Journal of Applied Mathematics and Computational Mechanics 2013, 12(1), 93-105

NONSTATIONARY ANALYSIS OF THE QUEUEING NETWORK
WITH BYPASS OF SYSTEMS OF MULTI-TYPE
AND ABSOLUTE PRIORITY MESSAGES

Mikhail Matalytski', Victor Naumenko’

! Institute of Mathematics, Czestochowa University of Technology
Czestochowa, Poland
? Faculty of Mathematics and Computer Science, Grodno State University
Grodno, Belarus
" m.matalytski@gmail.com, * victornn86@gmail.com

Abstract. This paper contains an investigation of an open exponential network with bypass
of systems of multi-type messages with absolute priority in transient behavior. Messages
with priority received by the node with the probability depending on the state system and
the type of incoming messages are for service, forcing messages that are serviced or instant
changes in the following system, and can leave the network. Network settings: the intensity
of the incoming flow and the intensity of service of different types of messages in single-
-line systems and the conditional probabilities of transitions of messages between the
systems are dependent on the time. We obtained a system difference-differential equations
for the state probabilities of the network. To find the state probabilities of the network
in the transitional behavior applied a methodology based on the use of the apparatus of
multi-dimensional generating functions.
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1. General information

Results of investigations for an open network with multi-line exponential
queueing systems (QS) with one-type messages bypass of systems in transient
behavior were presented in [1]. In this paper, such a network was investigated, but
with multi-type and absolute priority of incoming messages. If the message is
received with an absolute priority in the QS, it immediately begins to serve, cutting
the duration of their service request found there. The displaced thereby shall be
returned to the top of the turn and the expected continuation of service (Priority
Service), goes immediately into the next system or leaves the network.

In the information and telecommunication systems and networks messages with
the absolute priority concerned to the operator commands Queueing Networks
(QN) with bypassing of messages in the queueing systems can be used in model-
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ling, when a user sends a request to a system service, estimates how much time it
will have to wait, or how many users requests are there in line in front of it, and
depending on this evaluation remains to expect or forwards its request to another
system. Such a situation may arise in the service point or points for communities.
As mentioned earlier in [1], we consider an open network of exponential QN
with an arbitrary structure consisting of » QS S, S,,...,S,. with some probability

to join the queue queueing, and with an additional probability to move immediately
according to the matrix of transition probabilities to another QS or leave the net-
work. The probability of joining the QS depends on the state of the QS and the
number of QS with which the messages are sent to this QS.

The state of the network will be understood as a vector of dimension nxr:

k@)=(k,t)=(kj 1, ko kyp sy s kg s by poens Ky 5 k,,.t), M

n2sNppo
where £ ;. - the number of messages of type c¢ at the moment 7 in the system S,
k= k.. i=1n. Let m; - number of identical service lines in the QS §,,
c=1

i=1,n. The network receives a simple flow of messages with intensity ﬂ(k,t), ie.
the time interval [7,7+ Ar) the network receives a message with a probability
Ak, t) At+0(At). If at the time ¢ of service on the line i-th QS is located
a message, at the range [t,+ Ar) of its services will end with a probability

M. (k,t)At+o0(At), where u;, (k,t) - the intensity of service of messages or type

c at every line of system S, at the moment time 7, i = I,_n , C= I,_r In i-th QS the
message of type ¢, independently of other of messages receives, with a probability
Pocics i =1,n, ¢ =1,r. The message sent to this QS from the external environment

at moment time 7, having type ¢, when the network is in a state (k,t), with a prob-

ability £ V') (k,t), depending on the state of the i-th QS and type of its message,
instantly becomes a service or joins the queue, if there are any, and with probability
1— U9 (k,t) does not join the queue and immediately bypasses the system. Its
behavior in the future, such as if it is served by this QS and has type ¢, i.e., its time
of service with a probability of 1 is equal to zero. Message of type ¢ with having
completed service in the i-th QS, independently of other of applications instantly
sent to the j-th and the QS is the message of type s, with probability p. . ; with

icjs?
n r —_
probability p,.,. it leaves the network Y > p,., +p,eo.=1, ij=Ln,
J=1 s=1

c,s=1r.
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. The system of difference-differential equations for the probability
of network states

Let:
(p,c( k,t ) - the conditional probability, that the message of type c is delivered
to the i-th QS at time 7, when the network is in a state (k,t), will not be serviced

by any of the QS, i:l,_n, c=Lr;
Wieis ( k, t) - the conditional probability, that the message of type c¢ is deliv-

ered to the i-th QS from outside at time #, when the network is in a state (k,t),

the first time, a service in j-th QS, received atype s, i, j =1,n, ¢,s =1,r;
a,;. (k, t) - the conditional probability that the message of type ¢, served in
the i-th queuing system at time 7, when the network is in a state (k,t), will no

longer be served in any of QS, i=1,n, c=1,r;
Bicis ( k, t) - the conditional probability that the message of type ¢, served in

the i-th queuing system at time ¢, when the network is in state (k,t) for the first

time then receives services in the j-th QS, as a message of type s, i, j=1,n,

¢, s =1,r . It is obvious that
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According to the formula of total probability we find that:

g” ic(kﬂt):(l_f(w)(kﬁt)) [pic'Oc +i ipicj.\'g”js (kat)Ja (2)

j=1 s=1

aic (kﬁt):pic'Oc +z zpic‘j.\'goj.\' (k_lic 3t)9 (3)

j=1 s=1

l//[cjs (k’t):f(w)(kat)é‘[cjs+(1_f(i8) (kat))z Zp[c/ml///mjs(k’t)ﬂ (4)

=1 m=1

3

ﬁic‘jx (kat)zzzpic/mlr//lmjx (k_[ic 0, Lj=Ln,c,s=1Lr, Q)

/=1 m=1
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l,ic=Js,
where &, - Kronecker delta, which is defined as: &, ,,=1 ]. , 1., — nxr
0,ic# js

- vector of zero components, except for the number of components r(i—1)+c,

which is equal to 1, i,jzl,_n, c,s=1r.
Lemma 1. Probabilities of the states considered network satisfy a system of
difference-differential equations (DDE):

o :_{Zn: Zr: (luic (k,l‘)u(k,-c)otic (k,l‘)+l(k>t)pocic Pic (k>t))+

dt im1 =1

n r

+ Z Zﬂjs (k3 t)u(k]\ )ﬂjsic (k3 t) P(kﬂt)+

i,j=1c,s=1

SN A1, )l )P —1,0) Y poss o uolb—1, 1)+

i=1 c=1 j=1s=1

+ii /uic (k+1ic7 ) (k-f—]“,) (k'f']“, )

i=1 c=1

1S 30 7T (20001 3 37 U (20 A 00) 1 (0 VI RS A SO N5

i=1 c=1 J=ls=1

0,x<0
Proof. In view of the exponential service times of messages, a random process
k(t)=(k,t) is a Markov chain with a countable number of states. The possible

transitions in the state (k,7 + Ar) for the time Az:
1) from the state (k—1,_., t) with the probability

Lx>0
where u(x)= - Heaviside function.

ic?

A1, uk, )Y pousstv e =T, ) At+0(A), i=Tn, =T

J=ls=1

2) from the state (k+17,,, t) with the probability

ic»

w, \k+1,,.0a,, (k+1, .0)A+o(Ar), i=ln,c=1r;

ic?

3) from the state (k +1,, -1, t) with the probability

b+ 1 ) S ull, ), (ke 1, — 1, D)At+o(Ar), i=ln, c=Tr

Jj=1 s=1
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4) from the state (k,¢) with the probability

[ii (e (el Ve (k) Ao 01 (k) )

i=1 c=1

ij=lc.s

o3 S e, 06 ) 0 o)
i s=1

5) of the remaining states with a probability o(Af).

Then, using the formula of total probability, we can obtain

P(k,t+Ar)=—P(k,r){ii(m (k.t)ulk, o, (kt)+Alk.t) poeie @0 (ko)) +

i=1 c=1

£ Y, (k,t)uac,,,)ﬁw(k,t)}m+

i,j=lc,s=1

+ii ﬂ’(k_licﬂt)u(kic )P(k_licﬂt)iipo.\'js l//j.\'ic (k_licﬂt)At+

i=1 c=1 J=ls=1

3N b+ 1, e, (k+1, )P (k+T,,, t)AL+

i=1 c=1

S u k1o Yl )Y B b4 11, 0)P k1~ 1, 1) Ar+o(Ar).

i=1 c=1 J=1s=1

n

Dividing both sides of this relationship by A¢ and taking the limit Ar — 0, we
obtain a system of equations for the state probabilities of the network (6).

3. Finding the state probabilities network

Some restrictions are imposed on the investigated model. Let the intensity of the
incoming flow l(k,t) and intensity of service messages of type ¢ in every line of

system S, attime ¢ u,, (k, t) depend only on time ¢, i=1,n, ¢ :l,_r. Conditional
probabilities ¢, (k,?), Wi (k, 1), a,, (k,t), Bicjs (k.t) let also not dependent

on network conditions, i, j =1,_n, c, s =l,_r. In addition, let m, =1, i:l,_n , and

suppose, that k,. >0, V¢ >0, i= l,_n , ¢ =1,r. Then system of equations (6) takes
the form:
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aP (k. {z (. e 420 poure 012 )+
F S S 08, O A0S S 1 08 S pa, v 0

i,j=lc,s i=l c=l j=1 s=l
+Z Z/uic ([)C( () (k+]lc3 )
i=l c=1
+Zz luzc Z) ﬂic‘/‘s (t)P(kJrlic _I_/S’t)’ (7)
i=1 c=1 J=1 s=1

Denote by ¥, (z,t), where z=(z,,...,2,,---»2

sZplosZpy

), generating
function of the dimension nxr :

0 0 0 0

W, (0= o D D e Y P2y Ty s Ty sees Dy s 1) X
kii=1 ki, =1 ky=1 kp =l
xzkn A gEm gk i i i i P(k, t)HHZ
k=1 kyp =1 kyp=1 k,, =1 i=1 c=1
Multiplying (7) by Hsz'"’ and summing over all possible values k,,, from I/
I=1 m=1
to + 0, l:l,_n,weobtain:
0 0 0 0 dP(k t) .,
I S D JCAGIUL o § o
ki =1 kip =1 k=1 k=1 I=1 m=1
- ZZ(/UzL (t)aic (t)+ﬂ'(t)p0c‘lc (olc (t)) z Z :ujs() jstc() X
i=1 c=1 i,j=lc,s=1
X L)Y D Pk, z)HHz,;,;n +
k=l ki =1 kup=1 k,, =1 I=1 m=
+)‘(t)z z Z ZPO,sjjsl//jsic (t) z z z . z ( zw )HHZ]H’]”’ +
i=1 =1 j=1 s=1 k=1 k=1 kyp =1 k.=l 1=1 m=1
S IO I (3 I (3 B SR S SN S | S SR )Hsz“” +
i=1 c=1 ki =1 kip=1 k=1 k. =1 I=1 m=1
WA CHIDINAAOE
i=1 c=1 Jj=1s=1
J#EI S#C

MDYV YV SN o (T S| o | § FT (8)
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Consider some of the amounts included to the right side of relations (8). Let

ic>

k11=1 k1r=1 k,,1=1 k,,r 1 =1 m=1

DINCHOEVI) 393930 W IRFIN QDI I 0 yvc (307} n | B

Im *

i=1 c=1 j=1 s=1

Then

Zl(z,t)zﬂ(t)zn:izn:ipowt//‘,_ﬂ.c(t)z,.ci...i...i...z Plk-1, t)HIL[Zk/’"Zk"

ic? Im “ic
i=l =1 j=I s=1 k=l k=l k=l k=l 1=l m=1

-1 _

AOEEY Y pe s vy Dz X S Y LY Pl ) T 2

ki =1 kyp=1 k=1 k,,r: =1 m=1
B

SAOEESS poye e ()2 ¥, (2.0).

i=1c=1j=1s=1

For the sum

2@0=33 p. e ()kZ] kZI 21 kZﬁ Plesde O =

having:

Y,G0=3Y 4,000~ Y.y Y Y P+l 0] [[] 2l =

m Zic
i=l c=1 ic k1=l k=l ky=1 k,=1 =1 m=1
n r ] o0 0 0 0 k k 1
— Im ct
_ZZ ,Ll,.c(l‘)(lic(t) Z Z Z Z P(k t)HHZ/m Zic
i=1 c=l Zic k=l k=l k=l k=l =1 m=1
DN WAILAI
i=l c=1 ic
nor 1 0 ‘
o m _
_ZZ luic(t)a[c(t) z P(kll’ * lr’ i— lw > 1+1c’ > nr’t)HHZ "=
i=l e=l Zic k=l I=1 m=1
Jj= ln LJ#, I#i
K lr S#EC

=YY w0, ()=, 0.

i=l c=1 ic

because by assumption k. >0, ie. Pk ,...k;, .k, .,0,k >k, ,1)=0,

i=ln,c=Lr.
And finally, for the last sum

DINCUES DIWR)) 3 WIGHED D 3 33 I EEA NIy 1§ 7

i=1 c=1 J=1s=1 k=l k=1 ky=l k=1

/=1 m=1
J#Is#C
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we have:
Y@= u) ﬂ,c,s()
i=1 c=1 Jj=1s=1 Zic

z (kll’ ’klr’ llwk +1’k1+lw ’k]]§9k]§ -1,k k t)X

sV j+l,so000 nps

x
ETME;

l

\.

e n o r b1
Tt -
=1 m=1
l;ei,j
n o r nor © o © o
=3 4.0 Zﬂw() SLLSLY Pk ank’"’ =
i=1 =1 == Zie k=l k=l k=l kel I=1 m=1
n r n or
:Zz /ulc(t)z ﬂiq‘s(t) .1-‘ an(Z’t)_
i=1 c=1 J=1s=1 Zic
n or n or Z o i
- /u[c(t) ﬂm/st ‘ Z (kIID Dklr’kf ILD ’ 1+]L’ ) nr’t)HHZ "=
i=1c¢=1 j=1s=1 Zic kjs =1 =1 m=1
J=Ln,j=i, [#i
s=1,r,s#c
n r n .
=20 K ()ZZ B ()= W (z0).
i=1c=1 Jj=1 lC

for the same reasons as for the sum of z ,(z,0).

Thus, for the generating function we obtain a homogeneous linear differential
equation

i%ﬁﬁ-{{ﬁjﬁmo,anz@mﬁ%m>z:zﬂA)”A)+

i,j=1c,s=1
n r n r ‘l
+;t(t)zl: 1212; pOSjsl//jsic() +Z;Z;/ulc() IL()Z +
i=1c=1j=1s= i c ic
£33 1 O3 81,0 —}T (2.0 )
i=1 c=1 j=1s=1 Zic

Its solution has the form

wn<z,t>:cn<z)exp{ [ sz< )+ 20) oo )+ 3 Y 1, ) ,mo}

i=1 c=1 i,j=lc,s=1

DD W N IINNIRNOEIED 35 WO L0 S

1 s=1 i=l c=1

o

XY u OXY B, ) 22 dt} (10)

i=l c=1 J=1 s=1
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We assume that at the initial time the network is in a state

(g seees Xy 5 X 31 seees X gy seees Xy peees X0, ,0), X, >0, i=Ln, c=1Lr,
P(X 1] s X1, 5 X 0] peees X gy seees X ] geees Xy, 0) =1,

Pk kg sesky, skotskag sesky, susk yy sk g seenk,, ,0)=0,

Vx,.#k,., i=1,n, c=1,r. Then the initial condition for the last equation (10)
w1ll be
Y, (Z 0) P(xlb ’xlr ,X21, ’x2r> 7xnl’ X nr ’O)HHZk]m _HHZIEIIHm .

=1 m=1 =1 m=1

Using this initial condition, we obtain

cn(z>:exp{ [ Hii(yw<r>a,c(t>+z(t)pommow 5 5080

i=1 c=1 i,j=1c,s=1
r n

n r n r 1
+ﬂ“() z ZpOsjsl//jwn() ic+zz#ic(t)aic(t)z +
i=1 c=1 j=1 s=1 i=l c=1 ic
S IN0) I “}dt|,_o}]—[ ZKim (11)
i=1c=1 j=1s=1 Zic /=1 m=1

Thus, we have the assertion which can be summarized as follows:
Lemma 2. If at the initial moment of time QN is in a state

(X seees X 5 X oy seees X g pgeees X p15eees X ,50), X;. >0, i=1Ln, c=1,r, then the express-
ion for\¥Y, (z,t) can be rewritten as (10), where the function C, (z) has the form (11).
We introduce the following notation:

AW =[A@0yde, M, ()= [u,. 0dt, @, (6)=[2)p,. ()dt,
O=Jat O, @t B, 0= [, OB, O,
Yoo O)=[20)y .., @0 ar. (12)
Then, taking into account input notation, we obtain that (12) becomes:

¥, (2.0 =exp H > 3 ()= A 0)+ Pro @, 0)-0, O)+ 3 33,0, (0)|+

i=1 c=1 i,j=1lc,s=1

+
—_
ND;
~
N

|
ND;
=
N
+

+ zn: ip05js (Yjsic (t)_Yjsic (O))Zic

i,j=lc,s=1 i=1 c¢=1 ic
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The last expression can be rewritten as:

i=l c=1 j=1 s=1

T
o
I
N

4e0 -0 [ TS 1 001, 0) oo (EF (4.0- .00 L

Im >

3 508, 0-8,.,0) )} 14

Transform (13) to a form suitable for finding the state probabilities of the net-

work are expand its member exhibitors in a Maclaurin series. Then the following
statement

Theorem. The expression for the generating function has the form

‘Pn(z,t)ZaO(t)lio ,i h i S5 ﬁﬁﬁﬁ[”ﬁé’m )
<[ ¥ 0)-7,.0) ] [4.0)-4.0) ] [B,.()-B,,0)]" 274 ),  (15)

where W = ZH: w;.

=l
Proof. From the relations (13) and (14) and Lemma 2 follows that

Y, (z,0)=a,(t) a(z,1) ay(z,1) a3(Z,t)H H lemlm >
I=1 m=1

where

n r n r

a,(zt)=exp
i=l c=1 j=1s=1

Pows( J\Ic(t)_Yj\“"C (0))Zic}:
:ﬁ lL[ H ﬁexp{pous ( Yjsic (t)_YjSiC (0))2“'}:

i=l ¢=1 j=1 s=I
J#I s#c
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—HHHHZ[pO‘“( sic t)l Y, 0))z, ]/, )

i=l c=1 j=1 s=1 |[; !
J#i s#Ec

BNy

SR IRIRIN [P0 (7)) ,,.00))z,.]"

=0 1,=0 i=l c=
j#l #

Iy 1 Iy

0 0 [ n r
p p rnr ---Z ’ ---an i
= ZZ 0111 0 1 . H H [Yjs’ic (t)_Yjsic (0)]] >

- 1!1! 1,0

i=1 c=1 Zj¢

sen=ep| SEL(0.0-2.0) [T ] L (2.0-4.0)
(

:ﬁ ﬁ i [(Am(’)—Aw(O))Zil]qi _ i i no [ A, (0)-A,0))z;

i=1 c=1¢q;=0 q,! @=0 ¢,=0 i=l c=1 q;!
v [A.()-A,.(0)]"
_ z Z izl =l AN Lt LI
.,
q1=0 ¢q,=0 ql' qn'

=1 c=1 j=I s=1 Zic i=l c=1 j=1 s=1 ic
J#I s#C J#I s#c
n r n r [(B (t) B (0 )Z z -1 ]w,
_ HH Z icjs icjs Js ic _
i=1 c=1 j=1 s=1 w, w; !
J#I S#C

WitWo o tW, Wit Wat. W, W, Wh _
Xz 11 an z 11 z nr

j=1 s=1

1 M8

ey, U Zm

wyl-w,!

"H[HH(B@O) 2,0)) o

nr

LW =wy

Multiplying ay(1), a,(z,t), a,(z,1), as(z,t) and [] [] z}» we obtain the

=1 m=1
expression for the generating function of the form (15).
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4. Example
Let the intensity of the input and services of messages have the form A(¢) = A¢,

,uic(t):yic(costJrl), i=Ln, c=Lr. In this case A(t)z%tz, A0)=0,

M. ()=pu;. (sint+t), M. . (0)=0, i=1,n, c=1Lr. Assume that the probability
—ict

of the messages to join the queue at the time ¢ has the form 7Y (f)=1-e
q) (0) 0 Y, (O):Oﬂ Azc(o) 0 BIL]\(O) Bicj\'(o):()’ ij:l’_nﬂ C,SZI,_}".

icjs

Conditional probabilities ¢, (¢), l//[cjs( 1), «,,(t) and ﬂ,cﬂ() are found from

(2)-(5). Solving a system of linear equations (2)-(5) in the package Mathematica,
you can get their analytical solutions.
Expression (15) takes the form:

© ditW; l,-"‘
SACHIEAO> 0 3 30 30 Y00 o0 11111 | (R Eer O
=0 1,=0 q;=0 q,=0 w;=0 w,=0 i=l c=1 j=I s=I I1q,!w!
x [(//jm O = [yl () dt ] ’ [a,.c (@) (sint +1)~ [, () (sint + 1) dt ] %
X [ B (0 (sint +1)= [ B, (1) (sint +1) dt] i g Xila ) (16)

Suppose that we need to find, for example, the probability of state P(l,1,...,1,¢),

ie. k,,=1, i=Ln, c=1r. Itis the coefficient of z,,,...2,,,....2,,....2,, In

the expansion of W, (z,7) in multiple series (16), so the degree for z,. must satisfy

the relation x, +/, —q, +W =1, i=1,n. Then

PUL.L=a03..Y T3

L Xi+li+ X wi-1 [
o o n r n_r [/’ijl 7 2 J p()lsj.v
h=0 [,=0 w=0 w,=0 i=l c=1 j=1 s=I
LY x, +1, +ij —1{'w!

J=1
J#I

xp+li+ X w1

X [l//jsic (Ot - J‘l//,]-sic (e’ dt]li [ a, (1) (sint+1)— Ia}c (0) (sinz +1)dt ] X

J#i
X+l +W -1
[ﬁ,q\(t) (sinz+1) J‘ﬁm(t) smt+t)dt] Yz, )

Let n=9, number of types of messages » =6. Suppose also that the intensity
MO)=2t, A=10; g1, ()= p, (cost+1), p,; =10, g, =3, ps3=2, pryy =1,
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Hs1=05, pgy =1, p75 =10, p76=2, pgs=3, oy =03, p1gy =06, p193=20,
U4, =13, other intensity messsages service equal to zero. The transition probabili-
ties between QN of messages are: pgo; =1, Por92 =1, Po3o3 =1, Poagsa=1,
Pusi=03, puo=02, puoy=0.1, p193=04, pi119s=0, pir =01,
P2201=02, Pry92=03, Pry93=04, pry9s =0, p3375=0.1, p3336=0.1,
P3301 =03, P339 =04, p3393=0, p3394=0.1, pus01 =07, pus9,=0.1,
P4493 =0, Pusos =02, psin =1, peroa =1, prs33 =1, pre3z =1, pgere =1,

Po111 =05, P9y =05, po333=0.5, Posss =05, pPo3e3 =05, pgyes =05,
other transition probabilities are 0. Consider the time period 1 € [0,7], T =10.

The expression for the time-dependent probability of the state in network sys-
tems obtained by computer using the mathematical calculations package Mathe-
matica. Figure 1 shows a graph of the probabilities depending on the time ¢.

P(L1,...,L0)

1

7x107°
6x107°
5x107°
4x107°

3x107°

0 2 4 6 8 10 ¢

Fig. 1. The chart of the probability of the state P (1,1,....1, )
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