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Tadeusz KACZOREK 

MINIMAL–PHASE REALIZATIONS FOR POSITIVE LINEAR SYSTEMS 

Abstract 

The problem of minimal-phase realization for continuous-time and discrete-time linear systems is addressed. 

Necessary and sufficient conditions for the existence of minimal-phase realizations for the linear systems are 

established. A procedure for computation of the realizations is proposed and illustrated by numerical examples. 

 

INTRODUCTION 

Determination of the state space equations for given transfer 
matrices is a classical problem, called the realization problem, which 
has been addressed in many papers and books [1, 2, 9, 10, 11, 29-
31]. An overview of the positive realization problem is given in [1, 2, 
12, 29]. The realization problem for positive continuous-time and 
discrete-time linear system has been considered in [4-7, 13-16, 20, 
21, 23, 27-30] and for linear systems with delays in [4, 8, 14, 18, 27-
29]. The realization problem for fractional linear systems has been 
analyzed in [19, 22, 24, 25, 29, 30] and for positive 2D hydrid linear 
systems in [17, 18, 26]. A new modified state variable diagram 
method for determination of positive realizations with reduced 
number of delays for given proper transfer matrices has been 
proposed in [3]. 

In this paper a new approach to the minimal-phase realization 
problem for linear systems will be proposed. Necessary and 
sufficient conditions for the existence of the solution to the problem 
will be established and a procedure for computation of the 
realizations will be proposed. 

The paper is organized as follows. In section 1 some 
preliminaries on continuous-time and discrete-time linear positive 
systems and minimal-phase-realizations are given. The necessary 
and sufficient conditions for the existence of the minimal-phase 
realizations  and a procedure for computation of the realizations for 
positive continuous-time linear are proposed in section 2 and for 
positive discrete-time systems in section 3.  

The following notation will be used:   - the set of real 

numbers, mn  - the set of mn  real matrices, 
mn

  - the set 

of mn  real matrices with nonnegative entries, )(smn  - the set 

of mn  rational matrices in s with real coefficients, Z  - the set of 

nonnegative integers, nI - the nn  identity matrix 

Tekst zasadniczy wstępu jak tekst główny Tekst zasadniczy 
wstępu jak tekst główny Tekst zasadniczy wstępu jak tekst główny 
Tekst zasadniczy wstępu jak tekst główny Tekst zasadniczy wstępu 
jak tekst główny 

1. PRELIMINARIES 

Consider the continuous-time linear system 

BuAxx  ,                                    (1a) 

DuCxy  ,                                     (1b) 

where nx  , mu  , py   are the state, input and output 

vectors and nnA  , mnB  , npC  , mpD  . 

Definition 1. [12] The system (1) is called (internally) positive if 
ntxx  )(  and ptyy  )( , ],0[ t  for all 

nxx  )0(0  and  mtuu  )( , ],0[ t . 

Theorem 1. [12] The system (1) is positive if and only if 

nMA , mnB 
 , npC 

 , mpD 
 ,             (2) 

where nM  is the set of nn  Metzler matrices, i.e. the matrices 

with nonnegative off-diagonal entries. 
The transfer matrix of (1) is given by 

)(
)(

)(
][)( 1 s

sd

sN
DBAsICsT mp

n
  ,            (3) 

where )(sN  is the polynomial matrix and )(sd  is the polynomial. 

For single-input single-output (SISO, 1 pm ) linear system the 

transfer function can be written in the form 

01
1

1

01
1

1

...

...

)(

)(
)(

asasas

bsbsbsb

sd

sn
sT

n
n

n

n
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n
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








 .            (4) 

Definition 2. The roots 1s , 2s ,…, ns  of the equation 

0))...()((

...)(

21

01
1

1



 


n

n
n

n

ssssss

asasassd
                  (5) 

are called the poles of the linear system. 

Definition 3. The roots 0
1s , 0

2s ,…, 0
ns  of the equation 

0))...()((

...)(

00
2

0
1

01
1

1



 


nn

n
n

n
n

ssssssb

bsbsbsbsn
                (6) 

are called the zeros of the linear system. 

The poles 1s , 2s ,…, ns  and the zeros 0
1s , 0

2s ,…, 0
ns  are called 

distinct if ji ss   for ji   and 00
ji ss   for ji  , nji ,...,1,  , 

respectively. 
Definition 4. The linear system is called minimal-phase if 

0Re ks  and 0Re 0 ks  for nk ,...,1 ,                   (7) 

where Re denotes the real part of the complex number. 
Definition 5. [12] The positive system (1) is called asymptotically 
stable if 

0)(lim 


tx
t

 for all nx 0 .                        (8) 

Theorem 2. [12] The positive system (1) is asymptotically stable if 
and only if 
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0Re k  for nk ,...,1 ,                               (9) 

where k  is the eigenvalue of the matrix nMA  and 

))...()((]det[ 21 nn AI   .            (10) 

Note that the set of poles { 1s , 2s ,…, ns } in general case is the 

subset of the set of eigenvalues { 1 , 2 ,…, n } [10]. 

Now let us consider the discrete-time linear system 

iii uBxAx 1 , ,..}1,0{ Zxi            (11a) 

iii uDxCy  ,                                   (11b) 

where n
ix  , m

iu  , p
iy   are the state, input and output 

vectors and nnA  , mnB  , npC  , mpD  . 

Definition 6. [12] The system (11) is called (internally) positive if 
n

ix   and p
iy  , Zi  for all nx 0  and m

iu  , 

Zi . 

Theorem 3. [12] The system (11) is positive if and only if 

nnA 
 , mnB 

 , npC 
 , mpD 

 .     (12) 

The transfer matrix of (11) is given by 

)(
)(

)(
][)( 1 z

zd

zN
DBAzICzT mp

n
  ,       (13) 

where )(zN  is the polynomial matrix and )(zd  is the polynomial. 

For single-input single-output (SISO, 1 pm ) linear system the 

transfer function can be written in the form 

01
1

1

01
1

1

...

...
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)(
)(

azazaz

bzbzbzb

zd

zn
zT

n
n
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n
n

n
n










 .         (14) 

Definition 7. The roots 1z , 2z ,…, nz  of the equation 

0))...()((

...)(

21

01
1

1



 


n

n
n

n

zzzzzz

azazazzd
                (15) 

are called the poles of the linear system. 

Definition 8. The roots 0
1z , 0

2z ,…, 0
nz  of the equation 

0))...()((

...)(

00
2

0
1

01
1

1



 


nn

n
n

n
n

zzzzzzb

bzbzbzbzn
              (16) 

are called the zeros of the linear system. 

The poles 1z , 2z ,…, nz  and the zeros 0
1z , 0

2z ,…, 0
nz  are called 

distinct if ji zz   for ji   and 00
ji zz   for ji  , nji ,...,1,  , 

respectively. 
Definition 9. The linear system (11) is called minimal-phase if 

1kz  and 10 kz  for nk ,...,1 ,               (17) 

where  denotes the module of the complex number. 

Definition 10. [12] The positive system (11) is called asymptotically 
stable if 

0lim 


i
i

x  for all nx 0 .                         (18) 

Theorem 4. [12] The positive system (11) is asymptotically stable if 
and only if 

1k  for nk ,...,1 ,                             (19) 

where k  is the eigenvalue of the matrix nnA 
  and 

))...()((]det[ 21 nn AI   .          (20) 

Definition 11. The matrices A, B, C, D satisfying (2) ( A , B , C , 

D  satisfying (12)) are called a positive realization of a given 
transfer matrix )(sT  ( )(zT ) if they fulfill the equality (3) ((13)). 

2. POSITIVE MINIMAL-PHASE REALIZATIONS OF 
CONTINUOUS-TIME LINEAR SYSTEMS 

First let us consider the SISO continuous-time linear system 
with the transfer function (4). From (4) we have 

n
s

bsTD 


)(lim                                        (21) 

and the strictly proper transfer function has the form 

)(

)(ˆ

...

ˆˆ...ˆ

][)()(

01
1

1

01
1

1

1

sd

sn

asasas

bsbsb

BAsICDsTsT

n
n

n

n
n

nsp

















,          (22a) 

where 

knkk abbb ˆ , 1,...,1,0  nk ,                      (22b) 

01
1

1
ˆˆ...ˆ)(ˆ bsbsbsn n

n  
 .                       (22c) 

It is assumed that the poles 1s , 2s ,…, ns  and the zeros 0
1s , 

0
2s ,…, 0

1ns  of (22) are real, negative, distinct and satisfy the 

conditions 

1
0

 kkk sss  for 1,...,1  nk .                                           (23) 

It is well-known [29] that the strictly proper transfer function (22) can 
be written in the form 







n

k k

k
sp

ss

T
sT

1

)( ,                              (24a) 

where 










n

kj
j

jk

k
spk

ss
k

ss

sn
sTssT

k

1

)(

)(ˆ
)()(lim .              (24b) 

Note that 0kT  for nk ,...,1  if and only if the poles and zeros 

are distinct and satisfy the condition (23). In this case we can 

choose 0kc , 0kb  so that 

kkk bcT  , nk ,...,1                                 (25) 

and the matrices 

nn MsssA  ]diag[ 21  , 12

1






















 n

nb

b

b

B


, 

n
ncccC 

 1
21 ][                       (26) 

are a positive realization of the transfer function (22). 
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Using (26) it is easy to check that 

.

])()()([diag][

][)(
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2

1
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2

1
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1







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






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
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









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k
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k k
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n

nn

nsp
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T

ss
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b

b

b

ssssssccc

BAsICsT




           (27) 
By Definition 4 the realization is minimal-phase if the conditions 

0Re ks for nk ,...,1  and 0Re 0 ks  for 1,...,1  nk ,  (28) 

are satisfied. Therefore, the following theorem has been proved. 
Theorem 5. There exists minimal-phase realization (26), (21) of the 
transfer function (4) if and only if the poles and zeros of (22) are 
distinct, real, negative and the conditions (23) are satisfied. 
For computation of the minimal-phase realization of the transfer 
function (4) we have the following procedure. 
Procedure 1. 
Step 1. Using (21) and (22) compute D and the strictly proper 

transfer function )(sTsp . 

Step 2. Compute the poles 1s , 2s ,…, ns  and the zeros 0
1s , 

0
2s ,…, 0

1ns  of )(sTsp . 

Step 3. Using (4) and (25) compute kT , nk ,...,1  and choose 

kb , kc  for nk ,...,1 . 

Step 4. Using (26) find the matrices A, B, C. 
Example 1. Find a minimal-phase realization of the transfer function 

15239

3852192
)(

23

23






sss

sss
sT .                       (29) 

Using Procedure 1 and (29) we obtain the following: 
Step 1. Using (21), (22) and (29) we obtain 

2
15239

3852192
lim)(lim

23

23







 sss

sss
sTD

ss
       (30) 

and 

15239

86
)()(

23

2






sss

ss
DsTsTsp .              (31) 

Step 2. The poles and zeros of (31) are 

11 s , 32 s , 53 s  and 20
1 s , 40

2 s ,    (32) 

since 15239)5)(3)(1( 23  ssssss  and 

86)4)(2( 2  ssss . 

Step 3. Using (24b), (25) and (31) we compute 

33

5

33

22

3

22

11

1

11

8

3

)3)(1(

)4)(2(
)()(lim

,
4

1

)5)(1(

)4)(2(
)()(lim

,
8

3

)5)(3(

)4)(2(
)()(lim

3

2

1

bc
ss

ss
sTssT

bc
ss

ss
sTssT
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ss
sTssT

s

sp
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s

sp
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s
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


























 (33a) 

and we choose 

11 b , 
2

1
2 b , 

4

1
3 b , 

8

3
1 c , 

2

1
2 c , 

2

3
3 c .   (33b) 

Step 4. Using (26), (32) and (33) we obtain 

























500

030

001

A , 



















4

1
2

1

1

B , 









2

3

2

1

8

3
C .       (34) 

The desired positive minimal-phase realization is given by (34) and 
(30). 
Remark 1. For different choice of the entries of matrices B and C 

for given 0kT , nk ,...,1  we obtain different positive minimal-

phase realizations of the transfer function (4). 
Now let us consider the m-inputs and p-outputs (MIMO) continuous-
time linear system with the strictly proper transfer matrix 

)(
)(

)(
)( s

sd

sN
sT mp

sp
 ,                      (35a) 

where 

))...()(()( 21 nsssssssd  ,                  (35b) 























))...(())...((

))...(())...((

)(
,01,0,0

1
1,0
1

,0
1

1,0
1

,0
11

1,0
11

1

111

pmp

m

n

pmpm

n

pp

n
mm

n

ssssssss

ssssssss

sN







(35c) 

with distinct real negative poles 1s , 2s ,…, ns  and distinct real 

negative zeros 1,0
11s ,…, 11,0

11
n

s , 1,0
1ms ,…, pmn

pms
,0

. 

The transfer matrix (35) can be written in the form 







n

k k

k
sp

ss

T
sT

1

)( ,                            (36a) 

where 










n

kj
j

jk

k
spk

ss
k

ss

sN
sTssT

k

1

)(

)(
)()(lim               (36b) 

and 

),min(rank pmrT kk  .                         (37) 

It is easy to check that if the conditions 

1
,0

 k
k

ijk sss  for pi ,...,1 , mj ,...,1 , ijnk ,...,1    (38) 

are satisfied then mp
kT 

  for nk ,...,1  and it can be written 

as the product 

kkk BCT  ,                                 (39a) 

where 

krp
kC


 , 

mr
k

kB


  and 

kkk rBC  rankrank , nk ,...,1 .                (39b) 

In a similar way as for SISO systems it can be shown that the 
matrices 
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






 





















n

i

i
rp

n
mr

n

rnrr

rrCCC

B

B

B

MsIsIA
n

1

1

1

1

  ,][  ,

,]blockdiag[
1





  (40) 

are a positive realization of the matrix (35). 
Therefore, the following theorem has been proved. 
Theorem 6. There exists a minimal-phase realization (40) of the 
strictly proper transfer matrix (35) if and only if the poles and zeros 
are distinct, real, negative and the conditions (38) are satisfied. 
For computation of the minimal-phase realization (40) of the transfer 
matrix (35) Procedure 1 with some evident modifications can be 
applied. 
Example 2. Find the minimal-phase realization of the transfer matrix 




















86107

4586

15239

1
)(

22

22

23
ssss

ssss

sss
sTsp .  (41) 

Using Procedure 1 we obtain the following: 
Step 1. In this case the matrix 0D . 

Step 2. The poles of (3.21) are 11 s , 32 s , 53 s  and 

the zeros are 201
11 s , 402

11 s , 101
12 s , 402

12 s , 

201
21 s , 502

21 s , 201
22 s , 402

22 s . 

The matrix (41) can be written in the form 

















)4)(2()5)(2(

)4)(1()4)(2(

)5)(3)(1(

1
)(

ssss

ssss

sss
sTsp .(42) 

Step 3. Using (36) and (42) we obtain 

.
30

43

8

1

)4)(2()5)(2(

)4)(1()4)(2(

)3)(1(

1

)()(lim

,
12
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4

1

)4)(2()5)(2(

)4)(1()4)(2(

)5)(1(

1

)()(lim

,
34
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8

1

)4)(2()5)(2(

)4)(1()4)(2(

)5)(3(

1

)()(lim

5
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3
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1
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3

2

1


















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








































































s

sp
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s
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ss

s

sp
ss

ssss

ssss

ss

sTssT

ssss

ssss

ss

sTssT

ssss

ssss

ss

sTssT

    (43) 
In this case we choose 
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Step 4. Using (40) and (44) we obtain the desired realization in the 
form 
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(45) 

3. POSITIVE MINIMAL-PHASE REALIZATIONS OF 
DISCRETE-TIME LINEAR SYSTEMS 

First let us consider the SISO discrete-time linear system with 
the transfer function (24). From (24) we have 

n
z

bzTD 


)(lim                                         (46) 

and the strictly proper transfer function has the form 

)(

)(~

...

~~
...

~

][)()(

01
1

1

01
1

1

1

zd

zn

azazaz

bzbzb

BAzICDzTzT

n
n

n

n
n

nsp

















,         (47a) 

where 

knkk abbb 
~

, 1,...,1,0  nk ,                   (47b) 
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1

~~
...

~
)(~ bzbzbzn n

n  
 .                    (47c) 

It is assumed that the poles 1z , 2z ,…, nz  and the zeros 0
1z , 

0
2z ,…, 0

1nz  of (47) are real, positive, distinct and satisfy the 

conditions 

1kz , nk ,...,1  and 1
0

 kkk zzz , 1,...,1  nk .   (48) 

In a similar way as for continuous-time linear systems the strictly 
proper transfer function (4.2) can be written in the form 
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Note that 0kT  for nk ,...,1  if and only if the conditions (48) 

are satisfied. In this case we can choose 0kc , 0kb  so that 

kkk bcT  , nk ,...,1                            (50) 

and the matrices 
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are a positive realization of the transfer function (47). 
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By Definition 9 the realization (51) is minimal-phase if the conditions 
(48) are satisfied. Therefore, the following theorem has been 
proved. 
Theorem 7. There exists a minimal-phase realization (51), (46) of 
the transfer function (47) if and only if the poles and zeros are real, 
positive, distinct and the conditions (48) are satisfied. 
For computation of the minimal-phase realization of the transfer 
function (14) Procedure 1 with some evident modifications can be 
also used. 
Example 3. Find the minimal-phase realization of the transfer 
function 
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2

2
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
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zT .                               (52) 

Using Procedure 1 we obtain the following: 
Step 1. Using (46) and (52) we obtain 
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z
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Step 2. The poles of (54) are 1.01 z , 3.02 z  and the zero is 

2.02 z .  

The transfer function (54) can be written in the form 
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Step 3. Using (49) and (50) we obtain 
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and we choose 11 b , 12 b  and 5.01 c , 5.02 c . 

Step 4. Using (51) and (56) we obtain 
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The desired minimal-phase realization of (52) is given by (53) and 
(57). 
Now let us consider the MIMO discrete-time linear system with the 
strictly proper transfer matrix 

)(
)(

)(
)( z

zd

zN
zT mp

sp
 ,                   (58a) 
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with distinct real positive poles 1z , 2z ,…, nz  and distinct real 

positive zeros 1,0
11z ,…, 11,0

11
n

z , 1,0
1mz ,…, pmn

pmz
,0

. 

In a similar way as for continuous-time systems the transfer matrix 
(58) can be written in the form 
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and 
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In a similar way as for continuous-time systems it can be shown that 
mp
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1
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are satisfied. In this case there exist the matrices krp
kC


 , 

mr
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In a similar way as for continuous-time systems it can be shown that 
the matrices 
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are a positive realization of the matrix (58). 
Therefore, the following theorem has been proved. 
Theorem 8. There exists a minimal-phase realization (63) of the 
strictly proper transfer matrix (58) if and only if the poles and zeros 
are distinct, real, positive and the conditions (61) are satisfied. 
With same evident modifications Procedure 1 can be also used to 
compute the positive minimal-phase realization (63) of the transfer 
matrix (58). 

CONCLUDING REMARKS 

The problem of minimal-phase realization for continuous-time 
and discrete-time linear systems has been formulated and solved. 
Necessary and sufficient conditions for the existence of minimal-
phase realizations for the linear systems have been established 
(Theorems  5, 6 and 7, 8). A procedure for computation of the 
realizations has been proposed and illustrated by numerical 
examples. The considerations can be extended to fractional positive 
linear systems without and with delays. 
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MINIMALNO-FAZOWE REALIZACJE 
DLA DODATNICH UKŁADÓW 

LINIOWYCH 

Streszczenie 

Pracy zaproponowano nową metodę wyznaczanie 

minimalno-fazowych realizacji dla dodatnich ciągłych i 

dyskretnych układów liniowych. Podano warunki 

konieczne i wystarczające na istnienie minimalno-

fazowych realizacji dla tych klas układów liniowych. 

Podano procedurę wyznaczania tych realizacji 

minimalno-fazowych oraz zlustrowano efektywność tej 

procedury na przykładach liczbowych. 
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