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Abstract. We study second-order linear Sturm-Liouville problems involving general
homogeneous linear Riemann—Stieltjes integral boundary conditions. Conditions are obtained
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separated boundary conditions.
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1. INTRODUCTION

We study the linear Sturm—Liouville Problem (SLP) consisting of the equation

—(p(1)y") +a)y = w(t)y, e (a,b), (1.1)

and one of the general homogeneous linear Riemann—Stieltjes integral boundary
conditions (BCs)

(py')(c) =0,

521y(5) + 22 (0" ) — Jly(s) dEa(s) + (py')(s) da(s)] = O,

a

(1.2)

and

—o

d11y(a) + 012(py') (@) — [ly(s) dm(s) +y'(s) dna(s)] = O,

d219(b) + b22(py") (b) — [[y(s) d€1(s) + (py')(s) d&2(s)] = O,

8 —oa
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where ¢ € [a,b) and the integrals in (1.2) and (1.3) are Riemann—Stieltjes integrals
with respect to 7;(s), and &;(s), respectively, with &;(s) and n;(s) being functions of
bounded variation, for ¢ = 1, 2.

In the case that & (s) = &2(s) = s, the Riemann—Stieltjes integrals in BC (1.2)
reduce to the Riemann integrals. In the case that &i(s) = > 7, kux(s — &) and
&(8) = Y91 kaix(s — &), where {&7}91] is a strictly increasing sequence in (a,b),
and x(s) is the characteristic function on [0, 00), i.e.,

1, >0,
x(s) = {07 s <0,
then BC (1.2) reduces to
(py')(c) =0, ,
G21y(b) + 022y" (b) — ;[klzy( ;) + K2y (§7)] = 0.

A similar comment can be made to BC (1.3).
We assume throughout, and without further mention, that the following conditions
hold:

(H1) p,q,w € C'la,b] such that p(t) > 0, w(t) > 0, and ¢'(t) + ¢* < l(¢* — q(t))
on [a, b] with

¢* := max {q(t),0} and I* := max {(p/(t) +q*) ,w;(t)}’
:F

t€la,b] t€la,b]

where hy (t) := max{0, £h(¢)} for h: R — R;
(H2) 6,; € R for i,j =1,2;

Note that examples of the function classes for ¢ that satisfy (H1) are discussed
in Chamberlain and Kong [2, Remark 1].

SLPs have been used to study nonlinear boundary value problems (BVPs) in
recent years. For example, researchers have obtained results on the existence of
positive solutions and nodal solutions (those with a zero counting property in (a, b))
of the BVP consisting of the equation

-y + aqt)y=w®)f(y), tEe(ab),
and the separated BC
cosa y(a) —sina (py')(a) =0, «€][0,7),
cos B y(b) —sin B (py')(b) =0, B € (0,7,

by comparing fo := limy o f(y)/y and fe := lim|y,o f(y)/y with the eigenvalues
of a particular SLP, see Erbe [4] for positive solutions, Kong [9], Kong, and Kong [6],
and Naito and Tanaka [17] for nodal solutions.
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Nonlinear BVPs with nonlocal BCs, including multi-point BCs, have also received
a lot of attention in research, and various conditions are obtained for the existence of
positive solutions and nodal solutions. We refer the reader to [1,3,5,7,10,15,16,18,19,
21-23] and the references therein for some recent work on this topic.

The study of linear SLPs involving multi-point BCs has become active recently.
In particular, the spectra of such problems has been a focus in research due to the
fact that the BCs are no longer self-adjoint. Earlier work in this area were given by
Ma, Rynne, and Xu in [15,16,18,19,21-23] for the problem consisting of the equation
—y"” = Ay and the BC

y(0) =0, y(1) =Y aiy(&) =0,
i=1

where &; € (0,1). A sequence of real eigenvalues is calculated and is applied to show
the existence of nodal solutions for corresponding nonlinear BVPs.

Genoud and Rynne [5] is the first paper dealing with the multi-point SLPs with
a variable coefficient function, where an implicit condition is imposed to guarantee
the existence of a sequence of real eigenvalues. By a different approach, Kong, Kong,
Kwong, and Wong [8] studied the SLPs consisting of Eq. (1.1) with p(¢) = 1 and
q(t) =0, and one of the following BCs

cosay(a) —sina y'(a) =0, «€[0,n),
g1
y(b) = 2 kiy(n:) =0

and o
y(a) — Zl hjy(&;) =0,
i=

g1
y(b) — 21 kiy(n;) = 0,

i=
where 1;,§; € (a,b). They obtained explicit conditions for the existence of a sequence of
positive eigenvalues and derived zero counts of the corresponding eigenfunctions. They
also revealed interlacing relations between the eigenvalues of the above multi-point
SLPs and certain two-point SLPs.

The results in [8] have recently been successfully extended by Kong and St. George

[11] to the SLPs consisting of the same equation and one of the BCs

cosa y(a) —sina y'(a) =0, «€[0,7),
g1

021y(D) + 0229/ (b) — >° [kriy(mi) + k2iy/'(m:)] = 0,

=1

and

Ms

d11y(a) + 012y’ (a) — > [hay(&5) + he;y'(§5)] = 0,

=1

0=
2

921y(b) + 622y () — > [kriy(mi) + k2:v/'(m:)] = O.

@
Il
—
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Motivated by the work in [8] and [11], in this paper, we will study SLPs consisting
of Eq. (1.1) with variable coefficient functions p(t), ¢(t), and w(t) and one of the
general homogeneous linear Riemann—Stieltjes integral BCs (1.2) and (1.3). We will
establish the existence of a sequence of positive eigenvalues and derive the zero counts
of the corresponding eigenfunctions. We will further reveal the interlacing relations
between such eigenvalues and the eigenvalues for certain two-point BVPs. For the
special case with p(t) =1 and ¢(¢t) = 0, we will establish the existence of one or more
additional eigenvalues whose eigenfunctions have less zero counts.

This paper is structured as follows: the main results are stated in Section 2 and
the proofs of the results are given in Section 3.

2. MAIN RESULTS

To study the existence of eigenvalues and zero counting properties of associated
eigenfunctions of SLPs for Eq. (1.1), we define the following classes of solutions
of Eq. (1.1).

Definition 2.1. Let n € Ny and a < a1 < by < b. A solution y of Eq. (1.1) is said to
belong to class Sy, [a1,b1] if y has exactly n zeros in (ag, b1).

For c € [a,b] and d € [b,d], let {pu(c)}°_, and {uZ(d)}>2, be the eigenvalues
of the SLPs consisting of Eq. (1.1) and the two point BCs

(py)(c) =0, y(b)=0 (2.1)
and
y(a) =0, (py')(d) =0, (2.2)
respectively. It is well known that
—o0 < uf(e) < u(e) <o < uld(e) <+, and pl)(e) » oo,
and
—00 < pH(d) < p(d) < - < p(d) < -+, and p2(d) — oo;

and any eigenfunction associated with ,ugl] (c) or u?}(d) has ¢ simple zeros in (a,b)

for i € Ny, see [24, Theorem 4.3.2]. Let mg,ng € Ng such that ugl]o(c) and ug(], (d) be
the first positive eigenvalues of SLPs (1.1), (2.1) and (1.1), (2.2).

Noting that £(s) and 7;(s) are of bounded variation, we see that there exist
nondecreasing functions &;;(s) and 7;;(s), ¢,7 = 1,2 such that

&i(s) = & (s) — &ia(s) and ni(s) = nir(s) — miz(s), s € [a, ). (2.3)

To simplify notation, we denote
&5 (5) == &n(s) + &als), and nf(s) == na(s) +ma(s), s € [a,b],

where &;;(s),m;(s) for ¢,j = 1,2 are given by (2.3).
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The following conditions are stated here in order to shorten the statement of our
results: for ¢ € [a,b) and d € (a, b],

/ (-0t /2 gt (5) - \/>
< i petmar sz [P ey 5 (0
/WW@—wwﬁMMm /p@

a

and

/ e(b=a)I" /2 dnf(a+b—s)
V) 5) + u(dpw(a+b—s)

)g* —qgla+b—

4+ eb—a)l"/2 / ]]j((fl; dné"(a +b—s) < d12.

The first result is for the existence of eigenvalues and the zero counts of eigenfunc-
tions of SLP (1.1), (1.2).

(2.5)

Theorem 2.2. Assume (2.4) holds for some integer m > mg. Then SLP (1.1),
(1.2) has an infinite number of positive eigenvalues {\i(c)}52,, 1 which satisfies the

interlacing relation with {,u[l]( )}

il (€) < Amia(€) < ph)1(€) < Amsale) <o < pl(e) < Niga(0) <+ (26)

Moreover, the eigenfunction y; associated with A;(c) belongs to S;[c,b] for i > m + 1.

Since lim,, o ML,IL] (¢) = oo, the following result follows immediately from Theo-

rem 2.2.

Corollary 2.3. Assume e(b=®)!" /2 f; p(b d§2 (s) < da2. Then SLP (1.1), (1.2) has
an infinite number of positive eigenvalues tending towards infinity.

The next result is for the existence of eigenvalues and the zero counts of eigenfunc-
tions of SLP (1.1), (1.3). Here, for r € Ny, we denote AP as the r-th eigenvalue of the
SLP consisting of Eq. (1.1) and the Dirichlet BC y(a) = y(b) = 0.

Theorem 2.4. Assume (2.4) with ¢ = a and (2.5) with d = b hold for some integers
m > mg and n > ng, respectively. Then SLP (1.1), (1.3) has a sequence of positive
eigenvalues {\}22,, o which satisfies the interlacing relation with {\P}e2, .

A2y < N < A2 forr>m+4n+2

and the eigenfunction y, associated with A, belongs to Sy[a,b] forr > m+n+ 2.

The following corollary is an immediate consequence of Theorem 2.4 due to the fact
that both lim,, o0 ;A}J (a) = o0 and lim,, ME} (b) = 0.
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Corollary 2.5. Assume that

b
eb=a)l” /2/ pZd§2 5) < 820 andeba”/?/,/ Sd+ (a+b—s) <.
a

Then SLP (1.1), (1.3) has an infinite number of positive eigenvalues tending towards
nfinity.

When p(t) =1 and ¢(t) =0, Eq. (1.1) becomes the equation
y" 4+ dw(t)y = 0. (2.7)

In this case, apart from the results in Theorems 2.2 and 2.4, we show that SLPs (2.7),
(1.2) and (2.7), (1.3) may have one or more additional positive eigenvalues. Note that
in this case, mg = no = 0 and conditions (2.4) and (2.5) become

b b
(b—a)lf/Zd +
/6 €1( +e (b—a)l™ /2 /d€ <622 (28)
a

\ #mi (c)w(s)

%

and
(=)l /2 g+ (q 4 b /
/ e nia+b—s) e<b—a>l+/2/ dnf (a+b—s) <61, (29)
[2] (a+b—ys) a

where [T are given by (H1) with p(t) = 1 and ¢(t) = 0. The following conditions are
also stated here to simplify the statements of the results.

b
/d ) < 021, (2.10)

b
/dn (a+b—s) <011, (2.11)

a

(\/Mﬂl / 5o dw o 21

d+ b— 1)
Vil (@) / a(s)+ SO0 ) ootz o (g g
Vw(a+b—2s)

w(a)

Theorem 2.6. Assume (2.8) holds for some even integer m > 0 and (2.10) holds.
Then in addition to the conclusion in Theorem 2.2, SLP (2.7), (1.2) also has a positive
eigenvalue Ay, (c) which satisfies that Ay, (c) < uEJ (¢). Moreover, the eigenfunction Y.,
associated with Ay, (c) belongs to S;[c,b] for some 0 < i < m.
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The following corollary follows directly from Theorem 2.6.

Corollary 2.7. Assume (2.8) holds for m = 0 and (2.10) holds. Then SLP (2.7), (1.2)
has an infinite number of positive eigenvalues {\;(¢)}$2, which satisfies the interlacing

relation with {ugl] ()},

No(e) < 6 (e) < M(e) < i (e) < Male) < <l (e) < Aigale) <+

i
Moreover, the eigenfunction y; associated with \; belongs to S;[c,b] for i € N.
Theorem 2.8.

(a) Assume (2.8) with ¢ = a holds for some even integer m > 0, (2.9) with d = b
and (2.12) hold for some integer n > 0, and (2.10) holds. Then in addition to the
conclusion in Theorem 2.4, SLP (2.7), (1.3) also has a positive eigenvalue \pyny1
which satisfies that Apini1 < )\34_”4_1, Moreover, the eigenfunction Ymini1
associated with Ay, yny1 belongs to Syla,b] for somen+1<r<m+n+1.

(b) Assume (2.9) with d = b holds for some even integer n > 0, (2.8) with ¢ = a and
(2.13) hold for some integer m > 0, and (2.11) holds. Then in addition to the
conclusion in Theorem 2.4, SLP (2.7), (1.3) also has a positive eigenvalue \pyynt1
which satisfies that A\pyny1 < /\EH”H. Moreover, the eigenfunction Ym4nt1
associated with Apyny1 belongs to Syla,b] for somem+1<r <m+n+1.

(¢) Assume that (2.8) with ¢ = a, (2.9) with d = b, (2.12), (2.13) hold for some even
integers m,n > 0, and (2.10) and (2.11) hold. Then in addition to the conclusions
to Parts (a) and (b) above, SLP (2.7), (1.3) also has a positive eigenvalue Apmin
which satisfies that Xy n < AP Moreover, the eigenfunction Y, associated

m—+n*

With Apm4n belongs to Syla,b] for some 0 <r < m+n.
The following corollary follows directly from Theorem 2.8.

Corollary 2.9. Assume (2.8) with ¢ = a, (2.9) with d = b, (2.12), (2.13) hold for
m =mn =0, and (2.10) and (2.11) hold. Then SLP (2.7), (1.3) has a sequence of
positive eigenvalues { N}, which satisfy the interlacing relation with {\P}2

AP, <\ < AP forr>2

and
o < AP and N < AP,

and the eigenfunction y, associated with X, belongs to S,la,b] for r > 0.

3. PROOFS OF MAIN RESULTS
Proof of Theorem 2.2. Let y(t, \) be the solution of Eq. (1.1) on [¢, b] such that

y(e) =1 and (py/)(c) = 0. (3.1)
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Let 6(t, A) be the Priifer angle of y(t, \), i.e., 6(¢, A) is a continuous function on [c, b]
such that

tan 0(t, A) = y(t, A)/(py')(t, A) and 6(c, A) = /2.
It is well known, see [24, Theorem 4.5.3], that for ¢t € (¢, b], 0(¢, A) is strictly increasing

in A and
lim 6(t,A\) =0 and (¢, \) = 0.
A——o00
For ease of notation, let ul!) := ugl](c), the i-th eigenvalue of SLP (1.1) (1.2). Thus

El] <AL ME&]-D with ¢ > m, we have

for
(i + 1)m = 06, 1) < (b, \) < 0(b, ull]}) = (i + 2)m. (3.2)
For all ¢ € [¢,b] and A > u[,}g > Mgl]o > 0, define an energy function for y(¢, A) by

B(X) = sy (N + 5 (6" —a) + du) WP (33)

By (H1), E(t,A) > 0 for all t € [a, b]. For ease of notation in the following, let p := p(t),

q:=q(t), w:=w(t), and y := y(t, \). It follows from Eq. (1.1) and (H1) that
p/ 2 1 /1,2 ko1 1 /1,2
BN =L py)? - = =)
(t,\) 2p2[py] S0V T Yy + Gy
P’ n2 1,5 1 g N2 Ly o
> P 2 - gly? - = =\
> 2p2[py] 50y =50y + ()] + Gy
p’—i—q*) n2 1oy a2 Ly,
= —_— - —_ — 7)\
2? py'l" = 5ld" +a'ly” + 5w’y
>~y - Lig - gl - Dwwy?
=79 2 2
= —I"E(t,\).

From this, we have E'(t,\)+1~ E(t,\) > 0 for all ¢ € [a, b]. It follows that for s € [a,b],

b b
B(b,\) E'(t,)\) / ~ _
1 = dt>— [1-dt=—1"(b—a).
YEGN / Bty T (b—a)
Thus -
E(s,\) < e C=DE®B,)), sela,b. (3.4)
For A\ = ,ugl] and \ = ugﬂl with ¢ > m, we have for s € [a, b
1 *
E(s,A) 2 5la" —als) + Auw(s)][y(s, M)]? (3.5)
and 1
E(s,\) > [p(s)y' (s, M)]?
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along with
1
E(b,\) = ——[p(b)y (b, \)]?;
(0,) 29 00) [p(b)y' (b, A)]

and therefore for s € [a, b] we have

ly(s, )| < 2B ) (b )] = 0 (3.6)

O O R T B |
along with

p(s)y' (s, )| < v/2p(s)E(s,A) and [p(b)y’ (b, \)| = v/2p(b)E(D, A). (3.7)

Define

b

P(A) = 021(b, A) + 022(py') (b, A) — /[y(s,k) d&1(s) + (py') (s, A) déa(s)].

a

2%+1
y' (b, ,u[l]) < 0, and y/(b, ,u[;,jﬂ) > 0. Also, (2.4) implies that dz2 > 0. Then by (3.
(3 7), (3.4), and (2.4), we have

Let ¢ > m such that ¢ = 2k for some k € Ny. Note that y(b, u[;,i) = y(b, /L[l] )=0
6)

b

b
T (ull)) = S () (b L) — / (s, 1) dé, (s) — / (o) (5, uLl) ()
b

< —8aalp(B)y (b, 1)) + / s mBDIAEr () + [ o)y (s, b1 e ()
(1]

< 622\/ 2p b N’2k: /\l S MQI[Cl)]w( ) dgi‘r(S)
2k

+ / 2p(5)E (s, i) de5 (5)

< \/2p(b)E(b, 1 ( 822 + / \/ - /2d5+(>
p

+ pbpw(s))

p(b—a)l™ /2 (3)
+a/ () dés (s )) < 0.

In the same way we can show that I'(por11) > 0. By the continuity of I'()), there exists
Aopy1 € (:“[2137/‘[213“) such that I'(Agg11) = 0. Similarly, if ¢« > m such that ¢ = 2k + 1



566 Qingkai Kong and Thomas E. St. George

for some k € Np, there exists Aogyo € (u[;,lﬂ, u[;li”) such that T'(Aggs2) = 0. For both
cases, Ajy1 is an eigenvalue of SLP (1.1), (1.2) and y(t, A1) is a corresponding
eigenfunction. Moreover, from (3.2),

(i + 1)7‘(’ < G(b, >\i+1) < (’L + 2)7T.

Then (2.6) follows from the monotone property of (¢, \) with respect to A\. We observe
that
1
o' (t,\) = o0 cos? 0(t, \) + (Mw(t) — q(t)) sin? O(t, \).

Hence 6(t, A) is strictly increasing at points where (¢,\) = 0 (mod 7). Note that
y(t) = 0 if an only if (¢, \) =0 (mod «). Hence, y has exactly i + 1 zeros on (c,b),
and so y(t, \i+1) € Si+1lc, b] for i > m. O

To prove Theorem 2.4, we state a counterpart to Theorem 2.2 for the SLP consisting
of Eq. (1.1) and the Riemann—Stieltjes BC

d11y(a) + 012(py’)(a) — [[y(s) dni(s) + (py')(s) dna(s)] = 0,

(py')(d) = 0.

8 —o

(3.8)

Lemma 3.1. Assume for some integer n > ng, (2.5) holds. Then SLP (1.1), (3.8) has
an infinite number of positive eigenvalues {\;(d) 52 nt1 which satisfy the interlacing

relation with {u?] (d)}32,

pl2(d) < Ang1(d) < ply (d) < Anpald) < < 1 (d) < Ajia(d) < -+
Moreover, the eigenfunction y; associated with A;(d) belongs to S;[a,d] for j > n+ 1.

Proof. This follows immediately from Theorem 2.2 after applying the linear transfor-
mationt =a+b—swithd=a+b—c. O

Proof of Theorem 2.4. For any r > mg + ng + 2, choose ¢ > mg and j > ng such that
r =i+j+2. For any ¢ € [a,b) and d € (a, b], denote by ,ugl] (¢) the i-th eigenvalue of SLP
(1.1), (2.1) and ug-zl (d) the j-th eigenvalue of SLP (1.1), (2.2). Following [8, Remark
3.3], we can show that {)\El] (¢):c€la,b)} and {)\52] (d) : d € (a,b]} form continuous
eigenvalue branches of SLP (1.1), (3.8). Then ugl](a) > 0 and ,u?](b) > 0. It is known,
see [12, Theorem 4.1] and [14, Theorems 2.2 and 2.3], that /J,EH(C) is strictly increasing
and lim,._,;- ,ugl] ;2]

Thus, ,u£1] (¢), 'ug_z] (d) > 0 for ¢,d € (a,b).
By Theorem 2.2 and Lemma 3.1, we have

(¢) = oo; and p; " (d) is strictly decreasing and limg_, o+ u?] (d) = oo.

ML (@) > p(e) and AP (@) > 1P (@) for all ¢,d € (a,b).

%
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It follows that )\Eﬂl(c) > 0 and )\g-zjrl(d) > 0 forall c,de (a,b), and lim,_,;- )\Eﬂl(c) =00

and limg_,q+ /\ﬂl(d) = 00. By the continuity of )\Eﬂl(c) and )\Eﬂl(d), there exists
* * 1 * 2 *
¢* = d* € (a,b) such that A, (¢*) = ALL, (d*). Let

A=A (@) = AP @), (3.9)

Thus, any eigenfunction of SLP (1.1), (1.2) associated with )\Eﬂl(c*) is an eigenfunction

of SLP (1.1), (3.8) associated with )‘5%11(d*)7 and vice versa. We denote the common
eigenfunction of the two problems on [a,b] as y,. By Theorem 2.2 and Lemma 3.1,
we have y, € S;11[c*,b] N Sjy1la, d*], i.e., y» € Spla,b] since r =i+ j + 2.

By an argument similar to above, we see that there exists ¢** = d** € (a,b)
such that ug” (c**) = u?] (d**). This, along with the fact that ¢* = d*, the monotone
properties of pgl] (c) and ,u?] (d), and Theorem 2.2 and Lemma 3.1, shows that

: ¢k * 1 ok 1 * 1 *

(i) when ¢** < ¢*, ,uE[ ]](c ) < ,ug[]](c ) < )\E_[&]l(c )

. ok * 2 ok 2 * 2 *

(i) when d™ >d*, p;”(d™) < p;(d*) < Aijq(d¥).
Recall that AP is the r-th eigenvalue of the SLP consisting of Eq. (1.1) and the
Dirichlet BC y(a) = y(b) = 0. Using the fact that r — 2 = ¢ + j and counting
the zeros of the eigenfunctions on the intervals (¢**,b), (a,d**), and (a, b), we see that
AP, = ,ugl] (c**) = ,u?](d**) with the same eigenfunction. This together with (3.9)
shows that AP , < \,..

With the same reasoning, we can find ¢*** = d*** € (a,b) such that ,ugﬂl(c***) =

Mg.%]rl(d***). Similar to above,
(i) when c* < ¢***, )\Eﬂl(c*) < ugﬂl(c*) < H£ﬂ1(0***)§
(ii) when d* > d***, A (a7) < 2l (@%) < ul? (@),

K3

Ar < AP O

Since © = i + j + 2, we have \P = M[ﬂl(c***) = M?J]rl(d***). By (3.9), we see that

Proof of Theorem 2.6. We need only show that under the assumptions, SLP (2.7),
(1.2) has an additional eigenvalue A, (c) associated with eigenfunction y,, € S;[c, b,
for some 0 < i < m, which satisfies 0 < \,,(c) < 11 (c).

From (3.1), we have that y(¢, A) is a solution of Eq. (2.7) satisfying y(c, \) = 1 and

y' (e, A) = 0. Since ,LL’[f}l] (¢) > 0, then for 0 < A < ML}J (c¢) we have

0<0(b,\) <0, ulll(c)) = (m+1)r. (3.10)

For p(t) = 1 and ¢(t) = 0, define an energy function for y(¢, \) as in (3.3). Then (3.4),
(3.6), and (3.7) hold for A = ug) (c). Since m is even implies that y'(b, m[qlq] (0)) <0,
then by a similar process as in the proof of Theorem 2.2, we arrive at F(ugl](c)) < 0.
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For A =0, we have y(t,0) = 1 and y'(¢,0) = 0 for all ¢ € [a, b]. By the continuous
dependence of solutions on parameters, it follows that 3'(t, \) = o(1) uniformly for all
t € [a,b] as A — 0. Since

t

wa:QO+/y@M@7

c

then for sufficiently small \, we have
y(t,\)=140(1) >1/2 forallt€ [a,b].

Then from (2.11), we have for A sufficiently small

b

. YO [ TN ey VN o
P) =0, A) [ G+ o ) = [ [ Mo der(o) + L0 deato

a

b
> 0. { Gar + (1) = [ [(1+0(L) e (5) + of1) de (5]

b
=y(b,A) | 021 — /dff(s) +0(1) > 0.

a

By the continuity of I'()\), there exists Ay, (c) € (O,MBL] (¢)) such that T'(\,,,(c)) = 0.
Thus, A, (c) is an eigenvalue of SLP (1.1), (1.2) and y(¢, A (c)) is the corresponding
eigenfunction. Moreover, from (3.10) and the monotone property of 6(¢, \) with respect
to A, we have y(t, A, (¢)) € Sife, b] for 0 < i < m. O

The following lemma is a counterpart to Theorem 2.6.

Lemma 3.2. Assume (2.9) holds for some even integer n > 0 and (2.11) holds.
Then addition to the conclusion of Lemma 3.1, SLP (2.7), (3.8) also has a positive
eigenvalue A\, (d) which satisfies that \,(d) < ME](d). Moreover, the eigenfunction
associated with A, (d) belongs to S;la,d] for some 0 <i < n.

Proof. By applying the linear transformation stated in the proof of Lemma 3.1 to
Theorem 2.6, this result obtained. It is therefore omitted. O

Proof of Theorem 2.8. (a) Let {/\7[711] (c) : ¢ € [a,b)} be the m-th continuous eigenvalue
branch for SLP (2.7), (1.2) given in the proof of Theorem 2.6 above. Unlike the case

in Theorem 2.4, we do not expect lim,_,;- )\Lll] (¢) = oo. Instead, we claim that with
the condition (2.13)

limsup A (e) > ulfl, (6) > A2 (0). (3.11)

c—b—
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For otherwise, limsup,_,;- )\L}L](c) < uﬂ_l(b). Hence, there exists a sequence

{er}2 C [a,b) such that ¢, — b and

lim A () = A < pl?L ().

k—o0

Let y,[fl]( t) be the eigenfunction associated with A[l](ck) such that y,[gl} (cg) = 1. Then

yl(#) satisfies Eq. (2.7) with A = Al (¢x) and BC (1.2). Obviously, (y!"Y(cx) = 0.
Let 4(t) be the solution of Eq. (1.1) with A = X satisfying that 7(b) = 1 and g'(b) =0.
By the continuous dependence of solutions of initial value problems on the initial
conditions and parameters, we see that limg_, y[ ]( t) = y(t) uniformly on [a,d]. This
shows that y(t) satisfies BC (1.2) and hence is an eigenfunction of SLP (2.7), (1.2)
with A = . Define an energy function for (t) by (3.3) with p(t) = 1 and ¢(t) = 0.
Then
_ X _

E(b,2) = Sw(b)[p(b, N)]*

and (3.4) and (3.5) hold for 3 and X replaced with 4 and . As a result, we have

B(b,3) = %S\w(b),

(e, 0] < 2R and (00 =1, s o
and

7] <2860 and 70N =0, s€ lai]
Thus

b
T(3) > 601 — / (15(s, M) def () + | (5, V)| & (5))

a
b =

> g1 — / ( m(”dgu 2E<s,A>d£;<s>>

)
b
3 (b—a)l™/ _ —
> Gay — IQE(;\L)\) / (6 \/WS)2 dg;r(S) n (b=l /Q\Adﬁf(s))
2E(b,N) [ Fa1 pay e dfl (s)
Z 5\ w(b) € ( n+1 /d£2 > 0.

This contradicts the fact that X is an eigenvalue of SLP (2.7), (1.2) with associated
eigenfunction y and hence proves the relationship in (3.11) holds.
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From (3.11) and the fact that limg_,,+ /\fl_l(d) = 00, by the continuity of A (c)

and )‘f-]i-l(d)’ there exist ¢* = d* € (a,b) such that A (c*) = Afil(d*). By Lemma 3.1
and Theorem 2.6, the eigenfunctions associated with A (c¢*) and Afil(d*) belong to
Silc*, 0] N Spp1]a, d*] for some 0 < ¢ < m. Then the rest of the proof is essentially the
same as the proof of Theorem 2.4 and is omitted.

(b) The proof is essentially the same as that in part (a) above but uses Theorem 2.4
and Lemma 3.2 instead of Theorem 2.4 and Theorem 2.6. It is therefore omitted.

(c) This can be proved similarly as part (a) above with )\f]ﬂ(d) replaced by A (d)

and ALY (c) replaced by /\Lll] +1(c). We omit the detail. O
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