& sciendo
Control and Cybernetics

vol. 51 (2022) No. 2
pages: 227-248
DOI: 10.2478 /candc-2022-0015

On the robustness of the topological derivative for
Helmholtz problems and applications®

by

Giinter Leugering', Antonio André Novotny? and Jan Sokolowski®

'FAU Senior Fellow of Applied Mathemathics, Department of Data Science,
Friedrich-Alexander-Universitit Erlangen-Niirnberg (FAU),
Cauerstrasse 11, 91058 Erlangen, Germany
2 Laboratério Nacional de Computacao Cientifica, LNCC/MCTI,
Coordenacao de Métodos Mathematicos e Computacionais,

Av. Getilio Vargas 333, 25651-075 Petrépolis — RJ, Brazil
3Systems Research Institute, Polish Academy of Sciences,
Newelska 6, 01-447 Warszawa, Poland

Abstract: We consider Helmholtz problems in two and three
dimensions. The topological sensitivity of a given cost function J(u.)
with respect to a small hole B, around a given point zo € B, C )
depends on various parameters, like the frequency k chosen or certain
material parameters or even the shape parameters of the hole B..
These parameters are either deliberately chosen in a certain range,
as, e.g., the frequencies, or are known only up to some bounds. The
problem arises as to whether one can obtain a uniform design using
the topological gradient. We show that for 2-d and 3-d Helmholtz
problems such a robust design is achievable.

Keywords: topological derivative, shape optimization, inverse
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1. Introduction

1.1. General framework of compound asymptotics method for ellip-
tic boundary value problems

An efficient method of shape and topology optimization is called the topological
derivative method, see Novotny and Sokotowski (2013, 2020). In contrast to the
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boundary variations technique, the shape gradient obtained by the topological
derivative method allows for the topology changes of the domain of integration.

The topological derivatives (TD) are obtained using the asymptotic methods
for singular perturbations of geometrical domains for elliptic PDE’s. In practice,
the continuous TD is used for the associated discrete problems. Namely, the
approximation of solutions to the PDEs by the finite element (FE) method is
employed in numerical methods of shape and topology optimization. Therefore,
the robustness with respect to parameters of formula for TDs is required to
obtain meaningful numerical results by an application of the TD method in
shape optimization or in inverse problems. Such results are derived here for the
representative case of the Helmholtz boundary value problems. The method
used is general and could be repeated for the elliptic boundary value problems.
The numerical results confirm the robustness of TD for a model problem useful
for applications.

The technique, used for approximation of solutions to boundary value prob-
lems with small size geometrical singularities, employs the so-called interior and
exterior asymptotic expansions in two regions of the geometrical domain. The
asymptotic expansions depend on the small parameter, which measures the size
of the defect. Let us recall that the size of the defect in the form of a hole is
measured by its Newtonian capacity. We refer for the details to the monograph
by Arlen M. I'in (1992).

1.2. The topological derivative method in shape optimization

The topological derivative has been specifically conceived to provide a precise
information on the sensitivity of a given shape functional with respect to topo-
logical domain perturbations. It appears in the first term of the asymptotic
expansion of the shape functional with respect to a small parameter measuring
the size of the perturbation under consideration, typically a hole, an inclusion,
a source-term, or a crack.

The origin of the topological derivative method in optimal design can be
dated to the work by Schumacher (1995) on the optimal location of holes within
elastic structures. It is nevertheless worth mentioning the prior related mathe-
matical developments on the asymptotic behaviour of solutions to singularly per-
turbed boundary value problems and on the notions of polarization and capacity
matrices. These objects are essential ingredients in the formulation of topologi-
cal derivatives. The first mathematical justifications for topological derivatives
in the framework of partial differential equations are due to Sokotowski and
Zochowski (1999) and Garreau, Guillaume and Masmoudi (2001), in the con-
text of the Poisson equation and the Navier system for Neumann and Dirichlet
holes.

In the last decade, the topological sensitivity analysis has become a rich and
fascinating research field that combines the modern theory of calculus of vari-
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ations, partial differential equations, differential geometry, numerical analysis,
physics, engineering and computational mechanics. The field grew up rapidly to
develop many extensions and address a variety of physical and industrial prob-
lems. The topological derivative method has applications in shape and topology
optimization, geometrical inverse problems, image processing, multi-scale mate-
rial design and mechanical modelling, including damage and fracture evolution
phenomena. See, for instance, the books by Novotny and Sokolowski (2013,
2020), and by Novotny, Sokotowski and Zochowski (2019).

In this paper, we consider a class of shape/topology optimization problems
governed by the Helmholtz equation in two and three spatial dimensions. The
topological derivatives, associated with the nucleation of inclusions as well as
holes endowed with homogeneous Dirichlet or Neumann boundary conditions,
are presented. In particular, we show that the topological derivative is robust
with respect to variations in the working frequency and system parameters.
Finally, we present some applications of the topological derivative method in
the context of imaging of small scatters from boundary measurements.

2. Shape optimization for Helmholtz boundary value prob-
lems

The problem, which we want to consider in this paper is motivated by applica-
tions in acoustic and electromagnetic scattering, in which, according to a given
cost or merit function, the topology of the domain has to be optimized, in par-
ticular using topological sensitivities. More specifically, given a domain €2 C R
d = 2,3, we consider solutions u(x,t), (x,t) € Q x [0,T] of the wave equation
(Assous, Ciarlet and Labrunie, 2018)

0? )

= Au, in Qx(0,7T)

u=0 onTyx (0,T)

d 9 (2.1)

%u:'yau—i—h onI'y x (0,7)

u(+,0) = uo, %u(-,O) =uwu; in Q,

where 002 = I'g UT';. Upon denoting ug := w one is interested in evaluat-
ing a cost-function J(2) := J(ugp). One then poses the shape- or topology-
optimization problem

(@) = inf J(9), (2.2)

where 2 may be chosen in a given class of sets. See Sokolowski and Zolésio
(1992), Henrot and Pierre (2005) as standard references in shape optimization.
While the classical 'speed-method’ in shape optimization, where the shapes un-
dergo a flow driven by ’shape-gradients’, will not allow for topology changes,
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the notion of ’topological gradients’ aims precisely at ’digging a hole’ into the
domain, thereby changing the topology locally, which gives rise to further in-
spection, e.g., using the speed-method.

To be more precise, let us introduce an open subset B C R? such that 0 € B
and a point xg €  such that B.(zg) := 29 + eB C Q, Ve € [0,€y). Then one
introduces the topological derivative as follows

T(ao) = lim LA Pe0)) = J(Q)

2.3
=07 | Be(o)| 2

If T(x0) < 0, then a topology change at xy will decrease the cost function,
and, consequently, a shape-step may be used or the procedure is repeated in
the neighborhood of x( etc. This procedure has been developed in Sokolowski
and Zochowski (1999a,b, 2001). Topological sensitivities have become a major
tool in shape and topology optimization. See Amstutz & Novotny (2010), Mas-
moudi, Pommier and Samet (2005), Allaire, Jouve and Toader (2004), mostly
for the analysis of classical material and numerical implementation, and Bon-
net and Guzina (2004), Guzina and Chichikev (2007), Hintermiiller (2005) and
others for applications, e.g., in mechanical engineering, geophysics and medical
imaging. The number of articles has increased tremendously, so that seeking a
complete list of references is inordinate. See the special issue on the topological
derivative method and its applications in computational engineering, recently
published in the Engineering Computations Journal (Novotny, Giusti and Am-
stutz, 2022), covering various topics ranging from new theoretical developments
(Amstutz, 2022; Baumann and Sturm, 2022; and Delfour, 2022) to applica-
tions in structural and fluid dynamics topology optimization (Kliewe, Laurain
and Schmidt, 2022; Romero, 2022; and Santos and Lopes, 2022), geometri-
cal inverse problems (Bonnet, 2022; Canelas and Roche, 2022; Fernandez and
Prakash, 2022; Le Louér and Raptn, 2022a,b), synthesis and optimal design
of metamaterials (Ferrer and Giusti, 2022; Yera et al., 2022), fracture mechan-
ics modelling (Xavier and Van Goethem, 2022), up to industrial applications
(Rakotondrainibe, Allaire and Orval, 2022) and experimental validation of the
topological derivative method (Barros et al., 2022).

Among the problems of mathematical physics that have been investigated so
far are Helmholtz-type problems in 2-d and 3-d, where we would like to mention
in particular the work by Samet et al. (2003). Even though the time dependent
problems like (2.1) have been considered recently, many questions remain open.
In mechanical engineering one is typically interested in the behavior of the
system for a particular range of frequencies rather than for the time-evolution.
Therefore, one introduces the time-harmonics as follows

u(z,t) = e*u(x), h(z,t) =™ h(x). (2.4)
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Using (2.4) in (2.1) we obtain a Helmholtz problem of the form

Au+k*u=0 inQ
u=0 on Iy (2.5)

2u —viku =h on I'y,
on

where u is now a complex quantity.

Topological derivatives for problems like (2.5) have been investigated, e.g.,
in Samet, Amstutz and Masmoudi (2003), where in the 2-d case the set T'g is
assumed to have positive measure, whereas in the 3-d case Neumann conditions
hold throughout I'. Quite obviously, the topological derivative developed there
depends on the frequency parameter k£ chosen, and thus the topology may de-
pend on the frequency. This is certainly undesirable, as one typically has to
deal with a whole frequency range I := [ko, k;1]. Therefore, the natural ques-
tion is as to whether an 'average-design’ can be derived from the knowledge of
T (zo; k). A similar question arises when one has to account for uncertainties
in some other physical parameters of the problem. Finally, the shape of the
bona-fide topology change may play a role in the design. A first approach in
dealing with robustness problems regarding topological sensitivities has been
presented by Hlavacek, Novotny, Sokolowski and Zochowski (2009). There, the
authors introduce a worst-case design and a so-called maximum range design.
They develop the concept in the context of 2-d and 3-d elasticity, where the
robustness is investigated with respect to changes in the material parameters,
only. In this paper we focus on 2-d and 3-d Helmholtz problems (2.5) and con-
sider robustness with respect to frequencies, data and geometry of the holes or
inclusions.

3. Notation and basic facts

3.1. The 2-d Helmholtz problem with Dirichlet conditions at the
hole

We first consider a 2-d problem with partial Dirichlet conditions (Samet, Am-
stutz and Masmoudi, 2003). In order to make our analysis transparent, we need
to introduce some notation. To this end we denote

Vo :={ue H (Q)u=0onTy}

as the reference (complex) ’energy-space’. For the sake of simplicity, we as-
sume that v = 1 in (2.1). We may extend k to the complex plain K :=

{k € C|S(k) > 0}, and let h € HO%O(Fl)*7 the dual of

HO%O(Fl) = {tr|1"1’l)7 v e Hl(Q)7 v = 0 on Fo} .
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Then we consider the Helmholtz problem (2.5). We are now going to drill a hole
into the domain . In this first example, for the sake of simplicity, we take a ball
Be(x0) of radius € around x and define its complement in Q as Q. := Q\ B,,
whereas the boundary of the hole is denoted by X = 0B (o).

In 2. we consider, as in Samet, Austutz and Masmoudi (2003), the perturbed
problem

Au, + k*u, =0 in Q.
Ue = 0 on FO (3 6)

—u — tkue = h on I'y.

on
In order to solve (3.6) one introduces the reference space

Ver={ue H(Q)u=00onTy, u=0onXp}.

However, it is more convenient to introduce the Dirichlet-to-Neumann map
or the Steklov-Poincaré operator S* in order to decompose the problem. To
this end we introduce Qg := Q \ Bc and the annulus D, := Bgr \ B(7o). Let
now u¥ be the solution of the Helmholtz problem on the annulus D,

Au? + k¥ =0 in D,
u? =0 on %, (3.7)
uw¥ =0 on Xp.

We now define the Dirichlet-to-Neumann map as follows
S:H?*(SR) — H *(Sg)
SE(W) = Vul nls,.
Equipped with this map, we can solve the original problem on € via
Auf + k*uf = 01in Qp
uf =0 on T

9 g k, R
—u, +S’u; =0on Xp

on

R _ . R _
—u, —itku =honI;.

on
It is apparent that

u? = uf on Tg
0
6‘nD‘

(3.10)

ug’—i— uszonZR

8nQR
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constitute the correct transmission condition in order to conclude u, = uf‘ on D,
and u, = uf* on Qg such that u, solves (3.6). Again, in connection with problem
(3.9) one introduces the space Vg := {u € H*(Qg)|u = 0 on I'y}. Then one can
derive the following variational form of (3.9). We first define the corresponding
sesquilinear form and the 'right-hand-side’

ac(u, vy k) == /Vu - Vodr — k? /uﬁdw
Qr

“n (3.11)
+ /(Sfu)ﬁdv - ik/u@d% Yu,v € Vg
ER 1_‘1
L(v) = /hﬁd’y, Yv € Vg. (3.12)
Iy

We are now in the position to state the variational formulation of (3.9)

Find uf! € Vi such that
(3.13)

ac(ult,v;k) = L(v), Yo € Vg.

By Proposition 3.1 in Samet, Amstutz and Masmoudi (2003), problem (3.13)
admits a unique solution. Notice that the only appearance of the parameter €
in (3.9) is via the Steklov-Poincaré operator S¥. We may then let ¢ = 0 and
consider

Aug’ + k2ug =0 in Bg(zo) (3.14)
ug’ =1 on Xg ' '
The associated variational formulation is
Find u{’ € Vi such that (3.15)
ao(ug,v;k) =/{(v), Yv € Vg, '

where ag(u, v; k) is obtained by letting € = 0 in (3.13). The crucial point is that
the problem (3.7) can be solved explicitly using Bessel-functions, see Samet,
Amstutz and Masmoudi (2003).

REMARK 3.1 We need Bessel-functions in order to evaluate the form of topo-
logical derivative, required for computations. We assume also that the cost func-
tional u s J(u) is defined on the fized, truncated domain Qg and it depends on
the solution of the variational problem in the truncated domain. In this way we
replace the singular geometrical perturbations of Q by the regular perturbations
of the Steklov-Poincaré operator in the boundary conditions.
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Following Samet, Amstutz and Masmoudi (2003), we obtain:

B In(kr)Y, (ke) — T, (ke) Y, (kr)
CUEDY Jn(kR)Y,, (ke) — Yo, (kR) Iy (e)

P e? (3.16)
nez

S0 = b 3" nlb¥alko) = Ju(ko)Y (kr)

neZ Jn(kR)Y, (ke) — Yo (kR)Jy (ke) Yne, (3.17)

where (r,0) are the polar coordinates, 1,, are the Fourier-coefficients of ¢ and
Jn, Y, are the Bessel-functions of type I and II, respectively. With ¥ and S* we
can solve (3.9) and uf, u®i satisfy the transmission conditions (3.10). Moreover,

the solution to the problem for ¢ = 0, together with the Steklov-Poincaré map
Sk, satisfies

u;)b('ra 9) = Z Jn(kr) ¢nein9

neZ Jn(kR)
J (kr) (3.18)
Sk 0) = k n\RT n in
0’¢(T, ) ZJn(kR)w €
nez
so that the following crucial asymptotic expansion is valid
-1 -1
Sh-8h——5 . =o(~— 3.19
H € 0 IOgG S||L',(H%(ER),H77(ER)) 0(10g6)7 ( )

where dg is a linear mapping of the form

and V,, are the Fourier coefficients of W.

Hence, the difference of the corresponding forms satisfies

aclu,0ik) ~ aofu,vik) = [ (8F = Sfyundy

o 1 %umcanm—‘r
~ loge R Jo(kR)? o

where u™e"

v™eN denote, respectively, the mean values of u and v on Y.

For the sake of simplicity we assme that the shape functional is given by an
integral expression, defined on the truncated domain Qr. Most of the results
are valid in the general case. We need also some expansion of the cost with
respect to the state in order to define the appropriate adjoint state p and derive
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the simple form of topological derivatives. To this end we introduce a linear
mapping v + L,z (v) for all directions v, states u and frequencies k.

Let now the cost function admit the expansion
J(uA4v;k) = J(u; k) +RL ) (v) + o([[v]lvg), (3.20)

where J(-) is defined on Qp, i.e. on the fixed domain. This assumption is
justified, in particular, when J(-) is defined on or close to the boundary T'. Let
then pg solve the adjoint problem

ao(v,p0; k) = —Lyy,k) (v), YV € Vg; (3.21)

then the following asymptotic expansion holds

mean ,mean
2r | ug Do

T k) = 00 K) == oy PG R) Tolk)

+..., (3.22)

where one has to notice that uglo, = ul and pola, = pd. The topological
gradient at x = zo with respect to a ball is therefore given by
uronean pbnm

Jo(kR) Jo(kR)’

see Samet, Amstutz and Masmoudi (2003).

T (zo;k) =R (3.23)

3.2. Helmholtz problem with Neumann condition in 2-d and 3-d

In a second example we consider the 2-d and 3-d Helmholtz problems similarly as
discussed by Amstutz (2006) in the context of the modified Helmholtz equation,
where no Dirichlet condition is used along I' and where the problem formulation
admits inclusions as well as holes with the additional freedom of having more
general shapes of the inclusion and holes, respectively. The problem formulation
is as follows

V- (a.Vue) + Beue =0 in Q
3.24
2uE—Auezh on I'. (3:24)

on

1

Here, A € L(Hz ('), H~2(T) is a boundary operator, e.g. Au, = ifcue, as in
the last section, which is supposed to satisfy a dissipative condition

R / (Ad)ddy < 0 Vo € HE(T). (3.25)
I

The coefficients in (3.24) are piecewise constant and satisfy

if Q if Q
Qe = a0 1 TES , Bei= Po 1 TES (3.26)
ap ifx e B, 61 ifz € Be.
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Notice that now, the set B, is not necessarily a ball of radius € > 0 around
2o as in the last sections. There is a variety of cost functions that one may
be interested in. Nevertheless, three of them seem to play a major role in the
applications.

ExXAMPLE 3.1 We consider the examples of cost functions as follows.

1. The tracking cost functional as one of the most suitable ones for applica-
tions in this context. Here we have

J(ue; ) = /ae\ue — ud\Qd:p
Q

with ug € H*(Q). The linear operator Ly (u,a.)(v) obviously is

Liy,an(v) = 2/aev(u —uq)dz, Yv € Hl(Q)
Q

In this case one has to take into account variations of J with respect to
ae. Namely

6J == (a1 — ap)|Bl|u — ug|*.

2. A functional involving the gradients is given by

J(ue; ) z/\V(uE —ud)\Qd:v
Q

with ug € H3(Q). Here the variations to be considered are given by

Lya.)(v) =2 / VoV (u — ug)dx
Q

and
6. i= (a1 — ag) { Vu(zo) " PVulo) + | BIIV (u(wo) — ualo))* }
with a matriz P to be specified later (for a particular case).

8. A functional concentrated on the boundary I" is given by

J(ue) = /\uE — ug|?ds
r

with ug € H3/?(T). Here, the variations to be considered are given by

Liasy(v) =2 / o(u—ug)ds and 6J = 0.
I
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In these cases, the topological derivative is analogous to the one derived by
Amstutz (2006) in the context of the modified Helmholtz equation, namely:

EXAMPLE 3.2 We give examples for inclusions first.
1. We first provide the results for a ball B := B1(0) around xz¢ =0

do (Oél — ) J— -
@ Dt s BIVu(O)VP0) — (31 — 60) Blu(Op(0) + 5,1} .

(3.27)

T(0; ) :9%{

Notice that d = 2,3 is the dimensionality.
2. In the case of an ellipse with half-axis a,b one has in the 2-d case

T(0;0) = R {(m — ) Vu(0)P'Vp(0) — (81 — Bo)mabu(0)p(0) + 5J} :

(3.28)
where the matriz P’ is given by
ap(l4a)+aq (b—1) 0
/ xpaT+o
P = 7Tab 0 6_ 1b a0(1+b)+o¢1(a—1) . (329)
apbt+aia

4. Continuous dependence on frequencies
4.1. The 2-d Dirichlet case

The purpose of this section is to prove the continuity of the topological gra-
dient T (x;k) (3.23) with respect to the frequency parameter chosen in K =
{k € CISk >0, Jo(kR) # 0}.

LEMMA 4.1 Let uf,pk be the solutions of

ap(u,v; k) =L(v), Vv eV (4.30)
ao(v, p; k) = = Lyg;k)(v), Yo e V
for k € KK, where ag(u,v; k) is given by
ap(u,v; k) = /VuV@d:c — k? /uﬁdw - ik/uﬁd’y; (4.31)
Q Q '
then the mappings
£ — VvV
k ke (4.32)

koo— (), po()

are continuous.
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PrROOF We have, according to (4.31),
ao(u,v; k) = ag(u, v;0) — k? /u@dm — ik/u@d%
Q r

where

ap(u,v;0) = /VuV@dx
Q

is the classical form associated with the Laplacian. Therefore, we obviously
have the standard ellipcity estimates
{ collulli,o < fulr.0 = ao(u, u; 0)

4.33
ap(u,v;0) < Cllu (4.33)

1o/, Yu,v e V.

Let a sequence {k, }nen C K be given such that k, — k as n — oco. Let
u, = ug® € V be the associated solution, i.e.

ag(tn,v;0) = ki/unﬁdx + ikn/unﬁd'y +Ll(v), VoeV (4.34)
Q I
and let uf solve
ao(uf, v;0) = k? /u’éidm + ik/u’é@d’y +/4(v), Yo e V. (4.35)
Q r,

We first show that w, is bounded. Indeed, otherwise ||u,|1,0 — oo as
n —> oo. However, then z, := Hu:ﬁ is a sequence with ||z,[/1,o within the
Hilbert space V. Therefore, upon possibly choosing a subsequence, we have

2, ~ z weakly in V with ||z]|;.q = 1. We divide (4.34) by ||u,||1.o and obtain

ag(zn,v;0) = kz/znﬁdaz + ikn/znﬁdv + l(v), Yo e V. (4.36)

Q I

[unll10

Because of z, — z in H'(f2), we may pass to the limit in (4.36) and obtain

agp(z,v;0) = kz/znﬁdx + ikn/z@dv Yo e V. (4.37)
Q ry

Since k € K, we conclude that z = 0, in contradiction to ||z]|1,q = 1. Thus,

{tn }nen is a bounded sequence in V' C H'(Q), and hence u,, ~ u in V. By
the compact embedding of V' into H := L*(Q) and into L*(T), we obtain

Up 2y inV
Up —u in L*(Q) (4.38)

Up — u in L2(T).
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We show that u = uf. Indeed, we may pass to the limit in

ag(tUn,v;0) = k%/unﬁdx + ikn/unﬁd'y +Ll(v), VoeV (4.39)
Q I

in order to obtain
agp(u,v;0) = k2/uida: + ikj/uidw +/4(v), Yo e V. (4.40)
Q r

By the uniqueness of the solutions to (4.40), we conclude that u = uk.

Finally, we show that w, — uf strongly in V. Indeed,

COH“H_UJOHIQ<GO( —u'&un uo, 0)

< al? [ o = b +102 - ) H/uo un — ) da
J (4.41)

+|kn\/\un B2y [ —kn/uo wn — ).

Using the convergence properties (4.38) we conclude u, s win V. As
for the adjoint state, according to our assumptions on J(-), the mapping k —
Lyi1y is continuous. We have

ao(v, p; k) = —Lys iy (v), VweVk e K. (4.42)

Certainly

k k k k
C < = q , P03 0
{ O||p0||1,ﬂ = |P0|1,Q 0(190 Po ) (1. ]3)

ao(v.p;0) < Clpklallvll e, Vo € V.

Let again {k,}nen C K be a sequence converging to a k € K, and let
Pn = plgn be the associated solution to

ao(v,pn;0) = k2 /vaﬂ)dx + ikn/vmdv — J (un; k)(v), Yo € V. (4.44)

As u, — uf and L, ik, — L(ug;k)7 the same argument as in the first
part of the proof applies to {p,} and, hence, this sequence is bounded as well.
Precisely the same arguments as above apply also for the passage to the limit.
We obtain

ao(v,p; 0) = k2 /vﬁvdx + ikn/vﬁd’y = Lusny (v), Yo € V.
Q IS
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However,
collpn — Pll1e < ao(PN — pf.pn — pb; 0)
= aO(pn _plgap7z; 0) - C(,o(pn _p§7p§; k)

k2 /(pn —plé)lTndx‘*‘lk‘n/ Pn _plg)pindfy
Q

—k? /( po podx —iky / po po

7L(un;kn)(pn - pO) + L(ugk) (pn 7p0)
= ki/(pn — p8) Py — pf)dz

Q

(4.45)

2 ) / (9 — PPz + i — ) / (b — PR
Q Iy

~(Luit) = Leus i (n — p6) — 0.
This shows that p, — pk and that the mapping k — p is also continuous. O

REMARK 4.1 The arguments in the proof of Lemma (4.1) can also be applied

to show the continuity of the solutions uk,pk with respect to the right hand side
h.

THEOREM 4.1 The topological gradient T (xo; k), given by (3.23), is continuous
with respect to the parameter k and the right hand side h.

PrOOF The statement is now obvious from the continuity of the functions
uk, pk and the representation of the topological gradient in (3.23). O

4.2. The 2-D and 3-D Neumann case

We now briefly discuss the topological gradients (3.27), (3.28) for the 2-d and
3-d problem (3.24). The difference with the analysis of the problem (3.6) lies in
the appearance of the parameter aq in the problem on the entire unperturbed
domain, and, if considered, the possible generality of the operator A. Moreover,
according to the Neumann conditions everywhere, the reference space in Lemma
4.1 has to be adjusted for the case under consideration, i.e. one has to work in
the space

Vo = {u e H'(Q)| /udx s

In addition, as A satisfies the dissipativity inequality (3.25), variations in A
can be treated in the same way as those handled in Lemma 4.1. It is further
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obvious that the solution of the problem without any perturbation does not
depend on the parameters (31, a,b. Therefore, the only dependence that has to
be taken into account in addition to Lemma 4.1 is the dependence of ug, pg on
the parameter ag. To include this into Lemma 4.1 is an easy exercise. Indeed,
in Hl avacek et al. (2009), where the Lamé system is investigated with respect to
variations in the coefficients, such a parameter dependence has been discussed
for a more complex problem. Thus, we may archive these arguments in the
following

THEOREM 4.2 The topological gradients (3.27) and (3.28) are continuous with
respect to the parameters g, a1, Bo, 1, a, b.

REMARK 4.2 Notice that b may be taken equal to zero, to the effect that the
hole degenerates to a straight crack.

5. The concept of robustness for the topological deriva-
tive with respect to variations in frequency and system
parameters

In the paper of Hlavicek et al. (2009), the authors introduced two notions
for the robustness of topological derivatives with respect to changes in system
parameters, in fact, the Lamé moduli given in elastostatics. We adjust the
definition given in Hlavacek et al. (2009) for the situation discussed in this
paper.

DEFINITION 5.1 Let us consider the topological derivative x — T (x; (k, P)),
with the parameter set P € P replaced by the boundary data

e ={hllhl,; ..}

We say that we have a worst-case scenario, if

(k*,h*) = arg (k’}glealé(XHT(w; (k,h)). (5.46)

We say that we have a mazimum-range scenario, if

# BH#) — ; .
(K7, h7) = arg (k,hr)nellrchHT(x, (k,h)). (5.47)

We are thus looking for the upper and lower bounds of the topological deriva-
tive with respect to the frequency range and the data. The obvious result now
is as follows.

THEOREM 5.1 Problems (5.46) and (5.47) have at least one solution.

PrOOF For the proof we notice that the set IC x H is compact, which, together
with the continuity of the topological gradient, gives the result. a
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6. Imaging of small scatters from boundary measurements
6.1. The setting

We consider the problem of reconstructing a set of small scatters from boundary
measurements. The shape functional to be minimized is defined as

M
Jt u?, o uM) = Z / lu™ — u'|?ds, (6.48)
777,:1F

where m represents the m-th measurement and M is the total number of mea-
surements. In addition, )}’ is the boundary measurement, computed from the
model problem. More precisely, we consider a set of small scatter with contrast
v on the coefficient of the main part of the operator. Finally, w,, is a solution
to the forward problem of the form:

Au™ + E2u™ =0 in Q

0 (6.49)
—u™ —iku™ =h™ on T,
on
where k is the wave number and A™ is the boundary data used to produce the m-
th boundary measurement uj*. The topological derivative of J (ut,u?, - uM)

with respect to the nucleation of a small circular inclusion is given by the sum

M
! _1 S R{Va" (@) Vo (@)}, (6.50)
m=1

T(x) = —27r1 "

where p™ is a solution to the adjoint equation, associated with the m-th mea-
surement, that is

Ap™ +E*p™ =0 in Q
0 (6.51)
a—npm +iku™ = =2(u™ —u}') onT.

The basic idea consists in plotting the topological derivative field 7 (z) ac-
cording to (6.50). It is expected that the more 7 (z) is negative, the more likely x
is within the hidden scatter we are looking for. The measurements are obtained
by setting h™ as

m—1
M
where z = (21, 22). In particular, we set M = 32 and the contrast v = 0.1. The
domain € is given by a unit disk with center at the origin. The boundary value
problems are solved with the standard Finite Element Method. We consider
two representative examples. For a comprehensive set of numerical experiments

in the context of imaging of small scatters, see the series of two papers by Le
Louér and Rapun (2022a,b).

h™ = exp(—ik(xy cos b, + x2sinb,,)), with 6,, = , (6.52)
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Example 1

In this first example, the target is given by one scatter of radius 0.1 and center
at (0.5,0.3), as shown in Fig. 1. We set varying working frequency k, namely 4,
8, 16 and 32. The obtained results are presented in Fig. 2. From an analysis of
this figure, we observe that the hidden scatter is highlighted by the topological
derivative field. However, the higher is the frequency, the better is the resolution
of the imaging.

Figure 1. Example 1. Target to be reconstructed

Example 2

In this example, we consider the target given by three scatters of radius 0.05
and centers at (0.5,0.3), (0.0,—0.4) and (—0.3,0.2), as shown in Fig. 3(a). The
working frequency is now set as k = 32. The obtained result is presented in Fig.
3(b), where we observe that the three hidden scatters are clearly highlighted by
the topological derivative field, as expected.

Finally, in order to confirm the robustness of the topological derivative in
the context of imaging of small scatters, we consider uncertainty on the working
frequency k. More precisely, the boundary measurements u' are computed
after replacing k by lem, for m = 1,--- , M, where each working frequency km
is corrupted with White Gaussian Noise (WGN). In contrast, u™ and p™ are
computed by considering uncorrupted frequency k. The obtained topological
derivative fields 7 (z) for 2%, 4%, 8% and 16% of WGN are presented in Fig.
4. From an analysis of these figures, we observe that the three scatters can be
identified even in the presence of noise. Even if, for 16% of noise, the result is
rather degraded, nevertheless it is still possible to identify the three scatters.
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Figure 2. Example 1. Topological derivative fields for varying working frequen-
cies
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