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Abstract. The aim of this work is to present new approach to study
C™-(u, v)-pseudo almost automorphic solutions of class r for some neutral
partial functional differential equations in a Banach space when the delay
is distributed. We use the variation of constants formula and the spectral
decomposition of the phase space.

1. Introduction

In this work, we study the existence and uniqueness of C"-(pu, v)-pseudo almost
automorphic solutions of class r for the following functional differential equation

d
Ut = Aug + L(ug) + f(t) for ¢t € R, (1)
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where A is a linear operator on a Banach space X satisfying the Hille-Yosida
condition, that is, there exist My > 1 and § € R such that (3, +o00) C p(A) and

M,
IR\, A)"| < ﬁ for n €N and \ > 3,

where p(A) is the resolvent set of A and R(\, A) = (A — A)~! for X € p(A). In
sequel, without lost of generality, we assume that My = 1. We denote by C' =
C([-r, 0]; X) the space of continuous functions from [—r, 0] to X endowed with the
uniform norm topology. If u € C([—r, +00); X) and ¢ > 0, then u, € C([—r,0]; X)
denotes the history function of u defined by

us(0) = u(t +0), 6¢€[—r0].

The operator L is a bounded linear operator from C into X and f: R — X is a
continuous function.

Some recent contributions concerning pseudo almost automorphic solutions for
abstract differential equations similar to equation (1) have been made. For exam-
ple, in [9], the authors studied the existence of C™-almost periodic solutions and
C"-almost automorphic solutions (n > 1), for partial neutral functional differ-
ential equations. They proved that the existence of a bounded integral solution
on Rt implies the existence of C™-almost periodic and C™-almost automorphic
strict solutions. When the exponential dichotomy holds for the homogeneous
linear equation, they show the uniqueness of C™-almost periodic and C™-almost
automorphic strict solutions.

In [12], the authors studied a new concept of C™-almost automorphic and
asymptotically C™-almost automorphic functions with values in a Banach space.
They gave a new result related to the existence and uniqueness of an asymptoti-
cally almost automorphic solution of a semilinear fractional differential equation
of the form D%z(t) = Ax(t) + F(t,x(t), Bx(t)) with t € R, 0 < a < 1, where
A generates a family of a-resolvent family S, (¢) and f satisfies some Lipschitz
conditions.

In [4], the authors present new approach to study weighted pseudo almost
automorphic functions using the measure theory. They present a new concept of
weighted ergodic functions, which is more general than the classical one. Then
they establish many interesting results on the functional space of such functions
like completeness and composition theorems. The theory of their work generalizes
the classical results on weighted pseudo almost automorphic functions.
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The aim of this work is to prove the existence of C™-(u,v)-pseudo almost
automorphicc solutions of the equation (1) when the delay is distributed on [—r, 0].
Our approach is based on the variation of constants formula and the spectral
decomposition of the phase space developed in [3] and a new approach developped
in [4].

This work is organised as follows. In Section 2, we recall some prelimary results
on variation of constants formula and spectral decomposition. In Section 3, we
recall some preliminary results on C™-(u, v)-pseudo almost automorphic functions
and neutral partial functional differential equations that will be used in this work.
In Section 4, we give some properties of C™-(u,v)-pseudo almost automorphic
functions of class r. In Section 5, we discuss the main result of this paper. By
using the strict contraction principle, we show the existence and uniqueness of C™-
(u, v)-pseudo almost automorphic solution of class r for the equation (1). Finally,
for illustration, we propose to study the existence and uniqueness of C™-(pu,v)-
pseudo almost automorphic solution for some model arising in the population
dynamics.

2. Variation of constants formula and spectral de-
composition

We associate to the equation (1) the following initial value problem

%u(t) = Au(t) + L(ut) + f(¢t) for t > 0,

=peC=C(-r0];X),
where f: Rt — X is a continuous function.

Definition 1. We say that a continuous function u from [—r,4+00) into X is an
integral solution of the equation (2), if the following conditions hold:

(z)/ s)ds € D(A) fort >0,

(#) u(t) —|—A/ ds—i—//(L(uS) + f(s))ds fort >0,

(iii) uo = .
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If D(A) = X, the integral solutions coincide with the known mild solutions.

One can see that if u(t) is an integral solution of the equation (2), then u(t) € D(A)

for all ¢ > 0, in particular ¢(0) € D(A).
Let us introduce the part Ag of the operator A in D(A), which is defined by

D(Ag) = {ac € D(A): Az e W} ,
Aoz = Az for x € D(Ap).

Lemma 2. ([1]) The part Ay of the operator A generates a strongly continuous
semigroup (To(t))e>0 on D(A).

In the sequel, we consider the following condition:

(Hp) the operator A satisfies the Hille-Yosida condition.

Proposition 3. (/2]) If (Hy) holds, then for all ¢ € C such that ©(0) € D(A),
the equation (2) has a unique integral solution u on [—r,4+00). Moreover, u is
given by

t

u(t) = To(t)p(0) +  lim ; To(t = s)BA(L(us) + f(s))ds, =0,

where By = AR(X\, A) for A > w.
The phase space Cy of the equation (2) is defined by
Co = {weCr (0) GW}-
For each t > 0, we define the linear operator U(t) on Cy by
Ut)p = vl ),

where v(., ) is the solution of the following homogeneous equation

%v(t) = Av(t) + L(v), t >0,
Vg =Y E C.

Proposition 4. (/3]) (U(t))i>0 is a strongly continuous semigroup of linear oper-
ators on Cy. Moreover, (U(t))i>o0 satisfies for t > 0 and 6 € [—r,0] the following
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translation property

U ) { (Ut +0)p)(0) for t+0>0,
p(t+0) for t+60<0.

Proposition 5. ([3]) Let Ay be defined on Cy by the condition that D(Ay)

consists of all functions ¢ € C([—r,0]; X) such that ©(0) € D(A), ¢(0) =

Ap(0) + L(¢) € D(A) and Ayp = ¢ for all ¢ € D(Ay). Then Ay is the

infinitesimal generator of the semigroup (U(t))i>0 on Co.

Let (Xo) be the space defined as follows
<X()> = {X[)CI cec X},
where the function Xgc is defined by

0 for 6 € [-r,0),

(Xoc)(0) = { c for 6 =0.

The space Co®(Xy) equipped with the norm |¢+ Xoc| = |p|c+]cl, (¢, ¢) € Cox X,
is a Banach space. Consider the extension of 4y, defined on Cy @ (Xy) by

{ D(A) = { € C1([=r.0}: X): 9(0) € D(A) and ¢(0) € D(A)},
Aup = @' + Xo(Ap(0) + L(g) - 2(0)).

Lemma 6. ([3]) Assume that (Hp) holds. Then Ay satisfies the Hille-Yosida
condition on Cy @ (Xo), that is, there exist M > 0, @ € R such that (@, +00) C
p(Ay) and

|(M — Ay) "] < — for neN and > @.

_M
(A—w)
Moreover, the part ofjlvu on D(;lvu) = Cy is exactly the operator Ay.

Now, we can state the variation of constants formula associated to the equa-
tion (2).
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Proposition 7. ([8]) Assume that (Hp) holds. Then for all ¢ € Cy, the solution
u of the equation (2) is given by the following formula
¢

w=U)p+ lim [ Ut — s)Br(Xof(s))ds, t>0,
A—+o0 0

where By = A — Ay) ™Y for A > .
Definition 8. We say that a semigroup (U(t))i>o is hyperbolic if
a(Ay) NiR = 0.

In the sequel, we make the following assumption:

(Hy) To(t) is compact on D(A) for every ¢ > 0.

Proposition 9. (/3]) Assume that (Hp) and (Hy) hold. Then the semigroup
(U(t))e>0 is compact fort > r.

From the compactness of the semigroup (U(t))¢>0, we get the following result
on the spectral decomposition of the phase space Cj.

Proposition 10. ([10]) Assume that (Hy) holds. If the semigroup (U(t))i>o is
hyperbolic, then the space Cy decomposes as a direct sum Co =S ® U of two U(t)
invariant closed subspaces S and U such that the restricted semigroup on U is a
group, and there exist positive constants M and w such that

=
=
ASH

A

Me Y| for t >0 and ¢ € S,
Me“p| for t <0 and ¢ € U.

N
=
ASH
A

The spaces S and U are called, respectively, the stable and unstable space. By I1°
and II*, we denote the projection operators on S and U, respectively.

3. Almost automorphic functions and (u, v)-ergodic
functions

In this section, we recall some properties about (u, v)-pseudo almost automor-
phic functions. The notion of p-pseudo almost periodicity is a generalization of the
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pseudo almost periodicity introduced by Zhang [15-17]. Tt is also a generalization
of weighted pseudo almost automorphicity given by Diagana [6].

Let BC(R; X) be the space of all bounded and continuous functions from R to
X equipped with the uniform norm topology. We denote by B the Lebesgue o-field
of R and by M the set of all positive measures p on B satisfying pu(R) = 400 and
u([a,b]) < oo for all a,b € R (a < D).

Definition 11. A continuous function ¢: R — X is called almost automorphic if

for each real sequence (sy,), there exists a subsequence (s,) such that the limit

g(t) = T 6(t+sn)

n—-+oo

s well defined for each t € R and

lim g(t — s,) = ¢(1)

n—-+oo

for each t € R. We denote by AA(R, X) the space of all such functions.

Definition 12. Let X7 and X be two Banach spaces. A continuous function
¢: Rx Xy — Xy is called almost automorphic int € R uniformly for each x € X
if for every real sequence (s,), there exists a subsequence (s,) such that

g(t,z) = lim ot + sp,x)

n—-+oo

is well defined for each t € R and each x € X1 and

lim g(t —sp,2) = o(t, x)

n—-+4oo

for each t € R. We denote by AA(R x X1; X3) the space of all such functions.

Definition 13. A continuous function ¢: R — X is called compact almost auto-

morphic if for each real sequence (s,,), there exists a subsequence (sy) such that

g(t) = lim ¢(t+s,) and Um gt —s,) = é(t)

n—-+oo n—-+o0o

uniformly on compact subsets of R. We denote by AA.(R; X) the space of all such
functions.
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Definition 14. Let X1 and X be two Banach spaces. A continuous function
¢: R x X7 — X5 s called compact almost automorphic in t € R if for every real
sequence (S, ), there exists a subsequence (sy) such that

glt,x) = lim ¢t +s,,2) and lim gt — s,,2) = $(t,2),

n—-+oo n—-+oo

where the limits are uniform on compact subsets of R for each x € X;. We denote
by AA(R x X1; X5) the space of all such functions.

Let C™(R; X) be the space of all continuous functions h: R — X which have
a continuous n-th derivative on R, and let C}*(R; X') be the subspace of C™(R; X)
which consists of all functions h: R — X satisfying

n
su R ()| < 00,
t@g;l (t)]

where h(") denotes the i-th derivative of h. Then CP(R; X) is a Banach space
provided with the following norm

hl, = su RO (#)].
o = sup 31

Now, we state a new concept of the C™-almost automorphy, which generalizes
the one of the C™-almost periodicity.

Definition 15. A continuous function h: R — X is said to be C"-almost au-
tomorphic for n > 1 if for i = 1,...,n, the i-th derivative h\D of h is almost
automorphic. We denote by AA(”)(R;X) the space of C™-almost automorphic
functions.

Definition 16. A continuous function h: R — X is said to be C™-compact almost
automorphic forn > 1 if fori =1,...,n, the i-th derivative h'Y) of h is compact
almost automorphic. We denote by AAén) (R; X)) the space of C™-compact almost

automorphic functions.

By [13], since AA(R; X) and AA.(R; X) are Banach spaces, we get also the
following result.
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Proposition 17. ([8]) The spaces AA"™ (R; X) and AAM (R; X) equipped with
the norm | . |, are Banach spaces.

In the sequel, we use some preliminary results concerning the (u,v)-pseudo
almost automorphic functions, which have been established recently in [4]. The
symbol E(R; X, u, v) stands for the following space of functions

1 tr
BC(R;X): lim ———— t)|du(t)y =09 .
{uesemx: im - [ uolaun —of
To study delayed differential equations for which the history belongs to the space
C([-r,0]; X), we also consider the space

1 tT
u € BO(R; X): lim 7/ ( sup u9>dut:O ,
{ B2 e enm L g, @)t
which we will denote by E(R; X, u,v,7). In addition to the above-mentioned
spaces, we also consider the space

+7
{u € BOC(R x X1;X2):  lim L/ lu(t, z)|x,dp(t) = 0}

e (=) )

and denote it by E(R x X1, Xo, i, v), as well as the space

+7
{u € BC(R x X1;X5): lim L/ (gesup |u(9,x)|xz)du(t) = 0}

T—+00 V([_Tv TD -7 [t—mr,t]

and denote it by £(R x X1; X, i, v, 1), where in both cases the limit (as 7 — +00)
is uniform in compact subset of X;. In view of previous definitions, it is clear that
the spaces E(R; X, u,v,7) and E(R x X1; Xo, p, v, 1) are continuously embedded
in E(R; X, p,v) and E(R x X1, Xo, u, v), respectively. On the other hand, one can
observe that a p-weighted pseudo almost automorphic function is p-pseudo almost
automorphic, where the measure p is absolutely continuous with respect to the
Lebesgue measure and its Radon-Nikodym derivative is p:
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Example 18. (see also [4]) Let p be a nonnegative B-measurable function. Denote
by w the positive measure defined by

J(A) = /A p(t)dt for A € B, (3)

where dt denotes the Lebesgue measure on R. The function p in the equation (3)

is called the Radon-Nikodym derivative of p with respect to the Lebesgue measure
on R.

Definition 19. A function h € CJ'(R; X) is said to be a C™-ergodic function if
R € ER; X, pu,v) fori =1,...,n. We denote by E™ (R; X, u,v) the space of
C"-ergodic functions.

Definition 20. A function h € CJ'(R; X) is said to be a C™-ergodic function of
class v if KD € ER; X, p,v,7) fori=1,...,n. We denote by E™ (R; X, u, v,7)
the space of C™-ergodic functions.

For any u,v € M, we formulate the following condition:

. - /L([_Tv TD — 00
(Hz) 171—33-023 B () B

We have the following result.

Lemma 21. Assume (Hpg) holds and let f € OF(R; X). Then f € £ (R; X, 1, v)
if and only if for any € > 0 and fori=1,...,n the following equality holds

o B (F9)

ro+oo  v([—T,7]

207

where

Mo(f9) = {t € [-r.7]: [FOW)] 2 ¢}
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Proof. Suppose that f € £ (R; X, u,v). Then, by Definition 19, we can write
9 e ER; X, pu,v) for i = 1,...,n. We also have

1

“+T
(@) -
e [ Ol
1

= (i)
v([—T,7]) /MT.E(f(i)) [f () |dp(t) +
L .
' v([=7,7]) /['—T,T]\MT,E(f(i)) [F7(@®)ldu(t) 2

o (@ (0
D) oo, OO0 2 b 59,

IV

Consequently
M, .(f®
M (9))

ro+oo  v([—T,T]

=0.

Conversely, suppose that f € CJ'(R;X) is such that for any ¢ > 0 and for
i=1,...,n, the following equality holds

lim N(M'r,e(f(i)))

T—+00 V([—T, 7']

=0.
We can assume |f()(t)| < N for all t € R. By using (Hz), we have

+7
e SACIION

—T

ﬁ /M ooy O Ol) +
! ﬁ /[TJ]\MT,EW) 1FO ) du(t) <
< l/([—NﬂT])/MT,e(f@))du(t) + V([_I’T’T])/[T,T}\M,.‘s(f(i)) 17O ) du(t) <
- ﬁ /MT,E(fM i)+ ﬁ /[—T,ﬂ du(t) <
N

(4) ep([=7,7])
S R T e

which implies for any € > 0 the following inequality:

lm / +T| FOD)|du(t) < ae.

Tt v([=T,7]) J_;
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Therefore f) € £(R; X, pu,v) for i = 1,...,n, and hence f € EM(R; X, p,v). O

Definition 22. Let u,v € M. A bounded continuous function ¢ € C'(R; X) is
called C™-(p, v)-pseudo almost automorphic (respectively C™-(u,v)-pseudo com-
pact almost automorphic) if ¢ = ¢1 + ¢o, where ¢y € AAM (R, X) and ¢y €
EM(R; X, u,v) (resp. ¢1 € AAER)(]R,X) and ¢o € EM(R; X, pu,v)). We denote
by PAAM™ (R; X, p,v) (resp. PAAM (R; X, u,v)) the space of all such functions.

Definition 23. Let u,v € M and X1 and X5 be two Banach spaces. A bounded
continuous function ¢ € Cp(R x X1, Xs) is called uniformly C™-(u,v)-pseudo
almost automorphic (resp. uniformly C™-(u,v)-pseudo compact almost automor-
phic) if ¢ = ¢1+¢a, where 1 € AA™ (Rx X1; X3) and ¢y € ET (Rx X1, X, 1, v)
(resp. ¢1 € AAg")(]R x X1;X5) and ¢o € EM (R x X1, Xo, 1, v)). We denote by
PAAM™ (R x X1; Xo, 1, v) (resp. pPAAM™ (R x X715 Xo, u,v)) the space of all such
functions.

Definition 24. Let p,v € M. A bounded continuous function ¢ € CJ'(R; X)
is called C™-(u,v)-pseudo almost automorphic of class r (resp. C™-(p,v)-pseudo
compact almost automorphic of class 1) if ¢ = ¢1 + ¢o, where ¢; € AA (R; X)
and ¢y € EM(R; X, p,v,7) (resp. ¢1 € AAQL)(R,X) and ¢y € EM(R; X, p,v,7)).
We denote by PAA™ (R; X, i, v, 1) (resp. PAAgn)(]R;X,u,V, r)) the space of all
such functions.

Definition 25. Let u,v € M and let X1 and X2 be two Banach spaces. A bounded
continuous function ¢ € Cp(R x X1,Xs) is called uniformly C™-(u,v)-pseudo
almost automorphic of class v (resp. uniformly C™-(u,v)-pseudo compact almost
automorphic of class r) if ¢ = ¢1 + ¢o, where ¢ € AA(R x X1; Xy) and
B2 € EM(R x X1; Xo, 1, v,7) (resp. ¢ € AAE")(R x X1;X2) and ¢y € EM (R x
X1, X, p,v,7)). We denote by PAAM™ (R x X1; Xo, i, v,7) (resp. PAA&n)(R X
X1; Xo, v, 1)) the space of all such functions.

4. Properties of C"™-(;,v)-pseudo almost automor-
phic functions of class r

Lemma 26. Let u,v € M. The space PAA(n)(R;X,M,l/,T) endowed with the
norm |.|n is a Banach space.
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Proof. Let (z,,) be a sequence in PAA™ (R; X, u,v,r) such that the limit 2 =
lim z,, belongs to BC"™(R; X). For each m, let z,, = yn + 2z, where y,, €

m—oco
AAM(R; X) and 2z, € EM(R; X, p,v, 7). Since y,, € AAM(R; X), we have
by Definition 15: y,(ﬁ) € AAR; X) for ¢ = 0,1,...,n. By [11, Lemma 1.2],
the sequence (y,(,?)m converges to some 3 € AA(R;X). Consequently, y €
AA™(R; X) by Definition 15. Since z,, € &™) (R; X, u, v, r), Definition 20 implies
that z4) € E(R; X, u,v,r) and (sz;))m converges to some z(Y) € BC(R; X). We

also have

e [T (Csw OO auto <

oct—r,t]

IN
=
o
3 —
il
S~—
D
R +
3

IN
=
R
\‘)—‘
i
S~—
S
]

IN

~
=
&

o AT (s 00 )au)

v([=m7l)  v(l=77]) Jor Neep—ra

where

) =20 = [ (sup |0 - 20 )dt).

-7 teR

Then we get 2() € ER; X, p,v,7) for i = 0,1,...,n, 50 z € EMR; X, p,v,7). Tt
follows that x € PAA" (R; X, u, v, 7). |

The next result is a characterization of C(""-(u, v)-ergodic functions of class r.

Theorem 27. Let p,v € M be such that (Hg) holds and let I be a bounded
interval (we do not exclude the case I = (). Then for every f € CJ'(R; X), the
following assertions are equivalent:

(/L) f E g(n) (R’ X7 l’[” V? T)'

(1) lim 1/[ ]\1< sup |f(i)(9)|)d,u(t):0fori:O,1,...,n.

mtoo v([—7, 7|\ I) 0€[t—r,t]
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(iii) TETOO“Gt e -7\ I : P 1D (0)] > 5})/1/([77, 7\ 1) = 0 for any

e>0andi=0,1,...,n.

Proof. To show (i)<(ii), let us denote:

A=u(l), B= / ([0 rO0) )aute).

[t—r,t]

Since the interval I is bounded and the function f(*) is bounded and continuous
for i = 0,1,...,n, we have: A,B € R. For 7 > 0 such that I C [—7,7] and
v([—7, 7]\ I) > 0, we have

m /[_T,TN (Oes[tu_g,t] |f(i)(9)|)d,u(t) =
_ V([_T’IT])_A[/[_T . (ees[tu_prﬂ 7D0)])du(t) - B] =
V([_Tv T]) 1 ) B
v([-7,7]) — A [1/([—7" 7)) /[_”] (Ges[tu_llt] \f( )(9)\>du(t) — m '

From the above equalities and the fact that ¥(R) = +o0, we deduce that (ii) is

equivalent to

. 1 tr ) .
lim ————— ( sup |f (0)|)d,u(t) =0, 1=0,1,...,n,
oe

T oo U([_T7 T]) -7 [t—r,t]

which, by Definition 19, is equivalent to (i).
To show (iii)=-(ii), let us denote the following sets

Ai:{te[—r,r]\]: sup |f<i>(e)|>e},

oct—r,t]

Bi={tel-nr\I: sup 179(6)] < e}
elt—r,

Assume that (iii) holds, that is

. p(A7)
A AN @)
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From the equality

[ (sw 1790 )duto) -
[~ r]\I \NO€[t—rt]
= [ (s @) duw+ [ (s 1700))duto),

0e(t—r,t] [t—rt]
it follows that

e
T

! /[TTN( sup |F0(6)] ) du(t) <

v([-7, 7]\ 1) oet—r,t]

" [1(A2) n(B3)
< |If ||ooy([_T,T]\])+€u([—T,T]\I)

for 7 sufficiently large, where ||f| . = sup|f®(t)|. By using (Ha), it follows
teR

that

i [ (s 15900 )autn) < e

To+oo U([=7,7]) S Noep—rg

for any ¢ > 0 and ¢ = 0,1, ...,n. Consequently, (ii) holds.
To show (ii)=-(iii), assume that (ii) holds. For every i = 0,1,...n, if 7 is
sufficiently large, then the integral

/ (swp 1700 )dutr
[=7,7I\I 0ct—r,t]

/

In consequence, we obtain:

is not smaller than

(s 1790 )dut).

oet—r,t]

e
>

1 su (i) 1(A37)
An D) /W]\,(ee[t_‘i,ﬂf O)aut) = e,

and hence:

1 / (i) (A7)
_ sup |f*Y(0)])du(t) > ———TF—.
STV o LR VOO0 = By

The last inequality implies (4), and hence (iii) holds. O

In what follows, we prove some preliminary results concerning the composition
of (i, v)-pseudo almost periodic functions of class r.
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Theorem 28. Let u,v € M and
¢ e PAA™ (R x X1; Xo, p,v,1), h e PAA™(R; X1, p,v,7).
Assume that there exists a function Ly : R — [0, 400) satisfying

|p(t,21) — @(t,x2)| < Ly(t)|v1 — x2|, tER, z1,22 € X1 (5)

1 T
If 7/ ( sup L¢(9))d,u(t) < oo and for each & € E(R, p1,v), we have
e

V([fTv TD -7 [t—r,t]

i [ (s 1,0)eann =0, (©)

T+oo V([_T’ T]) -7 Oelt—r,t]
then the function t — ¢(t, h(t)) belongs to PAAM™ (R; Xo, p, v, 7).

Proof. Assume that ¢ = ¢1 + ¢a, h = hy + ha, where ¢ € AAM(R x X1; Xy),
by € EMR x X1; Xo, p,v,7) and hy € AAM(R; X1), hy € EM(R; X1, p, v, 7).
Then ¢\ € AAR x X1; X3), 87 € E(R x X1; Xo, v, 7) and h{? € AA(R; X1),
hgi) € E(R; Xy, p,v,7) for i =0,1,...,n. Consider the following decomposition

oD (t, h(t)) = ¢t (. 857 (1)) + [69 (8, KO (1)) — oD (£, B ()] + 57 (8, b (2)).

From [4], we know that qb(li)(., hgl)()) € AA(R; X3) fori =0,1,...,n. It remains to

prove that for i = 0,1,...,n both ¢ (., h® () — @ (., hV () and {7 (., h{7 ()

belong to £(R; Xo, u, v, 7). By using the equation (5), it follows that the quotient
p({tel=rm: s 1690,090) - 600,10 0))] > })

oct—r,t]
v([=7,7])

is not greater than

w({telrr: sw @000 O >¢})

oet—r,t]

v([=7,7]) ’

which in turn is not greater than

y({te [—7,7]: ( sup L¢(9))< sup |h(21)(0)\) >5})

oc[t—r,t] oct—r,t]

v([=77])
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Since héi) is (p, v)-ergodic of class r, Theorem 27 and the equation (6) yield that
for the above-mentioned e, we have

n({telonnl: (s 2o®)(, s 170)]) > <})

¥ A7) -
Then we obtain
p({tel=rrl: sw [600,09(0) - 66,1 (0)] > < })
Tim oelizril —0. (7)
oo V(=7

By Theorem 27, the equation (7) shows that for ¢ = 0,1,...,n the function ¢
oD (t, hD (1)) — qﬁ(i)(t,hgi) (t)) is (u,v)-ergodic of class r. Now, to complete the
proof, it is enough to prove that ¢ — ¢o(¢, h(t)) is (u, v)-ergodic of class r. Since
(bg) is uniformly continuous on the compact set K; = {h(li)(t): t € R} with respect
to the second variable z, we deduce that for a given € > 0, there exists § > 0
such that |§; — &] < § implies |¢>(z)( (Z)(t)) — éz)( (z)( t))] < e forall t € R,
&1,& € K;. Therefore, there exist m(e) > 1 and z,(c) € K; for k=1,...,m(e)

such that
m(e)

K; C UBg ),5)

k=1

Then, we have
m(e)

1657 (£, 8 (8))] < e + Z 165 (, 2)|
Since

lim ([177])/( sup \¢§”(9,z,§“)|)du(t)=o, ke {l,...,m)},

oo V(| — oelt—r,t]

we deduce that

limsup ﬁ / (sup 1087 (0.h(0)]) du(t) < <

rotoo V([-T,T o€lt—rt]

for every € > 0. This implies that

im_ oo [ (s (o 0] )dute) =

Totoo v([—T, T oe(t—r,t]
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Consequently, for ¢ = 0,1,...,n, the function ¢ — qbg) (t, WD (t)) is (u,v)-ergodic
of class r. By using Definition 15 and Definition 20, it follows that the function
t > ¢(t, h(t)) belongs to PAAM™ (R; Xy, p, v, 7). O

For o € M, we formulate the following two conditions:

(H3) for all a,b,¢ € R such that 0 < a < b < ¢, there exist dg, g > 0 such that
|6] > dp implies p(a + 6,0+ 6) < apu(d, ¢ + 9),

(Hy) for every 7 € R, there exist § > 0 and a bounded interval I such that if
AeBand ANT =0, then p({a+7:a € A}) < Bu(A).

We have the following result due to [4].
Lemma 29. ([4]) (H;) implies (Hs).

Proposition 30. ([5]) Let u,v € M satisfy (Hg) and let f € PAA(R; X, u,v) be
such that f = g+ h, where g € AAR,X) and h € ER, X, u,v). Then the set
{g(t): t € R} is contained in the closure of the range of f, that is

{g(t): t € R} C {f(1): t € R}

Corollary 31. ([5]) Assume that (Hg) holds for some u,v € M. Then the
decomposition of a (u,v)-pseudo almost automorphic function of the form f =
g+ ¢, where g € AA(R; X) and ¢ € E(R; X, i, V), is unique.

The following corollary is a consequence of Corollary 31.

Proposition 32. Assume that (Hjs) holds for some u,v € M. Then the de-
composition of a (u,v)-pseudo-almost automorphic function ¢ = ¢1 + @2, where
o1 € AAM(R; X) and ¢ € EM(R; X, p, v,7), is unique.

Proof. Let ¢ = ¢1+d2, where ¢ € AAM™(R; X) and ¢y € E™(R; X, i, v, 7). Then

(li) € AA(R; X) and ¢§i) € E(R; X, p,v,r) for i = 0,1,...,n. As a consequence
of Corollary 31, the decomposition of a (u,r)-pseudo-almost periodic function
P = (bgi) + ¢§i>, where ¢§i> € AA(R; X) and qbg) € E(R; X, u,v), is unique.
We also have PAAR; X, pu,v,7) € PAA(R; X, u,v). Thus, the decomposition
of a (u,v)-pseudo-almost periodic function ¢(?) = ¢(1¢) + ¢>§") of class r, where
¢>§i) € AAR; X) and ¢o € E(R; X, u,v,r), is also unique. Consequently, we get
the desired result. O
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Definition 33. Let pu1, e € M. We say that py is equivalent to puo, and denote
this as p1 ~ pe, if there exist constants «, 8 > 0 and a bounded interval I (we do
not exclude the case I = () such that the following condition holds: if A € B and
ANI =0, then api(A) < pz(A) < Bui(A).

We know from [4] that the relation ~ is a binary equivalence relation on M.
We denote by cl(u) the equivalence class of a given measure p € M, that is

c(p) ={weM: u~w}.

Theorem 34. Let uq, po,v1,v0 € M. If 1 ~ ps and v1 ~ vo, then the spaces
PAAM™(R; X, py,v1,7) and PAA™ (R; X, po, v2,7) coincide, that is

PAA(TL)(R;X7M1’V17T‘) = PAA(TL)(R;X7M2’V2’T)'

Proof. Since py ~ o and v ~ v, there exist some constants ay,as, 81,82 > 0
and a bounded interval I (we do not exclude the case I = ) such that o pq(A) <
2 (A) < Bru1(A) and agry(A) < vo(A) < Bavi(A) for each A € B satisfying
ANT=0. In particular

1 1 1
< < .
BQVI (A) 2 (A) T anly (A)
Let f € CP(R, X). Since 1 ~ po and B is the Lebesgue o-field, we obtain for 7
sufficiently large that the quotient

alul({te[—T,T]\I: sup |f(i)(9)|>5})

oelt—r,t]

Pavi([=7, 7]\ 1)

is not greater than

w({tel-rnr\: sw [f9@0)>¢})

oc(t—r,t]
va([=m, 7]\ 1) ’

which in turn is not greater than

Bl/“({te[fr,r]\ls sup |f(i)(9)|>€})

oc[t—r,t]

gy ([=7, 7]\ I)
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By using Theorem 27, we deduce that €™ (R, X, uy,v1,7) = EM(R, X, g, v, 7).
From the definition of a (u,v)-pseudo almost periodic function, we deduce that
PAAM™(R; X, py,v1,7) = PAAM™(R; X, pig, 2, 7). O

Proposition 35. ([5]) Let p,v € M satisfy (Hy). Then PAAR, X, pu,v) is
translation invariant, that is f € PAAR, X, u,v) implies fo € PAAR, X, pu,v)
for all a € R.

Corollary 36. Let yu,v € M satisfy (H;). Then PAAM™ (R, X, i, v) is translation
invariant, that is f € PAAM™ (R, X, u,v) implies fo € PAAM™ (R, X, pu,v) for all
a € R.

For p € M and « € R, we denote by p, the positive measure on (R, B) defined
by
fa(A) = p({a+a:a € A}). (8)

Lemma 37. ([4]) Let un € M satisfies (Hg). Then the measures j1 and jio are
equivalent for all o € R.

Lemma 38. ([4]) The condition (Hg) implies that

lim sup wllzr — 0,7 +0) < 400
rotoo (=T, 7])

for every o > 0.

We have the following result.
Theorem 39. Assume that (Hg) holds for some p,v € M and

¢ € PAA(R; X, i, v, 7).

Then the function t — ¢; belongs to PAAE")(C([—T, 0]; X), p,v, 7).
Proof. Assume that ¢ = g+ h, where g € AAM™(R; X) and h € EM(R; X, p, v, 7).
Then we can see that ¢tl) = gﬁ” + hﬁ” for i =0,1,...,n, and by [7], the function
t— gt belongs to AA(C([—r,0]; X)), which implies that

g0 € AAL(O([-r,0]; X)).
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Let i € {0,1,...,n}, o € R and pq,v, be the positive measures defined by
equation (8). Let us denote

1 T _
Malr) = s [ (s OO duae)
va([=7,7]) J_+ oelt—r,t]
By using Lemma 37, it follows that u, and p are equivalent, and v, and v are
also equivalent. Then, by using Theorem 34, we have £ (R; X, fhovs Vo, ) =
EM(R; X, p,v,r). Therefore h") € E(R; X, pi, Ve, ), that is

lim M, (1) =0.

T—+00

On the other hand, for r > 0, we have

ﬁ/ +T(9;up | sup RO +€)] )dult) <

_r [t—rt] -¢e[—r,0]

1 +7 @)
< sup |[h'"(0)])du(t) <
e L (e, OO
L o (i) (@)
< sup MY (@) + sup |[R'W(0)|)du(t) <
v([-,7]) /—r (ee[t—zr,t—r]| )l 06[t—r,t]| ( )‘) (®)
1 +T—7" .
< su RO du(t +r) +
e L (o WOt

e (5w WOO)auo) <

V([_T’ T]) -7 [t—r,t]

IN

1 +7+r )
/ ( sup |h(’)(9)|>du(t +7r)+
e

V([_T’ T]) —T—7 [t—r,t]
R S AR
), (o KOO )t

—T

The first component of the last sum can be written as

v\|\—T —71, T r +7+7 ]
! V([*T’T];_ = v([= —1r T+T])/_ - (0es[tu—p ) |h(1)(9>|)du(t+”’

and we see that it is not greater than

v([-1—r,7+7])

V([_T7 TD

“M.(T+71).
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Consequently, we obtain

ZEll g [ e K90+ )au(v) <

—T oclt—r,t] -&£€[—r,0]

v(=r—rTr+r1]) . 1 +7 " .
ey [ (e KO0,

which shows, by Lemmas 37-38, that ¢\ € PAA,(C([—r,0]; X), u,v,7). Thus,
we obtain the desired result. O

5. C"-(u, v)-pseudo almost automorphic solutions of
class r

In what follows, we will be looking at the existence of bounded integral solu-
tions of class r of the equation (1).

Assume that (Hp) and (H;) hold and that the semigroup (U(t)):>0 is hyper-
bolic. For f € BC(R; X) and ¢t € R, we denote by I'f(¢) the function from C(R; X)
defined as follows

¢ ~ t ~
lim U (t — s)IT*(BrXof(s))ds + lim U™ (t — s)IT*(BrXo f(s))ds,

A—+oo o A—+oo +o0

where IT° and IT* are the projections of Cjy onto the stable and unstable subspaces,

respectively.

Proposition 40. ([9]) If f € BC(R;X), then there exists a unique bounded
solution u of the equation (1) on R, given by u, = T f(t).

Proposition 41. ([7]) If h € AA.(R, X), then the function t — Th(t)(0) belongs
to AA.(R, X).

Corollary 42. If h € AAQL)(R;X), then the function t — Th(t)(0) belongs to
AAD (R, X).

Proof. In fact, since h € AA™ (R; X), we have h() € AA.(R; X) fori=0,1,...,n.
Thus the function ¢ — T'h()(¢)(0) belongs to AA.(R, X) for i = 0,1,...,n. O
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Theorem 43. If u,v € M satisfy (Hs) and g € E™(R; X, pu,v,r), then the
function t — T'g(t)(0) belongs to £ (R; X, p, v, 7).

Proof. In fact, since g € ™ (R; X, pu,v,7), we have ¢ € ER; X, p,v,r) for

i=0,1,...,

IN

IN

_|_

n. For 7 > 0, we get

/_: (Qesup g™ (9)|ds)du(t) <

[t—r,t]

T

—_— 0 .
MM ( sup / e w0911 |g(1)(s)|d5)d,u(t)+

oc[t—r,t]

T

307 [ (s [ e g0 s)ds)du(e) <

oct—r,t] Jo

T 0
M M|TT?| ( sup e‘*”“/ 67“’(“5)|g(i)(s)|ds)du(t)+

oct—r,t] —o0

T

— +w .
M M |TT"| ( sup / e“’(tfs)|g(l)(s)|d8)du(t).

ocft—rt] Jo

On the one hand, using Fubini’s theorem, we have

T 0
/ (suwp e / e gD (s)]ds ) dpt) <
oe(t—r,t] —o0

< / ] ( o e / ; e g0 (5)|ds ) dp(t) <
< / / e~ g0 (5) dsdpu(t) <

< e [T g0 st <

< / ews[7|g<><t—s>\du<>

For all s € RT, we deduce by Corollary 36 that

and

V([_Ta T])

—ws

lim fi/,f'“( $)ldp(t) =

r—+oo v([—T,7])

—ws

e

"D — s e =77, @
[ 16 = 9ldute) < LI g0
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where [0 = iuﬂ}g 19 (t)]. Since g is a bounded function, the function s —
€

e—u}S

M([_T’ T])
V([_7—7 T])

dominated convergence theorem, it follows that

g | belongs to the space L'([0,+00)). In view of the Lebesgue

+oo 1 T )
wro —ws_ - () (4 _ - 0.
" lim ; e 7 (=) / g\ (t — s)|du(t)ds =0

-7

On the other hand, by Fubini’s theorem, we also have

T +o0 )
[ (s [0 las)dute) <
—7 NO€t—m,t] JO

T +o0 )
< [ (s [ et s ds)dute) <
—7 NOEt—r,t] Jt—r
T —+o00 )
< [ [ et g dsaut) <
-7 Jit—r
< [ ] el sdsautt <
<

[ [ 1696 - olautyas.

e_wsu([_Tv TD

v([=.7])

reasoning as above gives

Since the function s — 197l belongs to L*((—oc0,7]), the same

T 1 T .
li ws____— @ (¢ — s)|du(t)ds = 0.
oo 7006 v([=, 7)) [T lg'"” (t — s)|du(t)ds = 0

Consequently

i [ ' ([ s ITg)@))du(t) =0,

T4oo V([_T7 TD -7 [t—r,t]
which implies that for i = 0,1,...,n the function t +— T'g(?(¢)(0) belongs to
E(R; X, p,v, 7). Thus, we obtain the desired result. O

For the existence of C™-(u,v)-pseudo almost periodic solution of class r, we
make the following assumption:

(Hs) the function f: R — X is C"™-(p, v)-compact pseudo almost automorphic of
class r.



C"-pseudo almost automorphic solutions of class 7 ... 25

Proposition 44. Assume (Hy), (Hy), (Hg) and (Hj5) hold. Then the equation (1)
has a unique C™-(u, v)-compact pseudo almost automorphic solution of class r.

Proof. Since f is a C™-(u, v)-compact pseudo almost automorphic function, f has
a decomposition f = fi + fa, where f1 € AAS;")(R;X) and fo € EM(R; X, p, v, 7).
By using Proposition 40, Corollary 42 and Theorem 43, we get the desired result.

O

Our next objective is to show the existence of C™-(u, v)-pseudo almost periodic
solutions of class r for the following problem

u'(t) = Au(t) + L(ue) + f(t, ), tER, (9)

where the function f: R x C — X is continuous. With this aim, we make the
following assumptions:

(Hg) the unstable space U satisfies: U = {0},

(H7) the function f: R x C' — X is uniformly C™-(u,v)-pseudo compact almost
automorphic, and for some 1 < p < +o00, there exists a function L; €
LP(R,R™") which satisfies Theorem 28 and the following condition:

[F(t, 1) = [t @2)| < Ly(B)le1 — ol

for all t € R and ¢, p2 € C([—r,0]; Xo).

Theorem 45. Assume (Hy), (Hy), (Hy), (Hg) and (H7) hold. Then the equa-
tion (9) has a unique C™-(u, v)-pseudo compact almost automorphic mild solution
of class r.

Proof. Let x be a function in PAAE") (R; X, p, v, 7). From Theorem 39, it follows
that the function ¢ > z; belongs to PAA!™ (C([-r,0]; X), p, 7). Hence, Theo-
rem 28 implies that the function g(.) := f(.,z.) is in PAAM (R; X, p, v, 7). Since
U = {0}, we obtain II* = 0. Consider now the mapping

H: PAA.(R; X, p,v,7) = PAA.(R; X, p, v, 1)

defined as follows:

A—~+oo

(Ha)(t) = [ 1im /_ Ut~ )T (B Xof (s, 2.))ds] 0), 1€ R
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From Proposition 40, Corollary 42 and Theorem 43, we can infer that H maps
PAA&")(R; X, p,v,r) into PAAM™ (R; X, p,v,r). It suffices now to show that the
operator H has a unique fixed point in PAAEn) (R; X, p, v, 7). Consider two cases.

Case 1: Ly € LY(R) (that is p = 1). Let z1, 25 € PAAY (R; X, i, v, ). Then
xgl ,x2 € PAA.(R; X, p,v,r) for i =0,1,...,n and

Ha () — Hal) (1)) <

t .
< [t [ - B 0) - S a8))is] <
—+00 — 00
< MM 2 - 2 / e Ly (s)ds <
< WM o - ) / Ly(s

It follows that
H2a (1) — H2a2$) (1)) <

< |t / US(t — T (BaXo(f (s, Ha'D) — f(s, Hal))ds| <

A— 400 oo

< @l o)) [ 1y [ Lo(o)asas <
M), [ s 0 G
< Q] Lytas) lat? - ot
2 — 00

Induction with respect to n, gives

i n (i MM o [t oG i
) - e o) < SEEE (1)) "ol - o)),

n!

Therefore

MM |Lslp@)" o )
n! ! ’

Wy = )| <

which implies that

(MM |Lg| 1 (g))"
n!

\xl — T2|n

DI M) )| <
=0
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Let no be such that (MM|HS| |L¢|r1@®))"™ /no! < 1. By the Banach fixed point
theorem, H has a unique fixed point and this fixed point satisfies the integral

equation
t

u; = lim us(t— S)HS(EAXof(37 us))ds.

A—+oo o

Case 2: Ly € LP(R) for some 1 < p < co. First, put

A0 = [ (@soras

— 00

Then we define an equivalent norm over PAA(R; X) by the formula
[fle = supe™ X[ f()],
teR

where ¢ is a fixed positive number to be specified later. By using the Holder
inequality, we have

H" () — Hal) (1)] <

t . .
< [t [ w9 B al)) - S0 <
< | [ e L)) - ol ds <
< MM|HS|/ e*“’(tfs)efc“(s)ec”(s)Lf(s)\x&) - :Egzs)|d8 <
< M| [ (eI () sup (O el s) o (9)] ) ds <
t . .
< MM|HS|/ (e*“(tfs)ec”(s)Lf(s)ds)|x§l) - :C(;)\c <
- t 1 t S ,
< | [ e sras) ([ eentods) ul? -l <
- t 1 t 1 ,
< MM|HS|(/ GPCM(S)A/(S)ds) P </ equ(tfs)ds) q |’JJ§Z) _ x(;)‘c <
- 1 1 . .
< MM|H€| — €C'u(t)|$(l) _ w(l)lc-
)7 1 2

(pe)7  (wq
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Consequently
f f MM i i
P (1) - Ha (1)) < —MIEL o),
(pe)? - (wq)s
which implies
- : ; MM|1I°
S ) - mef ()l < —I e,
=0 (pe)? - (wq)@

where

[@len = sup Y |20 (t)]. for all € CF (R, X).
teR i—0

Since the function ¢ —

— converges to 0 when ¢ tends to +oo, it follows
(pc)? .
MM|TI®
% < 1. Thus H is a contractive

(pe)7 - (wg) =
mapping. By using the same argument as in Theorem 3.3 of [14], we conclude

that for ¢ > 0 large enough, we have

that there is a (u, v)-unique pseudo almost automorphic integral solution of the
equation (9), which ends the proof. O

Proposition 46. Assume (Hy), (H;), (Hg), (H};) hold and f is a Lipschitz con-
tinuous function with respect to the second argument. If the Lipschitz constant
Lip(f) of f satisfies the inequality

W

() M M3

then the equation (9) has a unique (u,v)-pseudo almost automorphic solution of
class r.

Proof. Let us denote k = Lip(f). We have
[Hai (1) — Hay ()] <

) lim / US(t — )T (BaXo(f(s,28)) — £(s,280)))ds| <

A——+oo o

IN

t ST N 1| (D) (@)
< |HS|MM|IEEZ) —l'éZ)Uf(/ e—w(t—s)) < |H |MM]€|£U1 ) ‘

— 00

b

w
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which implies

I8 |MMk|2z1 — 22
- .

S| Hal? (1) - Hal (1)
1=0

w
Consequently, if k& < T|, then H is a strict contraction. a
HS

6. Application

For illustration, we will study the existence of solutions for the following model:

9 92 0

Ez(t,:c) = @z(t,a:) + - G(0)z(t +0,x)do+
+/0 B0, 2(t + 0, 2))do+ (10)
+e>z[:(sin(at) +sin(f8t)) + cos(t), t € R, z € [0, 7],

z(t,0) = z(t,m) =0, t € R,

where o, 8 € R, the function G: [-r,0] — R is continuous and the function
h: [-r,0] x R — R satisfies Lipschitz condition with respect to the second argu-
ment. To rewrite the equation (10) in the abstract form, we introduce the space
X = Cy([0,7];R) of continuous functions from [0, 7] to RT equipped with the
uniform norm topology.

Let A: D(A) — X be defined by

D(A) ={y € XnC*([0,7;R): y" € X},
Ay=y".

Then A satisfies the Hille-Yosida condition in X. Moreover, the part Ag of A in
D(A) is a generator of the strongly continuous compact semigroup (To(t))i>0 on

D(A). It follows that (Hg) and (Hy) are satisfied. If we define f: R x C — X
and L: C' — X as follows

0
ft,0)(x) = exp(sin(at) + sin(Bt)) + cos(t) + h(8,©(0)(x))do,

-Tr

0
L(p)(z) = / G(0)p(0)(x)dd, x € [0,n], teR,

-r
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and we set v(t) = z(t, ), then the equation (10) takes the following abstract form
V'(t) = Av(t) + L(ve) + f(t,ve), t €R. (11)
Consider the measures p and ¥ whose Radon-Nikodym derivatives p1, pa: R —

R are defined as follows:

1 for t >0
t) = ’ t)=1t|, teR.
pi(0) {etfortg()’ pa(t) = I

Then du(t) = p1(t)dt and dv(t) = p2(t)dt, where dt denotes the Lebesgue measure
on R, and

,u(A):/Apl(t)dt, V(A):/Apg(t)dt7 AeB.

From [4], we know that p, v € M and that u, v satisfy (Hy). Furthermore, by [12,
Example 4.5], the function ¢ — exp(sin(at) 4 sin(5t)) is C™-almost automorphic
if @ and § are incommensurate real numbers (i.e. « and f are relatively prime).
We also have

0 T
etdt —l—/ dt
ey e[
lim sup = lim sup = =limsup ———— =0 < o0,
T—+00 V([_7-7 7’]) T—+00 2/ tdt T—+00 T
0
which implies (Hz).
For all t € R and i = 0,1,...,7n, we have | cos) ¢| < 1, which implies
lim _ /+T sup | cos™ (0)|du(t) =

Ttoo U([—-7,7]) J_; 0€t—rt]
= lim 1(/0 sup |cos(i)(9)\etdt+/T sup \cos(i)(9)|dt> <

r=too V([T T]) \ 7 gepe—r ] 0 0€[t—rt] -

1 0 T l—e"
< lim 7(/ etdt+/ dt)g lim eiJrT:O.
e S ) S A T
It follows that the function ¢ — cos(¥) ¢ belongs to €™ (R; X, u, v, ). Consequently,
the function f belongs to PAA"™) (R; X, i, v, 7). Moreover, L is a bounded linear
operator from C to X. Let k be the Lipschitz constant of h. Then for every
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p1,2 € C and t > 0, we have

[f(t 1) = F(t 2] rsup |h(t, p1)(x) = h(t, pa)(x)] <

0<z<m
< krosup [p1(0)(z) — 2(0)()].

—r<6<0
0<z<m

Consequently, we conclude that f is Lipschitz continuous.
To show that (Hg) holds, we need the following result established in [9].

0
Lemma 47. ([9]) If |G(0)|d0 < 1, then the semigroup (U(t))i>0 is hyperbolic

and the unstable spaceiU satisfies U = {0}.
Now, by Proposition 46, we deduce the following result.

Theorem 48. Under the above assumptions, if Lip(h) is small enough, then the
equation (11) has a unique C™-(p,v)-pseudo almost automorphic solution v of
class r.
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