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The main aim of this paper is to provide an analytical approach for the
nonlinear buckling behaviors of toroidal shell segments made by three layers included
honeycomb auxetic-core and two Graphene reinforced face sheets under axial com-
pressive or tensile loads. The auxetic core is designed in a honeycomb form and
three distribution laws of Graphene are considered for two symmetric face sheets.
The homogenization technique for honeycomb auxetic plates and shells is applied to
establish the stiffness formulations of the core. By approximating the doubly curved
coordinate to the simpler coordinate with the Stein and McElman assumption, the
nonlinear basic equations are formulated using the nonlinear Donnell shell theory
and the model of the two-parameter foundation. The Galerkin method can be per-
formed three times for three states of buckling responses and the expressions of the
load-deflection postbuckling curves can be determined. The numerical examinations
present that the bifurcation buckling occurs with both axial tensile and compressive
loads for convex and concave shells and the significantly beneficial effects of auxetic
core and functionally graded Graphene reinforced face sheets on nonlinear buckling
responses of shell segments.
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1. Introduction

The toroidal shell segments are the popular form of the shell of revolu-
tion with double curvature in the circumferential and longitudinal direction [1].
In the case of zero longitudinal curvature, another special form that can be ob-
tained is the cylindrical shell. In general, the toroidal shell segments and cylin-
drical shells are widely applied in industries. The use of advanced materials for
these structures provides a great bearing capacity accompanied by an interest-
ing mechanical behavior. This is also a great motivation for researchers to make
publications on the mechanical behavior of these structures made of various
composite materials.
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The functionally graded ceramic/metal material (FGM) [2] is the first in
the family of functionally graded materials. Therefore, in the last decade, an-
alyzing the mechanical behavior of ceramic/metal FGM cylindrical shells and
toroidal shell segments has become a hot topic. The static buckling and nonlin-
ear postbuckling responses of FGM cylindrical shells were investigated with axial
compression [3], with inelastic material properties [4], with dynamic loads [5],
and with thermal loads [6]. The dynamic behavior of FGM toroidal shell seg-
ments was presented [7] and the vibration problem of FGM conical shells was also
investigated [8]. The orthogonally and spirally stiffened FGM cylindrical shells
were mentioned for nonlinear static buckling under different load types [9, 10]
and the full-filled fluid corrugated FGM cylindrical shells were also investigated
for nonlinear vibration [11].

The new transcendent material is a carbon nanotube (CNT) with nanoscale,
it is an excellent candidate to reinforce matrix materials in the macroscale to form
a new composite material with special properties [12]. The isotropic polymer ma-
trix can be reinforced by CNT respecting a continuous function of the CNT vol-
ume fraction, Shen [13, 14] presented a new functionally graded composite, called
functionally graded CNT-reinforced composite (FG-CNTRC). Static buckling
analysis of FG-CNTRC cylindrical shells and panels were studied using differ-
ent methods, with two-step perturbation method [13, 14], kp-Ritz method [15],
and meshless method [16]. The dynamic behavior of CNT-reinforced cylindri-
cal panels [17] and cylindrical shells [18] was studied and the static buckling of
toroidal shell segments reinforced by CNT in two orthogonal directions of shells
was investigated [19].

Another transcendent material with another allotropic form of carbon is
Graphene [20]. With the two-dimensional form of the honeycomb lattice of car-
bon atoms, Graphene sheets provide a better bond with the matrix material.
A new nanocomposite material called functionally graded graphene reinforced
composite was designed with the piecewise function distributed laws of Graphene
volume fraction [21]. Nonlinear bending [21], mechanical buckling and postbuck-
ling [22–25], thermal postbuckling [26], and nonlinear vibration [27] of FG-GRC
laminated plates and cylindrical shells and conical shells were mentioned. Post-
buckling analysis of FG-GRC laminated toroidal shell segments was studied with
the shell-foundation interaction of Pasternak’s model [28]. The improved smeared
stiffener technique is presented to model the behavior of FG-GRC laminated
stiffeners of FG-GRC laminated cylindrical shells [29–31].

With the negative Poisson’s ratio and the low density, the auxetic-core struc-
tures are known as a light material and excellent in absorbing impact impulses.
For static problems, the auxetic core is used as a light core that increases the total
stiffnesses of structures. The mechanical behavior of auxetic-core structures be-
comes a particularly exciting topic with interesting and unusual results. In recent
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years, many publications have focused on the mechanical behavior of shell-plate
structureswith face coatingsmade of differentmaterials with auxetic cores [32–38].

The current paper analyses the nonlinear axial compressive and tensile buck-
ling behavior of the convex and concave sandwich toroidal shell segments with
the GRC face sheets and auxetic core considering Pasternak’s shell-foundation
interactions. The governing equations are established using the nonlinear Donnell
shell theory and the Stein and McElman assumption [1]. The stress function is
introduced and the Galerkin procedure is applied to obtain the nonlinear equi-
librium equations in the algebraic form. The large effects of the auxetic core,
foundation, geometrical and material properties on the buckling and postbuck-
ling behavior of sandwich toroidal shell segments are investigated in numerical
examples.

2. Shell’s configuration, mechanical characteristics of core
and face sheets

Consider the sandwich toroidal shell segments with the auxetic core and shal-
low curvature in longitudinal direction under axial compressive or tensile load
denoted as r0(in Pa) (see Fig. 1). The axial load is uniformly distributed over the
area of the two ends of the shell. As can be seen in Fig. 1, the toroidal shell seg-

Fig. 1. Configuration, coordinate system and geometrical properties of toroidal shell
segments.
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ments are characterized by the length L, the radius in the longitudinal direction
a, and the radius in the circumferential direction R. In this paper, the governing
equations are established where R is always positive, a > 0 corresponds to the
convex shell, a < 0 corresponds to the concave shell, and a =∞ corresponds to
the cylindrical shell.

The shells are constructed from two Graphene reinforced face sheets and
the honeycomb auxetic core made from matrix material of GRC with h is the
total thickness of the layers. The geometrical dimensions of GRC face sheets,
and of auxetic core can be seen in Fig. 2. Note also that the darker layers
represent more graphene in the GRC layers. In this paper, the graphene volume
fractions for three distributed laws UD, FG-X, and FG-O and the graphene
arrangements in the layers are applied according to [21–23]. The graphene volume
fractions of 5 layers of GRC face sheets from the outer layer to the inner layer
are [0.11/0.09/0.07/0.05/0.03] for FG-X law, are [0.03/0.05/0.07/0.09/0.11] for
FG-O law, and are [0.07/0.07/0.07/0.07/0.07] for UD law.

The orthotropic elastic moduli and shear modulus of GRC layers are pre-
dicted using the Halpin–Tsai model, expressed as [21–23]

(2.1)

EGRC
1 = η1

1 + 2(aGra/hGra)γGra
1 VGraEma

1− γGra
1 VGra

,

EGRC
2 = η2

1 + 2(bGra/hGra)γGra
2 VGraEma

1− γGra
2 VGra

,

GGRC
12 = η3

Gma

1− γGra
12 VGra

,

Fig. 2. Configurations of auxetic core and distribution laws of GRC face sheets.
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with

(2.2)

γGra
1 =

EGra
11 /Ema − 1

EGra
11 /Ema + 2aGra/hGra

,

γGra
2 =

EGra
22 /Ema − 1

EGra
22 /Ema + 2bGra/hGra

,

γGra
12 =

GGra
12 /Gma − 1

GGra
12 /Gma

,

where aGra, bGra are respectively the length, width, and hGra is the effective
thickness of graphene sheet. EGra

11 , EGra
22 , GGra

12 and Ema, Gma are respectively, the
elastic moduli and shear moduli of graphene sheet and matrix. VGra and Vma are
the graphene and matrix volume fractions, respectively, note that VGra+Vma = 1.
The graphene efficiency parameters ηj (j = 1, 2, 3) depend to the graphene
volume fraction VGra [21–23].

The orthotropic elastic moduli, shear modulus and orthotropic Poisson’s ra-
tios of the honeycomb auxetic core layers can be estimated by applying a homo-
geneous technique for auxetic structure, as [33]

(2.3)

EAuxetic
1 = Ema

χ3
2(χ1 − sin γ)

cos3 γ[(χ1 sec2 γ + tan2 γ)χ2
2 + 1]

,

EAuxetic
2 = Ema

χ3
2

(χ1 − sin γ)(tan2 γ + χ2
2) cos γ

,

GAuxetic
12 = Ema

χ3
2

(1 + 2χ1)χ1 cos γ
,

νAuxetic
12 = − (1− χ2

2) sin γ(χ1 − sin γ)

[(χ1 sec2 γ + tan2 γ)χ2
2 + 1] cos2 γ

,

νAuxetic
21 =

(χ2
2 − 1) sin γ

(χ1 − sin γ)(tan2 γ + χ2
2)
,

where χ1 = e2/e1, χ2 = h∗/e1.
In Fig. 1, as can be observed, the shell has two curvatures in longitudinal and

circumferential directions. For a sufficiently shallow toroidal shell in the longi-
tudinal direction, i.e. the radius a is sufficiently large, Stein and McElman [1]
assume that the radius in the circumferential direction of the shell is constant
throughout the longitudinal direction of the shell and is equal to R. This doubly
curved coordinate system can be approximated to a simpler coordinate system.
The geometrically nonlinear Donnell shell theory is employed to formulate the
governing equations of buckling responses of shells under axial compressive or
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tensile loads. The nonlinear relations of the strain-displacement are presented,
as [39]

(2.4)

ε0
x = u,x +

w2
,x

2
− w

a
,

ε0
y = v,y +

w2
,y

2
− w

R
,

γ0
xy = u,y + v,x + w,xw,y,

where ε0
x, ε0

y, γ0
xy denote the mid-plane strains, u, v, and w are the displacements

in x, y and z directions, respectively, R and a are the radii in the circumferential
and longitudinal directions, respectively.

The elastic linear Hooke’s law of orthotropic plates or shells applied for the
considered toroidal shell segments is written as

(2.5) σx = Q11εx +Q12εy, σy = Q22εy +Q12εx, σxy = Q66γxy,

where

Q11 =
E1

1− ν21ν12
, Q12 =

E1ν21

1− ν21ν12
, Q22 =

E2

1− ν21ν12
, Q66 = G12,

with E1, E2 are the orthotropic elastic moduli, G12 is the shear modulus and
ν12, ν21 are the orthotropic Poisson’s ratios of the shells.

The forces and moments of toroidal shell segments with GRC face sheets are
presented, as:

(2.6)

Nx = Asum
11 ε0

x +Asum
12 ε0

y −Bsum
11 w,xx, Nxy = Asum

66 γ0
xy,

Ny = Asum
12 ε0

x +Asum
22 ε0

y −Bsum
22 w,yy,

Mx = Bsum
11 ε0

x −Dsum
11 w,xx −Dsum

12 w,yy, Mxy = −2Dsum
66 w,xy,

My = Bsum
22 ε0

y −Dsum
12 w,xx −Dsum

22 w,yy,

where Asum
ij , Bsum

ij ,Dsum
ij are the sum stiffnesses of shells, determined by summing

the stiffnesses of two GRC face sheets and auxetic core, respectively.
Note that: by summing the stiffnesses of the layers, respectively, the auxetic-

core shell with GRC face sheets is homogenized into an equivalent shell that is
characterized by the sum stiffnesses Asum

ij , Bsum
ij , Dsum

ij .

3. Nonlinear equilibrium equations

The compatibility equation of considered toroidal shell segments is estab-
lished by employing Eq. (2.4), as [39]

(3.1) ε0
x,yy + ε0

y,xx − γ0
xy,xy − w2

,xy + w,xx/R+ w,yy/a+ w,xxw,yy = 0.
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The equilibrium equation system of considered shells combining the shell-
foundation interaction within the nonlinear thin shell theory are expressed as [39]

(3.2)

Nx,x +Nxy,y = 0, Nxy,x +Ny,y = 0,

Mx,xx +My,yy + 2Mxy,xy +Nxw,xx +Nyw,yy + 2Nxyw,xy

+
Nx

a
+
Ny

R
−KWw +KP (w,xx + w,yy) = 0,

where KW and KP are foundation parameters in Pasternak’s model.
An assumption is made here that an introduced stress function ξ(x, y) satis-

fies the conditions

(3.3) Nx = ξ,yy, Nxy = −ξ,xy, Ny = ξ,xx.

Two first equations of (3.2) are completely satisfied if three conditions of
Eq. (3.3) are ensured the governing equations are reduced to two-equation sys-
tem including the last equilibrium equation of (3.2) and the compatibility equa-
tion (3.1), rewritten as

Y1w,xxxx + Y2w,xxyy + Y3w,yyyy − Y4ξ,xxyy − w,xxξ,yy − w,yyξ,xx(3.4)

+ 2w,xyξ,xy −
1

R
ξ,xx −

1

a
ξ,yy = −KWw +KP (w,xx + w,yy),

X1ξ,xxxx +X2ξ,xxyy +X3ξ,yyyy +X4w,xxyy + w,xxw,yy(3.5)

+
w,xx
R

+
w,yy
a
− w2

,xy = 0,

where

X1 =
Asum

11

Asum
11 Asum

22 − (Asum
12 )2

, X2 =
1

Asum
66

− 2Asum
12

Asum
11 Asum

22 − (Asum
12 )2

,

X3 =
Asum

22

Asum
11 Asum

22 − (Asum
12 )2

, X4 = Y4,

Y1 = Dsum
11 −

Asum
22 (Bsum

11 )2

Asum
11 Asum

22 − (Asum
12 )2

, Y2 = 2Dsum
12 + 4Dsum

66 ,

Y3 = Dsum
22 −

Â11(Bsum
11 )2

Asum
11 Asum

22 − (Asum
12 )2

, Y4 =
Asum

22 Bsum
11 +Asum

11 Bsum
22

Asum
11 Asum

22 − (Asum
12 )2

.

Similarly with any types of revolution shells, the closed condition must be
ensured, by using an average relation [3]

(3.6)
2πR∫
0

L∫
0

v,y dx dy = 0.

Nonlinear axial compressive or tensile buckling of considered shells can be
investigated by solving the nonlinear system (3.4)–(3.6).
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4. Chosen solution of deflection and solution method

Consider a simply-supported toroidal shell segments made from three layers,
including the auxetic core and Graphene reinforced face sheets subjected to axial
compressive or tensile loads. Assuming that the chosen solution of deflection is
approximately in the form [3]

(4.1) w(x, y) = κuf + κli sin M̂x sin N̂y + κnl sin
2 M̂x,

where M̂ = mπ/L, N̂ = n/R, with the buckling modes are denoted respectively
by m and n in the longitudinal and circumferential directions.

From Eq. (4.1), the maximum value of the total deflection is calculated by

(4.2) Wmax = κuf + κli + κnl.

Substituting the deflection form (4.1) into Eq. (3.5) the stress function can
be expressed in the explicit form as

ξ = ξ1 cos 2M̂ + ξ2 cos 2N̂ − ξ3 sin M̂ sin N̂(4.3)

+ ξ4 sin 3M̂ sin N̂ − σyh
x2

2
− r0h

y2

2
,

where

ξ1 = κ2
li

n2λ2

32X1m2π2
− κnl

λL

8X1m2π2
, ξ2 = κ2

li

m2π2

32X3n2λ2
,

ξ3 = κli
Ξ1

Γ1
+ κliκnl

m2n2π2λ2

Γ1
, ξ4 = κliκnl

m2n2π2λ2

Φ1
,

Γ1 = X1m
4π4 +X3n

4λ4 +X2m
2n2π2λ2,

Ξ1 = X4m
2n2π2λ2 − L2m2π2/R− L2n2π2/a,

Φ1 = 81X1m
4π4 +X3n

4λ4 + 9X2m
2n2π2λ2, λ = L/R.

Note that r0 is positive for compressive load and negative for tensile load.
The deflection (4.1) and stress function (4.3) are substituted into Eq. (3.4)

after that, the Galerkin procedure is applied. Combining these obtained equa-
tions with the closed condition (3.6), after a calculation process, the new forms
of nonlinear algebraic equilibrium equations presented as

κuf =
J32

2J31
κ2
li −

κnl
2
− J34

2J31
r0,(4.4)

J11 + J12κuf + J13κ
2
li + J14κnl + J15κ

2
nl − J16r0 = 0,(4.5)

κ2
li =
−J23κnl + J24κnlr0

J21 + J22κnl
,(4.6)
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where

J11 = Ψ1 +
Ξ2

1

Γ1
+ L4KW + L2KP (λ2n2 +m2π2),

J12 = n2L2λ2RKW , J13 =
m4π4

16X3
+
n4λ4

16X1
,

J14 =
2Ξ1m

2n2π2λ2

Γ1
− n2λ3L

4X1
+
n2L2λ2RKW

2
,

J15 = m4n4π4λ4

(
1

Γ1
+

1

Φ1

)
,

J16 = m2π2L2h, J21 =
Ξ1

2Γ1
M̂2N̂2 − M̂2n2λ2

16RL1m2π2
,

J22 =
M̂2N̂2m2n2π2λ2

2

(
1

Γ1
− 1

Φ1

)
,

J23 = 4M̂4Y1 +
M̂2

R

λL

4m2π2X1
+
KW

4
+KP M̂

2,

J24 = M̂2h, J31 =
1

R
+X1RKW , J32 =

N̂2

4
,

J34 =
2hAsum

12

Asum
11 Asum

22 − (Asum
12 )2

, Ψ1 = Y1m
4π4 + Y3n

4λ4 + Y2m
2n2π2λ2.

Solving Eqs. (4.4)–(4.6), the relation of load-nonlinear amplitude can be de-
termined, as

(4.7) r0 =

[
J11+

(
J14−

J12

2

)
κnl+J15κ

2
nl−

J12J23J32κnl
2J31(J21+J22κnl)

− J13J23κnl
J21+J22κnl

]
×
(
J16+

J12J34

2J31
− J13J24κnl
J21+J22κnl

− J12J24J32κnl
2J31(J21+J22κnl)

)−1

.

Applying κnl → 0, the upper buckling load corresponding with the bifurca-
tion point of toroidal shell segments can be attained by

(4.8) rup0 = J11/[J16 − J12J34/(2J31)].

Investigating the upper buckling load with all buckling modes, the achieved
minimum value in the case of compressive load and maximum value in the case
of tensile load is called critical buckling load rcr.

The maximal deflection – nonlinear amplitude relation is expressed from
Eqs. (4.4)–(4.6), as
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(4.9)
Wmax

h
=

1

h

[
J32(J24κnlr0 − J23κnl)

2J31(J21 + J22κnl)
+
κnl
2

+

(
J24κnlr0 − J23κnl
J21 + J22κnl

)1/2

− r0
J34

2J31

]
.

Combining Eqs. (4.7) and (4.9), the relation between maximal deflection –
compressive or tensile load of shell can be numerically investigated.

5. Comparison examination, numerical investigations and discussions

In this section, the following consents are introduced:

• For the case of compressive load, the compressive load rc0 = r0, and the
critical compressive buckling load rccr = rcr.

• For the case of tensile load, the tensile load rt0 = −r0, and the critical
tensile buckling load rccr = −rcr.

In Table 1, the critical compressive buckling loads of simply-supported FG-
GRC laminated cylindrical shells (without auxetic core) are validated by com-
paring with the publication of Shen and Xiang [22] which uses the nonlinear
higher-order shear deformation theory with the two-step perturbation method.
The validation cases are compared and acceptable agreements are observed in
this study. It seems that for thick shells (R/h = 20) the differences between the
results of the Donnell shell theory (present results) and those of higher-order
shear deformation theory (Shen and Xiang [22]) are clearly observed.

Table 1. Comparisons of critical axial compressive buckling load
r̄ccr = rccrh2πRh [kN] of FG-GRC laminated cylindrical shells

(R/h = 20, h = 2mm, T = 300K).

GRC arrangements L2/Rh
Present Shen and Xiang [22]

FG-X UD FG-X UD
500 1226.10 (4;4)∗ 1133.55 (4;4) 1154.36 (4;4) 1087.11 (4;4)

(0)10 300 1238.44 (3;4) 1143.80 (3;4) 1167.68 (3;4) 1098.08 (3;4)
100 1194.79 (2;4) 1107.81 (2;4) 1116.33 (2;4) 1056.72 (2;4)
500 1226.49 (4;4) 1134.25 (4;4) 1154.83 (4;4) 1087.81 (4;4)

(0/90/0/90/0)S 300 1238.95 (3;4) 1144.63 (3;4) 1168.23 (3;4) 1098.87 (3;4)
100 1194.88 (2;4) 1108.20 (2;4) 1116.70 (2;4) 1057.20 (2;4)
500 1228.12 (4;4) 1134.94 (4;4) 1156.27 (4;4) 1088.45 (4;4)

(0/90)5T 300 1240.73 (3;4) 1145.39 (3;4) 1169.80 (3;4) 1099.57 (3;4)
100 1196.04 (2;4) 1108.67 (2;4) 1117.73 (2;4) 1057.66 (2;4)

∗the buckling modes (m;n) are presented in the parentheses.
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To illustrate the present approach, the toroidal shell segments are considered
with R = 0.5m, L = 0.75m, a = 2m, h = 0.002m. According to [21–23], the
matrix of GRC face sheets is made from Poly methyl methacrylate (PMMA).
The material properties of graphene and matrix are applied according to the
previous results [21–23]. The PMMA auxetic core are applied by default (χ1 = 2,
χ2 = 0.1, θ = 30◦).

Table 2. The critical compressive and tensile buckling loads of auxetic core
toroidal shell segments with different longitudinal radii (MPa, KW = 107 N/m3,

KP = 105 N/m, L = 1.5R, R/h = 80, h = 4mm, hc = 2mm, hGRC = 1mm, (0/90/0/90/0)S).

Load type Shell type a UD FG-X FG-O

Axial
compressive

loads

Concave
−2R 85.98 (1;3) 86.58 (1;3) 82.52 (1;3)
−4R 140.44 (1;4) 141.42 (1;4) 131.58 (1;4)

Cylindrical ∞ 402.45 (5;6) 399.43 (5;6) 360.44 (5;6)

Convex
4R 429.66 (7;1) 411.46 (7;1) 368.87 (7;1)
2R 430.58 (7;1) 412.33 (7;1) 369.68 (7;1)

Axial
tensile
loads

Convex
6R 1281.64 (1;9) 1271.49 (1;9) 1098.20 (1;10)
4R 826.81 (1;9) 812.50 (1;9) 716.21 (1;10)
2R 532.90 (1;11) 517.17 (1;11) 462.34 (1;11)

The critical compressive and tensile buckling loads of auxetic core toroidal
shell segments in the convex, concave and cylindrical forms by applying different
longitudinal radii are presented in Table 2. The most interesting phenomenon
here is that with convex shells, tensile and compressive critical loads are both ob-
tained, however with cylindrical and concave shells only the compressive critical
loads are obtained. The change tendencies of the critical buckling load respect-
ing the longitudinal radius are also different for convex and concave shells. For
convex shells, the critical buckling compressive loads increase when the longi-
tudinal radius decreases. Inversely, the critical tensile buckling loads decrease
when the longitudinal radius decreases. For the concave shells, the axial com-
pressive buckling loads increase when the absolute values of longitudinal radius
increases. In the investigated results, the longitudinal buckling modes are always
equal to one for axial compressive loads of concave shells and axial tensile loads
for convex shells. For axial compressive loads of convex shells, the circumferential
buckling modes are equal to one. Only the cylindrical shell case, both longitu-
dinal and circumferential buckling mode reach high values. The complexity due
to the nano-effects of graphene can also be observed when in many cases the
critical loads of the UD shell are markedly larger than those of FG-X shell for
the sandwich shell. This result is also consistent with results of Shen [22] for
the FG-GRC sandwich shell.
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Effects of Graphene distributed laws and Graphene arrangements on the
critical compressive and tensile buckling loads of convex and concave solid and
auxetic core shells with comparisons of critical buckling loads between solid and
auxetic cores shells can be recognized in Table 3. As it can be seen that in all
investigated cases the tensile and compressive critical loads of auxetic core shell
segments are lightly smaller than those of solid core shell segments. This demon-
strates that the auxetic core remarkably reduces the mass without remarkably
decreasing the critical load of the shells. Three investigated Graphene arrange-
ments (0)10, (0/90)5T, and (0/90/0/90/0)S with the slight differences of obtained
results of critical buckling loads display the lightly orthotropic characteristics of
Graphene.

Table 3. Critical buckling loads of toroidal shell segments with solid and auxetic
cores (MPa, KW = 107 N/m3, KP = 105 N/m, L = 1.5R, R/h = 80, h = 4mm, hc = 2mm,

hGRC = 1mm).

Core
type

Graphen
distribution

law

Graphen
arrangement

Compressive loads Tensile loads

a = −4R a =∞ a = 4R a = 4R

Auxetic
core

UD
(0)10 140.27(1;4) 402.55(5;6) 429.87(7;1) 825.36(1;9)

(0/90)5T 140.49(1;4) 402.37(5;6) 429.37(7;1) 827.39(1;9)
(0/90/0/90/0)S 140.44(1;4) 402.45(5;6) 429.66(7;1) 826.81(1;9)

FG-X
(0)10 141.21(1;4) 399.43(5;6) 411.62(7;1) 810.82(1;9)

(0/90)5T 141.49(1;4) 399.25(5;6) 410.94(7;1) 813.45(1;9)
(0/90/0/90/0)S 141.42(1;4) 399.43(5;6) 411.46(7;1) 812.50(1;9)

FG-O
(0)10 131.34(1;4) 360.53(5;6) 369.25(7;1) 713.07(1;10)

(0/90)5T 131.58(1;4) 360.49(5;6) 368.93(7;1) 716.26(1;10)
(0/90/0/90/0)S 131.58(1;4) 360.44(5;6) 368.87(7;1) 716.21(1;10)

Solid
core

UD
(0)10 140.55(1;4) 409.90(5;6) 436.34(7;1) 833.52(1;9)

(0/90)5T 140.77(1;4) 409.72(5;6) 435.85(7;1) 835.56(1;9)
(0/90/0/90/0)S 140.72(1;4) 409.80(5;6) 436.13(7;1) 834.97(1;9)

FG-X
(0)10 141.49(1;4) 406.71(5;6) 418.10(7;1) 818.88(1;9)

(0/90)5T 141.77(1;4) 406.54(5;6) 417.41(7;1) 821.51(1;9)
(0/90/0/90/0)S 141.70(1;4) 406.72(5;6) 417.94(7;1) 820.56(1;9)

FG-O
(0)10 131.62(1;4) 367.82(5;6) 375.72(7;1) 719.78(1;10)

(0/90)5T 131.86(1;4) 367.78(5;6) 375.40(7;1) 722.97(1;10)
(0/90/0/90/0)S 131.85(1;4) 367.73(5;6) 375.34(7;1) 722.92(1;10)

Figure 3 presents the effects of core types, Graphene distribution laws and
longitudinal radius on the compressive and tensile postbuckling curves of convex
and concave toroidal shell segments. The comparisons of compressive and tensile
postbuckling curves between auxetic and solid cores, concave and convex shells,
respectively, are shown in Figs. 3a and 3b. Corresponding to the critical load,
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Fig. 3. Effects of core types, Graphene distribution laws and longitudinal radius on the
postbuckling curve of shells.

the postbuckling curves of the auxetic core shells are always lower than those
of the solid core shells and the fairly similar tendencies of their changes can be
observed. It seems that the pre-buckling lines of the solid and the auxetic core
shells are overlapping in the case of compressed concave shells.

Effects of Graphene distribution laws on the postbuckling curves of convex
auxetic-core shell segments subjected to compressive and tensile loads, respec-
tively, are investigated in Figs. 3a and 3b. These two figures present that the
pre-buckling lines of FG-X and FG-O convex toroidal shell segments are over-
lapping in both cases of compressive and tensile loads. Another interesting ob-
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servation is that the postbuckling behavior of the convex toroidal shell segments
is almost linear, and this observation can be confirmed again in Figs. 3e and 3f.
For the shells subjected to compressive loads, the snap-through phenomenon of
the cylindrical shell is the clearest, that of the concave shells is relatively small
and does not appear for convex shells.

Table 4. Effect of geometrical parameters of auxetic core on the critical
compressive and tensile buckling loads of convex shells with Graphene reinforced

face sheets (MPa, KW = 107 N/m3, KP = 105 N/m, L = 1.5R, R/h = 80, a = 4R,
h = 4mm, hc = 2mm, hGRC = 1mm, (0/90)5T ).

Auxetic properties
Graphene

distribution law Compressive load Tensile load

χ1 = 1, χ2 = 0.1, θ = 15◦
UD 429.80 (7;1) 827.40 (1;9)
FG-X 411.37 (7;1) 813.45 (1;9)
FG-O 369.36 (7;1) 716.31 (1;10)

χ1 = 2, χ2 = 0.1, θ = 30◦
UD 429.37 (7;1) 827.39 (1;9)
FG-X 410.94 (7;1) 813.45 (1;9)
FG-O 368.93 (7;1) 716.26 (1;10)

χ1 = 3, χ2 = 0.1, θ = 45◦
UD 429.26 (7;1) 827.52 (1;9)
FG-X 410.83 (7;1) 813.59 (1;9)
FG-O 368.82 (7;1) 716.34 (1;10)

The effects of geometrical parameters of auxetic core on the critical buckling
loads of convex shells with Graphene reinforced face sheets are presented in
Table 4. Because of the very small stiffnesses of the auxetic core in comparison
with the stiffnesses of graphene reinforced face sheets, the effects of geometrical
parameters of the auxetic core on both cases of tensile and compressive critical
loads of shell segments are unremarkable in all considered examinations. This
observation is justifiable with the lightweight cores that are designed to reduce
the mass of structures and to increase the eccentricity of two face sheets.

The effects of thickness of auxetic core on the critical compressive and tensile
buckling loads of convex shells with Graphene reinforced face sheets are presented
in Table 5. In this table, the different core thicknesses are investigated. As it can
be seen, the large increase of critical buckling loads can be obtained when the
core thicknesses increase. Table 6 demonstrates that the effects of the R/h ratio
on the critical compressive and tensile loads of convex toroidal shell segments are
remarkable. For both cases of compressive and tensile loads, the critical buckling
loads strongly increase with the decreases of R/h ratio.

Effects of auxetic core thickness and R/h ratio on the postbuckling curve of
shells are presented in Fig. 4. The figures show that the pre-buckling lines of
the convex shells with different auxetic core thicknesses are overlapping in both
cases of compressed and tensile loads while the markedly different tendencies of
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Table 5. Effects of thickness of core layer on the critical compressive and tensile
buckling load of convex toroidal shell segments (MPa, KW = 107 N/m3,

KP = 105 N/m, R = 0.32m, a = 4R, L = 1.5R, hGRC = 1mm, (0)10).

hc [mm] UD FG-X FG-O
Compressive load

0 354.49 (11;1) 355.73 (10;1) 286.45 (12;1)
1 399.47 (8;1) 387.86 (8;1) 338.79 (8;1)
2 429.87 (7;1) 411.62 (7;1) 369.25 (7;1)

Tensile load
0 628.73 (1;14) 643.96 (1;13) 529.22 (1;15)
1 715.82 (1;11) 718.68 (1;11) 611.72 (1;11)
2 825.36 (1;9) 810.82 (1;9) 713.07 (1;10)

Table 6. Effect of R/h ratio on the critical compressive and tensile buckling
loads of convex toroidal shell segments (MPa, KW = 107 N/m3, KP = 105 N/m,

L = 1.5R, a = 4R, h = 4mm, hc = 2mm, hGRC = 1mm, (0)10).

R/h
Graphene

distribution law Compressive load Tensile load

60
UD 563.33 (6;1) 1169.82 (1;9)
FG-X 538.80 (6;1) 1155.38 (1;9)
FG-O 483.23 (6;1) 994.37 (1;9)

80
UD 429.87 (7;1) 825.36 (1;9)
FG-X 411.62 (7;1) 810.82 (1;9)
FG-O 369.25 (7;1) 713.07 (1;10)

100
UD 350.39 (7;2) 650.26 (1;10)
FG-X 332.71 (7;1) 639.27 (1;10)
FG-O 301.52 (8;1) 570.66 (1;11)

Table 7. Effects of stiffnesses of foundation on the critical compressive and
tensile loads of convex toroidal shell segments (MPa, L = 1.5R, R/h = 80, a = 4R,

h = 4mm, hc = 2mm, hGRC = 1mm, (0/90)5T ).

KW [N/m3] KP [N/m]
Graphene

distribution law Axial compression Axial tension

0 0
UD 403.04 (7;1) 661.17 (1;9)
FG-X 384.61 (7;1) 645.93 (1;9)
FG-O 342.60 (7;1) 555.88 (1;9)

107 105

UD 429.37 (7;1) 827.39 (1;9)
FG-X 410.94 (7;1) 813.45 (1;9)
FG-O 368.93 (7;1) 716.26 (1;10)

1.5× 107 1.5× 105

UD 442.54 (7;1) 911.13 (1;10)
FG-X 424.11 (7;1) 899.79 (1;9)
FG-O 382.10 (7;1) 795.04 (1;10)
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Fig. 4. Effects of auxetic core thickness and R/h ratio on the postbuckling curve of convex
toroidal shell segments.

Fig. 5. Effects of elastic foundation stiffnesses on the postbuckling curves of convex and
concave shells.

pre-buckling lines and postbuckling curves can be observed with different R/h
ratios.

Table 7 shows the effects of shell-foundation interaction on the critical com-
pressive and tensile buckling load of toroidal shell segments with Graphene re-
inforced face sheets. Clearly that the critical buckling load remarkably decreases
when the two stiffnesses of foundation decrease. Figures 5a and 5b present the ef-
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fects of shell-foundation interaction on the postbuckling curves of toroidal shell
segments. As it can be observed, the compressive postbuckling curves of the
convex shells with different foundation stiffnesses are almost parallel. The ten-
sile pre-buckling lines are overlapping, while there occur the small differences of
compressed pre-buckling lines with different foundation stiffnesses occur.

6. Conclusion remarks

An approach of governing equations of toroidal shell segments with auxetic
core and Graphene reinforced face sheets subjected to axial compressive or ten-
sile loads and surrounded by elastic foundation based upon the nonlinear Donnell
shell theory and the homogenization technique for auxetic layers with the Stein
and McElman assumption is presented in this paper. The most interesting re-
marks can be obtained from the present analysis:

• The bifurcation buckling phenomenon appears in both cases of axial tensile
and compressive loads for auxetic-core shells. There is no critical buckling
load for the concave shells subjected to axial tensile load.
• The postbuckling behavior of the convex shells is almost linear. For convex

shells subjected to compressive loads, the snap-through phenomenon of the
cylindrical shell is the clearest, that of the concave shells is relatively small
and does not appear for convex shells.
• Auxetic core, shell-foundation interaction, Graphene distributions and ar-

rangements, and geometrical parameters largely influence on the nonlinear
buckling behavior of toroidal shell segments.
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