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Quantum mechanical aspects in the MEMS/NEMS technology

Abstract

According to the scaling laws for nanomechanical resonators, many of
their metrological properties improve when downscaled. This fact
encourages for constant miniaturization of MEMS/NEMS based sensors. It
is a well known fact, that the laws of classical physics cannot be used to
describe the systems which are arbitrarily small. In consequence, the
classical description of nanoresonators must break down for sufficiently
small and cool systems and then the quantum effects cannot be neglected.
One of the fundamental question which arises is, how one may investigate
quantum effects in MEMS/NEMS sensors and what is the influence of
quantum effects on the performance of such systems. In this paper we
would like to raise those issues by presenting the results of our work
related to our estimations and calculations of MEMS/NEMS dynamics.
The first and second sections are of theoretical character. In the first
section (Classical modeling), we describe the classical methods for
describing the resonator dynamics and the classical limit on the resolution
of MEMS/NEMS based force sensors, which is set by the
thermomechanical noise. In the second section (Quantum aspects), we
concentrate on the quantum description of micro and nanoresonators and
the influence of quantum effects, such as zero-point motion and back-
action, on their performance (quantum limits). The third section is devoted
to the presentation of our experimental methods of MEMS/NEMS
deflection metrology, i.e. Optical Beam Deflection method (OBD) and
fibre optics interferometry.
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1. Classical modelling — classical harmonic
oscillator

Practically all objects with certain inertness and elasticity are
able to perform mechanical oscillations. Both, the macroscopic
and nanosized systems vibrations can be characterized by their
natural frequencies and eigenmode shapes, which depend on their
physical properties and the geometry of the system. In the case of
systems with simple geometries such as cantilevers (Fig.1.),
beams (Fig.2.), and plates, their eigenfrequencies and eigenmodes
can be found analytically. Often, however, the geometry of the
system is not simple and then one may use the finite element
method (FEM) to model the vibrations of a mechanical structure.

Fig. 1. Samples: MEMS/NEMS cantilever

Fig. 2. Samples: An array of NEMS beams

Micro/nanobeams and cantilevers are widely used in micro/nano
metrology. The vibrations of those structures are described by the
Euler-Bernoulli equation with tension of the form [1]:
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where pis the material density, 4 is the cross-sectional area, D is
the bending rigidity, 7 is the tension and g denotes the distributed
load. By solving equation (1) with the appropriate boundary
conditions one may obtain solutions of the form
U,(x.t)=u,(x)a,(t), with the time dependent term being just

the solution of the undamped classical harmonic oscillator
problem and g being the shape of the eigenmodes. The
eigenfrequencies are described by the equation [1]:

"\ p4

with the coefficients o depending on the number of mode and
boundary conditions (cantilever/beam). For instance, the
eigenfrequency of the first mode for the nanobeam with the
dimensions of 30 nm x 100 nm x 3.5 pm, made of silicon <100>
is equal to about 19 MHz. The cantilever with the same
parameters has the eigenfrequency of about 3 MHz. This kind of
structure was recently made in the ZMMiN WEMiF PWr.

According to the analysis of the dynamics of driven damped
nanobridges, the transfer function of such structures operating
near their lowest eigenfrequency is of the form [2]:
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where 44 is the measure of the average deflection of the
fundamental mode, given by:

1
Hy = lizjuo (x)dx =0.8309 )
0

The transfer function (3) is very similar to the transfer function of
the harmonic oscillator:
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In fact, the difference between functions (3) and (5) is smaller than
1% for the Q > 15. This observation is consistent with the more
general fact: each mode of vibrations of the MEMS/NEMS
structure can be treated as a harmonic oscillator provided that
displacement from the equilibrium position is small. Those
oscillators are independent and according modes form a complete
orthogonal base [1].

There are many noise sources in the MEMS/NEMS systems
which affect their signal-to-noise ratio. Some of them may be
reduced using better measurement electronics but the classical
noise limit is determined by the level of thermomechanical noise.
The nanoresonator is constantly exchanging energy with its
environment. This interaction is modelled by the stochastic force
F, driving the resonator. The equation of motion takes the form of
the Langevin equation:

mi+Tx + kx = F, (6)

The power spectral density, (PSD) of the driving force is provided
by the classical fluctuation-dissipation theorem [1]:
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The PSD of the displacement is related to the driving force PSD
via the relation:

See(@)=[Hyo (@) S1r. () ®)
which leads to the equation:
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Relation (9) can be used to find the spring constant of the structure
via measuring its thermomechanical vibrations. Because
thermomechanical noise is modelled as white noise and the
transfer function of the resonator for the constant driving force is
1/k , the variance of resonators displacement is [3]:
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According to the Hooke’s law, the minimal detectable static force
acting along the displacement of the structure is equal to [3]:
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In the case of measuring a dynamic force using an Amplitude
Modulation Detection Method (AMDM), the cyclic force is

detected with the sensitivity improved by the Q factor. This time,
the bandwidth can be assumed as very narrow and localised near
the resonator eigenfrequency. As a consequence, the
thermomechanical noise PSD can be assumed as constant [3]:
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Thus the minimal detectable force for the AMDM-based sensors
is [3].
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2. Quantum aspects — quantum harmonic
oscillator

According to the scaling laws for nanobridges/nanocantilevers
[4], parameters such as mass, stiffness, dissipated mechanical
energy, mechanical and thermal time constants, force noise and
smallest detectable mass decrease while downscaling the structure.
At the same time the resonant frequency increases. Generally,
metrological parameters (e.g. sensitivity and resolution) of
MEMS/NEMS sensors improve when built-in nanomechanical
resonators (i.e. beams, cantilevers) become smaller. This fact
explains the tendency for constant miniaturization of such
systems.

When the nanoresonator is strongly cooled (e.g. to minimise the
thermomechanical noise), its quantized, discrete energy structure
appears [1]. Each mode of vibrations carries a quantized amount
of energy, which, according to the quantum harmonic oscillator
model, is equal:

E, :hwﬂ(N+%j (14)

where N = 0, 1, ... denotes the state number. The energy of the
ground state (i.e. the state with the lowest possible energy) is:

1
E, :Eha)n (15)

The energy given by equation (15) is called the zero-point energy
and its existence causes that even at the zero temperature, the
variance of position of the quantum harmonic oscillator is not
zero. Using the ground state wave function of the oscillator, one
may find the RMS value of position as:

rms h

YsoL =[5 (16)

n

The value (16) is called the Standard Quantum Limit (SQL). For
the silicon nanobeam structure described earlier, the SQL for the
first mode of vibrations is about 133 fm. The analogous structure,
as a cantilever, has the corresponding SQL equal to about 337 fm.

A crucial obstacle for reaching the quantum limit of
a nanomechanical mode is the thermal occupation factor N,, which
is the measure of the level of thermomechanical noise. The
average energy of the mechanical mode coupled to the thermal
bath is [5]:
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Another useful parameter describing the resonator is its effective
temperature 7z which is the measure of its displacement variance

[1]:
Ty =—(x*) (18)

For high temperatures (k,7 >>hw,), the classical equipartition

theorem holds and the effective temperature of the resonator is
equal to the temperature of the reservoir (7R=7). When the
temperature become much lower ( k,7 = i@, ), the deviations from

the classical behaviour cannot be neglected and Tx#7. Then, to
describe all the quasi-classical thermal and quantum effects, one
may use the generalized fluctuation-dissipation theorem which
leads to the Callen-Welton equation for the thermomechanical
force noise PSD [6]:
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When k,T <<ho,

. » Ny 1s less than 1 and the mode is "frozen out".
In this state, it is likely that the resonator is in its ground state. For
a 1 GHz resonator, the freeze-out of modes occurs for
temperatures lower than 50 mK [5]. When the resonator is placed
in the bath with zero temperature (7=0), its effective temperature
is determined only by the zero-point fluctuations and is equal to

T, =ho,/2k, with the corresponding force PSD of the form
Spr =2ho,l" . For example, the approximate temperature at
which quantum effects appear, for the 19 MHz nanobridge
structure described earlier, is about 6 mK.

The basic question for mechanical force detection is how
precisely one may continuously measure the position of an object.
To obtain the useful electric signal, a mechanical device must be
coupled to a linear detector which consists of a displacement
transducer (which converts position to voltage) and an amplifier. It
turns out, that the performance of any linear amplifier is limited by
the uncertainty principle [5]. Even for the optimal-engineered
system, the measured output signal consists of an equal
contribution of quantum noise from the nanomechanical resonator
+ transducer and from the linear amplifier forming the output
signal. Even if the resonator will be placed at zero temperature
environment, the quantum limit on variance of the position will be
higher than the SQL by the factor of 1.35 [5]:

ms_ |__P rms
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There are two contributions to the noise which arises from the
readout procedure and their nature is very different. The first one,
the imprecision noise, is the consequence of all the uncertainties
connected with the detector (i.e. electrical or photon shot noise)
and is independent of the resonator. Because, for the fixed power
of the signal, detector shot noise does not depend on the
measurement of the resonator displacement, its PSD decreases
when the coupling between resonator and detector increases. The
second one, the back-action noise is caused by the influence of the
detector on the resonator (the described process can be seen as the
continuous weak quantum measurement which affects the
resonator displacement and momentum via the stochastic force
driving the resonator). The PSD of this noise contribution
increases while the coupling between resonator and detector
increases [1].

Optimally engineered coupling between the resonator and
detector is achieved when those two contributions are equal [5].
Then, their total PSD is equal to the PSD of the zero-point
fluctuations [6]:
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It should be emphasized that although the total added noise is at
a minimum, the uncertainty principle does not forbid the
measurement sensitivity from being arbitrarily good [7].

3. Displacement measurements

There are several methods of displacement measurement in
micro- and nanoscale and the optical transduction is currently one
of the most prominent [8,9] compared to the other readout
methods [10, 11]. The optical beam deflection and interferometry
are relatively simple to implement and provide high comparable
sensitivity [12, 13, 14].

3.1. Optical beam deflection

The optical beam deflection (OBD) method is one of the main
techniques used to read out cantilever bending and twisting in
atomic force microscopy (AFM) [12] and cantilever-based
biochemical sensors applications, where the structure bending is
an indication of a chemical, physical, or biological process
[15, 16]. The technique was introduced by Mayer and Amer in
1988 [17].

The divergent beam from a laser diode is firstly collimated by
collimator lens and then the light beam is focused on the
cantilever. The light is reflected from the cantilever directed onto
the position sensitive detector. The cantilever displacement is
transformed into the laser spot displacement on the detector in
vertical directions and horizontal direction. The position of the
laser spot on the detector is determined by measuring the
photocurrents from the corresponding segments of the detector.

The OBD method is highly sensitive and has excellent noise
performance. In a well-designed system the resolution is limited
principally by cantilever thermal noise. For a 450 um long
cantilever with 1 N/m spring constant the measured amplitude of
thermomechanical noise was 4.2 pm with a thermal noise limit of
32 fm/VHz. In this case, the resolution was limited principally by
cantilever thermal noise. In the case of SQL, these resolution is
sufficient for carrying out the experiment.

3.2. Fibre Optic Interferometry

Precise bulk optics systems allow non-contact investigations
with no loss in the sensitivity of the sensor. Bulk optic systems
like OBD require an alignment of free space elements and the
mechanical construction is rather huge in a close proximity and
with relation to small vibrating structures. Fibre optics based
systems are simplified by using flexible waveguides that
propagate the light and the only mechanical constraint occurs
when coupling light to or from the fibre [18].The size of
a measuring head is comparable with the small dimensions of the
investigated structures and easy to use in any environment
(vacuum or cryostat). This could be the main reason to use any
fibre both in free standing [19,20] and integrated systems [21].
The main component is then the —3 dB fibre coupler which

effectively acts as beam splitter.

The growing demand for better resolution on the one hand and
the versatility on the other makes the fibre optics interferometry
a remarkable technique. The simple Fabry-Perot configuration
[22] can be used with the reference path reflected from the fibre-
air interface at the end of the Fresnel reflection. The two ways of
phase modulation read-out due to the movement of the structure
can be obtained: one for displacement of the order of micrometers
and one of the order of nanometers. The first type is connected
with fringe pattern analysis, the second with the amplitude in
comparison with the intensity of a single fringe. As far as SQL
measurement for various structures are the point of interest, the
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achieved 359 fm/VHz resolution has to be improved to be useful in
these experiments. However, the simplicity of adjustment in any
environment (measuring chamber) is so important to refine this
method and make it leading for experiments connected with
displacement measurements. It is foreseen to obtains a resolution
of 20 fm/\Hz after the cooperation with NIST laboratory [23].

4. Conclusions

Micro- and nanoelectromechanical systems (MEMS, NEMS)
form a group of transducers that can be used as sensors for very
precise mass and force detection and metrology. These can be
done by the resonant frequency shift or amplitude of mechanical
vibration changes read-out. By scaling the MEMS/NEMS device
down, the smaller resolution with better sensitivity can be
obtained, however the mechanical parameters of such a system,
the resonator dynamics, change significantly. On one hand the
resonant frequency rises and the amplitude of vibrations
decreases, on the other — for very small structures quantum effects
can be observed.

We have shown the classical methods for describing
MEMS/NEMS resonator dynamics and the classical limit on the
resolution of MEMS/NEMS based force sensors, which is set by
the thermomechanical noise (beams and cantilevers are our point
of interest). We have also presented a quantum description of
micro- and nanoresonators and the influence of quantum effects,
such as zero-point motion and back-action, on their performance
(quantum limits). We have compared the results of these
considerations and calculations to present the methods of
displacement metrological systems that work in the ZMMIN
WEMIF PWr laboratories.

The research was funded by the statutory funding S50037 of Wroclaw University of
Technology.
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