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Abstract: The aim of this paper was to create a computational model that will enable the evaluation of the operation of a conventional  
inertia accumulator. This is an issue that is relevant as storage of energy is becoming increasingly important, in particular when it comes  
to generating electricity from renewable sources. In the course of the conducted works, an analytical model was developed based  
on the available literature, and then, it was introduced into the environment for numerical calculations. Four variants resulting from different 
geometrical parameters of the flywheel were adopted successively. On this basis, a series of simulations were performed, which allowed 
for obtaining the characteristics of the analysed solutions. As a consequence, a number of characteristics related to the mechanical power 
and energy of the simulated kinetic energy accumulators were obtained. The test results therefore provide a basis for comparing kinetic 
energy accumulators with different geometries and drive solutions.  
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1. INTRODUCTION 

The generation of energy, in particular electric energy, using 
renewable sources is growing rapidly. This increase is expected to 
continue as it is associated with an overall increase in energy 
demand but also with progressive trends in reducing environmen-
tal impact [1]. Moreover, a significant decrease in the costs of 
generating energy from renewable sources has been observed in 
recent years [2], which additionally increases the demand.  

Some of the methods of producing energy from renewable 
sources are characterised by a discontinuous nature of work. 
Examples include solar panels and wind farms that need sunlight 
and wind, respectively, in order to operate, which are not always 
adequately abundant. Moreover, the demand for electricity is also 
not constant and is characterised by periods of increased demand 
in cycles that may result from the time of the day or the season of 
the year. Since the production of energy from renewable sources 
is increasing, the inevitable interruptions in their operation of some 
of them make it necessary to have the capacity to store large 
amounts of energy in order to be able to meet the possible de-
mand at any time [3]. Therefore, the legitimacy of developing 
energy storage systems can be indicated. An energy storage 
system allows electricity to be produced when needed and stored 
when energy generation exceeds demand. Energy storage is 
especially advantageous during low demand, low production cost 
period or interruptions in the continuity of available sources. 
Thanks to this, the stored energy reserve can be used in the event 
of high demand, increase in generation costs or the lack of availa-
bility of an alternative generation [4–6]. 

Among the energy storage systems, one can point out kinetic 
energy accumulators, which are an extension of the flywheel 
concept. The major advantage of inertial accumulators is the high 

power density [7]. It results from the very low achievable mass of 
the accumulator being maintained in compact construction. Fur-
thermore, it is characterised by good overload resistance and low 
effect of temperature on correct operation. Its other advantages 
include low maintenance requirements and the possibility to de-
termine the exact amount of stored energy by measuring rotation 
speed. In addition, they are resistant to cyclical degradation but 
also to deep discharges, which is typical for classic electrochemi-
cal batteries. Additionally, the efficiency of their cycle can reach 
values up to 95% [8, 9]. High charging and discharging rates, 
projected service life exceeding 20 years as well as specific ener-
gies that may exceed the value of 100 Wh/kg [10, 11] should also 
be considered favourable. Moreover, when the stored energy is 
converted into electricity, the fast response time of the inertial 
accumulators means that they are capable of balancing the grid 
frequency. It should be expected that as a result of the increase in 
the share of energy generated with the use of irregular energy 
sources, this feature will play an increasingly important role [15]. 

Its main disadvantage includes the very limited time of energy 
storage because the motion resistance of the inertial accumulator 
cannot be completely eliminated. Therefore, inertial accumulators 
are characterised by relatively average ratio of stored energy per 
unit of mass [13]. This is one of the main reasons for the limited 
application for kinetic energy accumulators. Another limitation is 
the type of stored energy. Electrical energy is much more versa-
tile, and a large number of devices can be powered directly by it 
by utilising relatively simple systems with a very low number of 
mechanical components. 

Despite their flaws, inertial accumulators can be employed in 
devices which do not operate in a continuous cycle, for example, 
which are engaged for a limited time or operate under variable 
load. The potential for their application involves fast transmission 
of large amounts of energy which is achievable due to high power 
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density of the inertial accumulators. Some of the current applica-
tions of kinetic energy accumulators include the following exam-
ples: stabilising satellites on an orbit [14], short-term energy stor-
age from photovoltaic panels [15], recovery of brake energy in 
automobiles [16–18], trolleybus drives [19], etc. 

The aim of the research was to create a computational model, 
thanks to which it will be possible to evaluate the work of a con-
ventional inertial accumulator. To achieve this, an analytical model 
was developed based on the available literature and then intro-
duced into the numerical computing environment. This allowed for 
a series of simulations and, as a result, the evaluation of the 
parameters of the modelled solution. 

Within the scope of this work, a rotor fulfilling the requirements 
of a conventional inertial accumulator was analysed. It is a solid of 
revolution with a plane of symmetry perpendicular to the axis of 
rotation and height much lower than its radius. The material for 
the rotor is assumed construction steel grade 18G2A (S355J2); it 
is further assumed that the material characteristics are homoge-
nous and isotropic. With the use of analytical calculations follow-
ing a methodology provided in item [20], the rotor parameters 
were determined, based on allowable stress for the assumed 
material. These include the following: external radius 𝑟𝑧 = 0.15 m, 

internal radius 𝑟𝑤 = 0.018 m, height ℎ = 0.018 m, moment of 

inertia 𝐽𝐵 = 0.112 kg‧m2, inertial accumulator mass 𝑚𝐵 = 9.844 

kg and maximum kinetic energy 𝐸𝑚𝑎𝑥  = 61,411 J. 

2. MATHEMATICAL MODEL 

There are two sources of loss in kinetic energy accumulators. 
The first one results from friction in the bearing system. The other 
source is related to liquid viscosity (the gas filling the interior of the 
accumulator) in which the rotor is moving. To determine the ap-
proximate value of these losses, formulas used to determine the 
loss of power in discs and cylinders were employed [21]. The loss 

of energy occurring on the one side of the rotor disc 𝑁𝑇 can be 
described with the following equation: 

𝑁𝑇 = 1.96 ⋅ 10−5ρ𝑔𝐶𝑇𝜔3(𝑑𝑧
5 − 𝑑𝑤

5 ) [kW], (1) 

where 𝜌𝑔 is mass density of the gas (kg/m3), 𝐶𝑇 is moment of 

friction indicator and 𝑑𝑧 and 𝑑𝑤 are, respectively, the external 
and internal diameter of the inertial accumulator (m). It was as-
sumed that the inertial accumulator chamber will be filled with air 

with reduced pressure, maximum 𝑝 = 0.3 bar, which is the upper 
threshold of the so-called low vacuum. Air density is calculated 
from the following equation: 

ρ𝑔 =
𝑝𝑀𝑔

𝑅𝑇0

, (2) 

where 𝑀𝑔 is molar mass of the gas (kg/mol), 𝑇0 is gas tempera-

ture (K) and 𝑅 = 8.314 (J/[kg⋅mol]) is universal gas constant. The 
molar mass for air is 𝑀𝑔 = 0.029 kg/mole. Assuming average gas 

temperature as 40°C = 313.15 K, one can calculate the air density 

as the following value: ρ𝑔 = 0.334 kg/m3. The next factor is the 

moment of friction coefficient 𝐶𝑇. It is calculated based on Reyn-

olds number for the disc 𝑅𝑒𝑇, the gap between the rotor and its 

enclosure 𝑠 as well as the relative roughness of the rotor surface 
𝑘. Assuming the gap size is 𝑠 = 0.006 m and the fact that the 

manufactured disc roughness is 𝑅𝑧 = 6.3 (𝑅𝑎 = 1.25), 𝑘 = 

6.3⋅106 m. Reynolds number 𝑅𝑒𝑇 is calculated based on the 
external radius of the inertial accumulator 𝑟𝑧, angular velocity 𝜔 

and kinematic viscosity index 𝜈𝑘 , which is dependent on gas 

density ρ𝑔 and dynamic viscosity 𝜇 (Pa⋅s). Gas density is calcu-

lated as above, whereas for air in temperature at 40°C, dynamic 

viscosity is equal to 𝜇 = 1.91⋅105 Pa⋅s. The kinematic viscosity is 
derived with the following equation: 

𝜈𝑘 =
𝜇

ρ𝑔

, (3) 

and is equal to 𝜈𝑘  = 5.72 ⋅ 105 m2/s. Therefore, Reynolds num-
ber, calculated from the below equation: 

𝑅𝑒𝑇 =
𝑟𝑧

2𝜔

𝜈𝑘

, (4) 

is equal to 𝑅𝑒𝑇 = 411,923. Subject literature provides ranges of 

values for the 𝑅𝑒𝑇 with each one being assigned a respective 
equation to determine the moment of friction coefficient. The limit 
value between ranges is defined with the following equation: 

𝑅𝑒𝑔𝑟 = 1,100 (
𝑟𝑧

2𝑘
)

2
5

⋅ [3.8 𝑙𝑜𝑔 (
𝑟𝑧

2𝑘
) − 2.4 (

𝑠

𝑟𝑧

)

1
4

]. (5) 

After substituting the values and solving, the following is ob-

tained: 𝑅𝑒𝑔𝑟 = 676,828. Accordingly, the calculated Reynolds 

number is included in the third range (satisfying the inequality 105 

< 𝑅𝑒𝑇 < 𝑅𝑒𝑔𝑟). Therefore, the index of friction may be deter-

mined from the equation: 

𝐶𝑇 = 0.0102 (
𝑠

𝑟𝑧

)
1/10

⋅
1

𝑅𝑒𝑇

1
5

, (6) 

which allows to determine the value 𝐶𝑇 = 5.57⋅104. Considering 

the above, after solving Eq. (1), one arrives at 𝑁𝑇 ≈ 0.01 kW.  
Employing the limit values of the Reynolds number allows us 

to calculate the limit values of angular velocities for the third 
range, according to the following equation: 

𝜔𝑔𝑟 =
𝑅𝑒𝑇

𝑅𝑒𝑔𝑟

, (7) 

Consequently, one obtains the minimum and maximum value of 

angular velocity: 𝜔𝑚𝑖𝑛  = 636.85 rad/s and 𝜔𝑚𝑎𝑥  = 4,310.35 
rad/s, respectively. 

Power losses on the side surface of the rotor are also de-

pendent on the Reynolds number value 𝑅𝑒𝐶 , as in the equation: 

𝑅𝑒𝐶 =
𝑟𝑧𝜔𝑠

𝜈𝑘

, (8) 

and are equal to 𝑅𝑒𝐶  = 16,477. Analogous to the calculations 
involving the disc, the form of the loss equation is dependent on 

the range of the Reynolds number value 𝑅𝑒𝐶 . These are de-
scribed with Taylor-Wendt equations. Since the inequality 1.6⋅104 

< 𝑅𝑒𝐶  is true, therefore the power of the losses on the side sur-
face of the rotor shall be described with the equation: 

𝑁𝐶 = 2.3 ⋅ 10−5𝑑𝑧
4𝜔3ℎ𝜌𝑔√

𝜈𝑘

𝑟𝑧𝜔𝑠
, (9) 

and for the discussed case shall be equal to 𝑁𝐶  ≈ 0.01 kW. The 
total surface of the inertial accumulator is the sum of the upper 
and lower side surface as well as the side surface, which can be 
represented as follows: 

𝑁𝐵 = 2𝑁𝑇 + 𝑁𝐶 , (10) 

therefore, allowing to calculate 𝑁𝐵 = 0.03 kW = 30 W. 
Losses in bearings result from the friction between the rolling 

components and races. They are dependent on numerous factors, 
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including the lubrication method. The losses are determined ap-
proximately, based on the braking moment resulting from gravity. 
Its value is independent from rotational speed and can be calcu-
lated with the following equation: 

𝑀ℎ1 =
1

2
𝑚𝐵𝑔𝑓𝑑. (11) 

Assuming the rolling resistance for steel of 𝑓 = 0.016 and the 
diameter of the journal (depending on preliminary strength calcu-

lations) of 𝑑 = 0.035 m, one arrives on: 𝑀h1 = 0.026 Nm. As per 
the subject literature [21], it is assumed to be the main source of 
braking moment in bearings and is therefore sufficient for the 
purpose of energy analysis.  

Due to the high variance of the angular velocity during accu-
mulator operation, it is efficient to express the total braking mo-
ment as: 

𝑀ℎ = 𝑐1𝜔2 + 𝑐2, (12) 

where 𝑐1 is a constant obtained after factoring out from the maxi-

mum aerodynamic loss Eq. (10) (the value 𝜔3) and 𝑐2 = 𝑀h1  is 
constant moment of resistance in the bearings, according to Eq. 

(11). The values are 𝑐1 = 2.64⋅108 kg⋅m2 and 𝑐2 = 0.026 Nm. 

3. NUMERICAL CALCULATIONS 

3.1. Numerical model  

Numerical value determination is based on the power balance 
in the system expressed as follows: 

𝑁𝑙𝑎𝑑(𝑡) = 𝑁𝑚𝑎𝑔(𝑡) + 𝑁𝑠𝑡𝑟(𝑡), (13) 

where 𝑁𝑠𝑡𝑟(𝑡) is the power of losses, which is the product of the 

moment 𝑀ℎ and the angular velocity of the rotor at a given mo-

ment 𝜔(𝑡), 𝑁𝑚𝑎𝑔(𝑡) is power stored in the accumulator and 

𝑁l𝑎𝑑(𝑡) is the power supplied to the inertial accumulator shaft. By 
substituting the equations established previously, the equation 
can be expressed as follows: 

𝑁𝑙𝑎𝑑(𝑡) = [𝐽𝐵�̇�(𝑡) + 𝑐1𝜔2(𝑡) + 𝑐2] ∙ 𝜔(𝑡). (14) 

For the purpose of numerical calculations, a source of charg-
ing energy was assumed as a hypothetical electrical permanent 
magnet synchronous motor (PMSM). The characteristics of this 
motor are shown in Fig. 1.  

This serves as a basis for deriving the three methods of 
charging the accumulator. Since the developed model is based on 
the flow of power, it is possible to charge the accumulator in the 
full variance range of speed and torque. However, this requires to 
utilise the correct type of variable ratio transmission. The present 
study does not account for losses of power occurring in such a 
transmission as the performed analysis focuses on the kinetic 
energy accumulator. The inertial accumulator charging time was 
selected to allow it to reach the maximum speed, i.e., where the 

maximum kinetic energy value is close to 𝐸𝑚𝑎𝑥  = 61,411 J. For 
the motor, the following nominal parameter values were assumed: 
rotational speed 𝑛0 = 8,000 rpm, torque 𝑀0 ≈ 1.2 Nm and power 

𝑁0 ≈ 1 kW. 

 

Fig. 1. PMSM drive characteristics. Below the nominal speed 𝑛𝑛,  

           the drive operates with a constant torque of 𝑇 (range I); after,  

           it is exceeded, it operates at a constant power of 𝑃 (range II),  

           developed based on [20] 

Based on the variance of rotational speed 𝑛(𝑡) and torque 

𝑀(𝑡), the model calculates power supplied to the energy accu-
mulator with the following equation: 

𝑁𝑙𝑎𝑑(𝑡) =
𝑀(𝑡)𝑛(𝑡)

9.55
. (15) 

 

Fig. 2. Numerical calculations model diagram; a – charge degree, b – loss power, c – rotational speed, d – energy variance, e – efficiency, f – stored energy,  
           g – charging energy (supplied by drive) 
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After integrating the calculated power, we arrive at the energy 

supplied to the accumulator 𝐸𝑙𝑎𝑑(𝑡). However, the energy stored 

in the accumulator 𝐸𝑚𝑎𝑔(𝑡) is expressed with the following equa-

tion: 

𝐸𝑚𝑎𝑔(𝑡) = 𝐸𝑙𝑎𝑑(𝑡) − 𝐸𝑠𝑡𝑟(𝑡), (16) 

where is 𝐸𝑠𝑡𝑟(𝑡) is energy loss. Eq. (16) describes the value of 

𝐸𝑚𝑎𝑔(𝑡), which is also calculable from the kinetic energy equa-

tion. The equation can be transformed as follows: 

𝜔(𝑡) = √
2𝐸𝑚𝑎𝑔(𝑡)

𝐽𝐵

. (17) 

Eq. (17) is employed to calculate the loss power 𝑁𝑠𝑡𝑟(𝑡); after 

integration, it allows us to calculate the loss energy 𝐸𝑠𝑡𝑟(𝑡). 

Additionally, accumulator efficiency ratio 𝜂(𝑡) was determined by 

referencing to energy stored in a given moment 𝐸𝑚𝑎𝑔(𝑡) and the 

maximum value of supplied energy 𝐸𝑙𝑎𝑑 𝑚𝑎𝑥 . This can be ex-
pressed in the form of the following equation: 

𝜂(𝑡) =
𝐸𝑚𝑎𝑔(𝑡)

𝐸𝑙𝑎𝑑 𝑚𝑎𝑥

· 100%. (18) 

The charge of the accumulator can be expressed as an equation 
comprising the previously established values: 

𝑘(𝑡) =
𝜔2(𝑡) − 𝜔𝑚𝑖𝑛

2

𝜔𝑚𝑎𝑥
2 − 𝜔𝑚𝑖𝑛

2  (19) 

MATLab Simulink software package was used to develop the 
previously defined model. It allows us to carry out simulations and 
make calculations in real time. The model view as developed in 
the software environment is provided in Fig. 2. 

 
3.2. Numerical model  

There are three states of accumulator operation: charge, dis-
charge and self-discharge. When loading, the inertial accumulator 
accelerates to high speed due to the torque and velocity applied 
to the shaft. Analogously, during discharge, an external load is 
applied to the inertial accumulator shaft. During self-discharge, 
which usually is the longest of the states, the rotor shaft is decou-
pled and rotates freely. The speed of revolution at this point 
is close to nominal; the only load is affected by motion resistances 
and causes a slow reduction of speed [21]. Consequently, a simu-
lation of operation of the modelled device was carried out for each 
described state of operation, resulting in three cases: C1, C2 
and C3. 

Tab. 1. Adopted properties and marking of individual rotors 

Rotor marking B1 B2 B3 B4 

External radius 𝑟𝑧 (m) 0.15 0.15 0.13 0.13 

Internal radius 𝑟𝑤 (m) 0.018 0.018 0.018 0.018 

Height ℎ (m) 0.018 0.015 0.018 0.02 

Moment of inertia 𝐽𝐵 (kg‧m2) 0.112 0.094 0.063 0.07 

Mass 𝑚𝐵 (kg) 9.844 8.203 7.358 8.176 

Maximum kinetic energy 

𝐸𝑚𝑎𝑥 (J) 

61,411 51,332 34,746 38,607 

Constant 𝑐1 (kg‧m2) 2.78 

·108 

2.5 
·108 

1.081 
·107 

1.191 
·107 

Constant 𝑐2 (Nm) 0.027 0.02 0.016 0.018 

Minimum value of angular 
velocity 𝜔𝑚𝑖𝑛 (rad/s) 

636.82  636.82 516.38 516.38 

In order to conduct the simulations, four variants of the ana-
lysed rotors were adopted. Apart from the rotor described in the 
previous chapters (marked as B1), calculations were also made 
for three other variants differing in radius r or height h. As they 
have different moments of inertia, the maximum kinetic energy for 
each of them varying charging times has been adopted. The 
dimensions and properties of selected variants are presented in 
Tab. 1. 

As it can be seen from the presented description, 12 simula-
tion variants were finally obtained, resulting from the combination 
of three charging methods (C1, C2 and C3) with four different 
rotors (B1, B2, B3 and B4). 

4. RESULTS AND DISCUSSION 

The first simulated scenario (Fig. 3) involves motor decelera-

tion from the speed (𝑛 = 9,500 rpm). Since the motor operating 

range was at constant power, the initial torque was 𝑇 = 1 Nm. It 
achieved the nominal value at speed 𝑛 = 8,000 rpm and subse-
quently entered the stage of operation with constant torque until 
stopped. The entire operation took place over 108 s. The second 
scenario (Fig. 4) was performed with the motor operating under 

nominal conditions, i.e., with speed of 𝑛 = 8,000 rpm and torque 

value of 𝑇 = 1.2 Nm. This type of charging simulates a situation 
when the shaft (transmission) of the rotor is coupled with the 
motor without load. In this case, the acceleration took only 62 s. 
The third charging scenario (Fig. 5) involved an arrangement in 
which the accumulator is charged as the motor accelerates to 
achieve nominal operating conditions. This is by far the longest 
operation (120 s) 

 
Fig. 3. Charging characteristics for the first scenario C1; A – torque,  
            B – rotational speed 

 

Fig. 4. Charging characteristics for the first scenario C1; A – torque,  
            B – rotational speed 
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Fig. 5. Charging characteristics for the third scenario C3; A – torque,  
            B – rotational 

 
Fig. 6. Percentage variability graphs: A – charge level,  
           B – efficiency 

 
Fig. 7. Graph lines variability as a function of time: A – loss power,  
            B – rotational speed 

From the proposed group of variants, the rotors B1 and B2 
should be considered the best because despite their slightly larger 
dimensions, they are able to accumulate almost twice as much 
energy as compared with rotors with smaller radii. Moreover, after 
about 5 min (300 s), they still have an energy of 4,000 J and a 
charge level of about 0.5. Ultimately, however, due to the greater 
energy capacity, it should be pointed out that the most effective 
solution is the rotor B1. Fig. 6 shows the degree of charge and 
efficiency of the system. Fig. 7 presents the variance in rotational 
speed of the rotor and power loss as a function of time. 

 
Fig. 8. Variance of energy as a function of time; blue lines represent energy loss, orange lines represent accumulated energy and gray lines represent  
            charging energy; continuous and dashed lines represent different variants according to the legend 
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The graphs presented in Fig. 8 show the energy values in the 
system for different variants. It should be noted that the constants 
used in the model and the relationships on the basis of which they 
were determined rely on theoretical considerations and thus may 
not cover all the phenomena affecting the operation of the energy 
storing device or describe them only to a limited extent. The use 
of the charge level allows for a slightly more accurate reflection of 
the actual state of the accumulator capacity, due to the possible 
change in the value of the start power when operating at a speed 
lower than the minimum value of angular velocity. 
The analysis of the presented graphs shows that the energy loss 
of the rotors B3 and B4 progresses much faster. This is due not 
only to the much lower maximum stored energy (more than by a 
half) but also to the much larger losses due to the smaller rotor 
diameter, which largely influenced the aerodynamic drag. 

The different charging methods have little effect on the behav-
iour of the accumulator, except that charging with constant power 
is by far the shortest. The times for decreasing and increasing 
speeds are similar, and the difference is the result of the engine 
entering the state of work with constant power. However, it is 
worth bearing in mind that in the case of charging with a braking 
engine, the transition from the charging state to the self-
discharging state is the smoothest, which in the case of a longer 
period of use may be important in terms of the durability of coop-
erating elements such as bearings. 

5. SUMMARY 

The analysis of presented data allows us to observe the oper-
ation of the modelled system. Based on the established graph 
lines, it is possible to determine that different charging methods do 
not materially affect the operation of the accumulator; on the other 
hand, charging time with constant power is by far the shortest. 
Charging times for acceleration and deceleration are similar, the 
difference being the result of the motor entering the state of oper-
ating under constant power. One should keep in mind that in the 
case of supplying energy to the system with decelerating motor, 
the transition from the charging state to self-discharging state is 
the smoothest. With longer times of operation, this may affect the 
durability of the mechanical system components, such as, bear-
ings. 

To summarise, the mathematical model was developed and 
implemented within the framework of software environment for 
numerical calculations. This allowed us to identify a series of 
graph lines and characteristics for the analysed system. The 
results of carried out works enable the comparison of different 
kinetic energy accumulators with different geometries and differ-
ent methods of operation. Consequently, it is possible to develop 
the basis and a number of input data to be used in the design of 
this type of equipment.  
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