Also, this vertex v is in the left branch of a tree with
a root v;. As result, ¢’ is also in the left branch of a tree with a root v;.
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That’s why the coordinates of image of vertex t” due to action over v; are

C(A(Crﬂwvl (t”)) — (k?g,?”g— 21627]“71 + 2k27k71+ 2]@271@171) —_
= (ko,mo +2F27F71) 0 (11)

From (8), (9), (10) and (11) we obtain

ACTycr,, (v) (t) = (ACT,, - ACT,, - ACT,, )(?).

O
Lemma 15. Let A C V(T,) be some ordered set and B,C C V(T,). Then
ACTA(BAC) = ACT A(B)AACT 4(C).
Proof.
ACT 4(BAC) = {ACT4(v)|v € BAC} =
= {ACTA(v)|v € BYA{ACT A(v)[v € C} = ACT4(B)AACT 4(C).
d
Lemma 16. For every a,b € V(T,):
ACT, - ACT, = ACT((4cT, (a)) A (1) <) (12)

Proof. Case 1. If a < b then ACT}(a) = a and ({a}A{b}, <) = {a,b}. Hence
ACT (et (@yasp.<) = ACT (4 4y = ACT, - ACT,.

Case 2. If a = b then ACTy(a) = ACT,(a) = a and ({a}A{b}, <) = 0. Hence
ACT (acmy (o fsy.<) = ACTy = id = ACT, - ACT,

Case 8. If b < a then b < ACTy(a). That's why ({ACT,(a)}A{b}, <) =
{b, ACTy(a)}. Lemma 14 implies that ACTycr,(q) = ACTy - ACT, - ACT},. Hence

ACT({ACT;,(a)}A{b}K) = A(CT{b,A(CTb(a)} = A(CT(, . ACTACTb(a) = A(CTG -A(CT(,.

O
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Lemma 17. Let A C V(T),) be an ordered set by < and b € V(T},). Then
ACT 4 - ACTy = ACT (acT,(4)A{8},<)-
Proof. Let A={a1,...,an} and 1 <k < m
a1 < ...<ap <b<agt1 <...am. (13)

Based on Lemma 16 and equation (13) we have

ACT, - ACT, = ACT,, - ... ACT,, - ACT, =

== ACTCLl S ee e " ACT({ACTb(a_,”)}A{b}7<) ==
— ACT,, - ...- ACT (b acty(an)} = ACT,, - ... - ACTy - ACT pcr, (a,) =
... =ACT,, -...- ACTq, - ACTy - ACTACT, ({ag,s.....am})-

Note that for every a € {aq,...,axr}: ACTy(a) = a. Hence the last is equal to
ACT ety ({as,....an}) " ACTp - ACTAcT, ({aps1,...oam})- (14)

1. If ay, # b, then (14) is equal to ACT scr,(4) (b}, <)-
2. If ap = b, then (14) is equal to ACT (sct,(A)\{5},<)-

Hence, in general case (14) is equal to ACT (sct,(4)A{b},<)- O
Lemma 18. Let A, B C V(T},) be some ordered sets by <. Then

ACT 4 - ACTg = ACT (uerp (4)AB.<)-
Proof. Let B ={b1,...,b;}. By Lemma 17 for A and vertices by, bs we have

ACT, - ACTy, - ACTy, = ACT (acm, (4)a(0n,<) - ACTh, =
= ACT (acT,, (ACTy, (A)A{b1},<)A{b2},<) =

= ACT(scT,, (ACTy, (A)A {61 HA{b:},<)- (15)

Since the set B is ordered, then b; < ba. Therefore ACTy, (b1) = by. From this
equality, Lemma 15 and (15) we have

ACT (acy, (aCTy, () A {01 AL} <) = ACT(acT(,, 4y ()AL Y<)-  (16)
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From (15) and (16) for every bs,...,b;:

l
ACT A - ACTp = ACT(scty,, o, ) (A)A {102} <) H ACT,, = ...

k=3
= ACTycry(4)AB-
O
Corollary 19. Let D,Dy € LT5 ,,. Then
ACT(ov (D,+D2),<) = ACT(0v(D2),<) - ACT (0v (Dy),<)-
Proof. Proof directly follows from Theorem 12 and Lemma 18. g

6.3. Isomorphism theorem

Theorem 20. The mapping v is an isomorphism between LTs ,, and Syla(Sa.n).

Proof. First, note that by Theorem 6 v is bijection. We need to show that we
have the next for any Dy, Dy € LT ,:

P(Dy * Dg) = ¢(D1) - (D2).

So, for permutations 7 := ¥(D1), e = ¥(D2), m := (D1 * D3) and every
number 1 < ¢ < 2™ we need to show the next

(1) = (myme)(4).
The last equality is equivalent to
71() = (mim) (). (17)

Let w be a vertex with coordinates (n,s) and 1 < k < 2". Then Remark 11
implies that

71 (k) = s if and only if ¢c(ACT oy (p,),<)(w)) = (n, k), (18)
7T2(k3) = s if and Only if C(ACT(OV(Dz),<)(w))
n(k) = s if and only if c(ACT oy (p,«ps),<)(w)) = (n, k). (20)
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Let the vertex v € V(T,) and c¢(v) = (n,i). We take k := m;1(i) in (18);
k := m~ (i) in (19); k := 7 1(4) in (20). Then (18)-(20) implies that (17) is
equivalent to

c(ACT 0y (py4Ds),<) (V) = (n, 71 (0)) = (n, (mim2) 7 (i) =
= (n, (m3 '77 1) (4)) = c((ACT(0v(Dy),<) - ACT (0v(p,),<)) (V).

So, equality (17) for any index 7 is equivalent to the next

ACT (0v (Dy+Ds),<) (V) = (ACT(0v(D,),<) - ACT (0v(Dy),<))(v), (21)

for any v € V(7)) on the nth level.
Note that the last equality holds according to Corollary 19. O

Corollary 21. The mapping T is an isomorphism between Syla(Saon) and LT5 .
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