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A MATHEMATICAL MODEL AND A SIMULATIONAL 
INVESTIGATION OF A PLANAR SYSTEM UNDER OBLIQUE 
MULTIPOINT IMPACT WITH FRICTION

MODEL I BADANIA SYMULACYJNE ZDERZENIA WIELOPUNKTOWEGO  
W PŁASKIM UKŁADZIE WIELOCZŁONOWYM Z UWZGLĘDNIENIEM TARCIA
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Abstract: 		  This article presents a mathematical model of a planar system for the multipoint, oblique, and eccentric impact 
of rough bodies. The created model served for numerical investigations of the system’s behaviour. To analyse 
the influence of various parameters, three simplified cases were defined. Each of these cases focused on 
different aspects of the simulation. The first case was used to determine how many contacting bodies undergo 
impact at a given time point. This result was then compared with the experimental observations, which gave 
good agreement. The second case investigated the influence of the body configuration and the coefficient of 
friction (COF) on the sliding process during impact. Depending on the parameter values, the sliding process 
was divided into three main areas: slip-reversal slip, stick-slip, and continuous slip with increasing sliding 
velocity. The third case focused on the energy dissipation expressed by the coefficient of restitution (COR) 
and the angle of incidence of the initiating impact; this case showed possible improvement areas of the used 
impact force model.

Słowa kluczowe: 	 dyssypacja energii, kontakt, zderzenia ukośne, stick-slip, model podatny, współczynnik restytucji.

Streszczenie: 		  W artykule przedstawiono model matematyczny płaskiego zderzenia wielopunktowego. Konfiguracja zderza-
jących się ciał pozwalała na wystąpienie zarówno zderzenia mimośrodowego jak i ukośnego oraz uwzględ-
niała tarcie. Opracowany model posłużył następnie badaniom symulacyjnym. W celu przeanalizowania wpły-
wu różnych parametrów na zachowanie systemu zdefiniowano trzy uproszczone przypadki. W pierwszym 
badano, jaka ilość ciał bierze jednocześnie udział w zderzeniu. Przeprowadzone porównanie otrzymanych 
wyników z obserwacjami eksperymentu pokazało dobrą zgodność. W drugim przypadku badano wpływ kon-
figuracji zderzających się ciał oraz współczynnika tarcia na przebieg procesu poślizgu w trakcie zderzenia. 
W zależności od wartości parametrów możliwe są trzy główne scenariusze: poślizg–zmiana kierunku po-
ślizgu, poślizg–zatrzymanie poślizgu, ciągły poślizg ze wzrastającą prędkością poślizgu. Trzeci przypadek 
skupiał się na dyssypacji energii wyrażonej poprzez współczynnik restytucji oraz kierunku uderzenia inicjują-
cego; przypadek ten pokazał obszary, w których wykorzystany model siły zderzenia wymaga dopracowania.
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INTRODUCTION

An impact phenomenon occurs commonly during 
the work of technical systems. Defined as an event 
occurring during contact between bodies moving with 
a negative normal component of relative velocity, it 
exists during the work of, e.g., inertial grids, vibratory 

transport systems, hammer crushers, cars, or robots  
[L. 1–3]. Therefore, a better understanding of the impact 
phenomenon and, in consequence, an improved ability to 
model it is of vital importance for mechanical engineers.

The effects of friction can significantly complicate 
the modelling and analysis of impact. During impact, the 
friction force may not be unidirectional or continuous 
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and can bring the initial slip to rest before the end of 
the impact or cause a reversal of sliding velocity. 
Nevertheless, various studies have included friction in 
the impact analysis of two rigid bodies [L. 4–7]. Those 
studies are based mainly on assumptions that impacting 
bodies are non-slender (energy loss due to elastic waves 
is small) and hard enough to keep the contact area very 
small in correspondence to body dimensions. 

Routh’s method applied to the analysis of 
two-dimensional impact with friction allowed the 
classification of possible cases by the locations of the line 
of sticking and the line of maximum compression [L. 6]. 
The mentioned article also indicated a difference in the 
obtained results when applying Newton’s and Poisson’s 
definitions of the coefficient of restitution (COR). A more 
recent study [L. 7] applied an energetic definition of 
COR. It used the impulse of normal collision force as 
an independent variable and divided the behaviour of 
impacting bodies resulting from friction into continuous 
slip, slip-stick, slip-reverse slip, and jam-stick. This 
behaviour can be predicted for particular impacting 
bodies and is dependent on the value of the coefficient 
of friction (COF) and the parameter describing their 
configuration (level of eccentricity).

To apply analogous methods for analysis of 
multipoint impact in a multibody system, an additional 
assumption is necessary. Namely, it should be assumed 
that all impacts occur at the same time (simultaneous 
approach) or that they take place one after another 
(sequential approach). The applications of both 
approaches can be found in the literature [L. 8–11], but it 
has been shown [L. 12, 13] that both of them can be used 
only in a limited number of cases and, in general, give 
results that do not agree with experiments and common 
sense.

An alternative approach to the rigid body solution 
is based on the assumption that impacting bodies are 
compliant in the vicinity of their contact point. Such 
an assumption allows an expression of the impact force 
as a function of body deformations. Therefore, this 
approach requires a model which expresses impact force 
in the local deformations of impacting bodies. Many 
models have been developed over the years. Most of 
them are based on the Hertz contact law. An overview of 
such models was presented in [L. 14–16]. Those models 
have been applied to the analysis of an impact of two 
bodies [L. 17–21], although only a few of the published 
research studies includes friction [L. 22, 23]. All the 
research referenced above used the Coulomb-Antonow 
model of friction.

There are no additional assumptions required to 
apply the compliance method to multipoint impact. 
Stronge [L. 24] analysed the central impact of a system 
consisting of up to six balls. This study assumed 
perfectly elastic impacts and neglected friction. Similar 
assumptions were made in [L. 11]. In another work 
[L. 12], the approach was extended to include energy 

dissipation expressed by the COR, but still there is 
no research investigating the multipoint collision of 
compliant, rough bodies, where friction cannot be 
neglected.

This article develops a model of the multipoint, 
oblique, and eccentric impact of rough bodies. To 
accomplish this task, a set of differential equations 
describing the system was written and is presented in the 
following section. Those equations were implemented in 
the Python script and used for numerical investigation of 
the system behaviour under various initial conditions for 
changing values of COR and COF. The effects of those 
investigations are shown in the results and discussion 
section, which is then followed by the summary.

The posed problem involves several questions. 
What impact force model is most suitable for multipoint 
impact modelling? Is this model satisfactory or is there 
a need for further development? Do the numerical 
implementations offer solutions in a given parameter 
range? How expensive computationally is the solution? 
The answers to these questions are discussed through the 
following sections and summarized in the conclusions. 

METHODOLOGY

The system analysed in this article consisted of 3 up to 
6 bodies. The limitation to 6 bodies can be justified by 
an experimental study [L. 25]. It investigated a linear 
pattern of thin discs and showed that a solitary strain/
stress wave length generated by a small explosive charge 
was equal roughly to triple the disc diameter. This 
means that, at a particular time point, three discs were 
undergoing deformation. Therefore, it seems reasonable 
that analysis of the chain of 6 bodies should allow proper 
consideration of the occurring physical phenomena.  

The bodies in the modelled system had the masses 
M1, M2 … Mj and inertia moments about their mass centres 
J1, J2 … Jj, j = 1…6. All of these bodies had a regular shape 
in the vicinity of the contact point Oi, i = 1…5, as shown 
in Fig. 1, which allowed the creation of common tangent 
planes at all impact points. Figure 1 also presents global 
and local coordinate systems. Each body has a local 
coordinate system Cjxjyj at its mass centre. Additionally, 
each impact point Oi has a coordinate system defined in 
such a way that one axis is collinear with impact normal 
and the second is laid in a common tangent plane. Each 
of these coordinate systems is identified by subscript 
numbers, as evident from Fig. 1. 

Several assumptions were made during the 
modelling process. They were as follows:
–– Surfaces of contacting bodies are rough (friction 

cannot be neglected).
–– All bodies are regular in the vicinity of the contact 

point and their surfaces in this area can be represented 
by sphere fragments.
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–– All bodies move in a planar motion; both eccentric 
and oblique impacts are possible.

–– The impact force model expresses energy lost by the 
COR.

Fig. 1. 	A nalysed system of bodies with defined coordinate 
systems

Rys. 1. 	 Analizowany układ ciał wraz ze zdefiniowanymi 
układami współrzędnych

Contact force models

The impacting bodies deform each other in the vicinity of 
the contact point. Such deformation results in a contact 
force, which prohibits penetration of the bodies. Many 
contact force models have been developed over the 
years [L. 14, 26] and adapted for impact modelling. In 
general, those models can be divided into three groups: 
(1) pure elastic models, for example [L. 27, 28]; (2) 
models expressing energy dissipation in terms of plastic 
deformation, for example [L. 29–31]; and, (3) models 
using the coefficient of restitution to express energy 
dissipation, for example [L. 32–38]. Although they 
differently express energy dissipation, the majority of 
these models are based on the contact law proposed by 
Hertz [L. 27].

A review of the available contact force models leads 
to the conclusion that, in the context of the proposed 
assumptions, the models from the third group are the 
most suitable. Although models in this group express 
energy dissipation during impact in terms of COR, they 
differ in its mathematical implementation. The model 
proposed by Hunt and Crossley [L. 33] and its later 
modifications [L. 35–37] extended the purely elastic 
Hertz model with the addition of a damping force. Such 
a damping force is proportional to the relative velocity 
of the impacting bodies. Hence, it results in the highest 
values of energy dissipation at the beginning and end 
of the impact. Such behaviour contradicts experimental 
results and common sense. Therefore, to avoid it, the 
damping force is multiplied by the bodies’ indentation, 
which is 0 at the beginning and end of the impact. The 
damping force introduces the energy dissipation to the 
model. The amount of the energy dissipated during 
impact depends on the hysteresis damping factor. This 
factor is generally difficult to obtain, as it incorporates 
various sources of energy loss. Nevertheless, it can 
be expressed by the COR, which is a common way of 
expressing energy dissipation in impact modelling. 
Various relations for the hysteresis damping factor 

have been proposed, resulting in different impact force 
models. [L. 14] Equation (1) presents an example of the 
impact force model expressing the energy dissipation by 
the damping force, which was proposed by Flores et al. 
[L. 37].

Another way of expressing the energy dissipation 
in terms of COR was used in the impact force model 
proposed by Michalczyk [L. 32]. This model assumes 
that the compression phase of the impact is fully elastic 
and introduces the energy dissipation at the beginning 
of the restitution phase by altering the contact stiffness. 
Such an approach was justified by the change in the 
physical properties of impacting bodies in the vicinity 
of the contact point, but it is rather a general statement 
and can include other phenomena such as the plastic 
deformation of the impacting bodies. The impact force 
resulting from this model was given by Eq. 2.

                 (1)

          (2)

where R is the coefficient of restitution, k is the contact 
stiffness,  is the bodies’ indentation and  
respectively, impact velocity and its initial value.

Fig. 2. 	 Comparison of force models proposed by 
Michalczyk [L. 32] and Flores et al. [L. 37]

Rys. 2. 	 Porównanie modeli siły zderzenia zaproponowanych 
przez Michalczyk [L. 32] oraz Flores et al. [L. 37]
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The models proposed by Michalczyk [L. 32] and 
Flores et al. [L. 37] were chosen for direct comparison, 
because both equate the internal damping energy loss 
to the loss of kinetic energy in order to determine 
coefficients needed for the impact force model. 
Additionally, both models are suitable for use in a wide 
range of COR values. The impact forces resulting from 
these models are plotted in Fig. 2. An inspection of this 
figure indicates that the main difference between both 
impact force models is related to continuity. The model 
proposed by Flores et al. results in a continuous impact 
force, whereas the model developed by Michalczyk 
is discontinuous. The continuity of the Flores et al. 
impact force model should be seen in its favour, as it 
is better for the numerical solution and is supposed to 
better describe the contact phenomena physicality. 
Nevertheless, deeper analysis of the mathematical 
relation of the Flores et al. model reveals a problem with 
its application for multipoint impact. The expression for 
the hysteresis damping factor includes the division by 
the impact velocity initial value. Such division poses 
no problems for the impact of two bodies, as the initial 
velocity must be non-zero for the impact to occur. In 
the case of multipoint impact, where several bodies can 
be in contact with zero relative velocity shortly before 
the initiating impact occurs, this results in the division 
by zero. Therefore, the impact force model proposed 
by Flores et al. cannot be used for the modelling of 
multipoint impact in the system defined in the scope of 
this article. Consequently, the mathematical equations 

given subsequently utilized the impact force model 
proposed by Michalczyk.

Mathematical model

Although the analysed system included a maximum of 
six bodies (j = 1...6), the equations below were given in 
a general form. Such a general form yields equations of 
a given system for any number of bodies. From a given 
number of bodies, the first and last bodies require 
additional comment. Those two bodies, as opposed to 
the rest, interact only with one body. Therefore, the 
equation quantities with the bottom index “j” equal to 0 
and m, where m is the number of bodies in the system, 
are not defined and assumed to be 0.

The equations use the rotation matrix B. This allows 
the transformation of vector coordinates expressed in 
the Ojnjtj coordinate system to coordinates of the Cjxjyj 
coordinate system. The angle αj expresses rotation 
between those two coordinate systems. The material 
parameters Ej and νj are, respectively, Young’s modulus 
and Poisson’s ratio. The values pj are the radii of spheres 
used to describe the geometry of the impacting bodies in 
the vicinity of the contact points. The equations utilize 
the Coulomb-Antonow model of friction and denote 
the COF as μj. The vectors with the upper index “w” 
are unit vectors for a given axis. For example,  is the 
unit vector of the axis n1. The remaining quantities used 
by the equations are either defined by them, explained 
above, or can be found in Fig. 1.

(3)

(4)

(5)

(6)

(7)

(8)

(9)

.
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(10)

(11)

(12)

(13)

(14)

(15)

(16)

stop and stay in that state or reverse its direction. This 
case analysed which scenario occurs depending on the 
value of the COF and the value of eccentricity expressed 
by the parameter β.

   (17)

Case 3

The third case investigated various angles at which the 
initiating impact can occur and different values of the 
COR. The initial position of Body 1 was varied in such 
a way that the angle between the n1 axis of the initiating 
impact local coordinate system and the x axis of the 
global coordinate system changed from 0 to 75 degrees. 
The influence of these changes on the impact force 
was then investigated while the rest of the multipoint 
impacts were kept collinear. This case also showed how 
changing the amount of energy dissipation expressed by 
the COR influences the impact forces.

The contact stiffness parameters are dependent on 
the material’s Young’s modulus, Poisson’s ratio, and the 
curvature of the contacting surfaces in the vicinity of the 
contact point. Although the various contact stiffness for 
each of the multipoint impacts can change the behaviour 
of the system, its investigation was outside the scope of 
this article. Therefore, the Young’s modulus was set for 

Simulated cases

The simulation was based on multiple parameters; 
it allowed various analyses to be conducted, which 
could generate vast amounts of data, which difficult to 
comprehend and transform into knowledge. To avoid 
such a situation, several cases were defined. Each case 
focused on another aspect and simplified the simulated 
model. The cases were described as follows:

Case 1

All analysed impacts were central, collinear, and the 
initial angular velocity of the body initiating impact was 
equal to 0. The number of bodies included in the analysis 
varied from 3 to 6. This case was intended to study the 
influence of the number of bodies participating in the 
multipoint impact on the initiating impact force and 
to check how the simulation results correspond to the 
measurement data presented in [L. 25]. Ideally elastic 
impacts were simulated.

Case 2

This case studied how the changing eccentricity and the 
COF value influence the sliding of the bodies during 
impact. To quantify eccentricity, the parameter β was 
defined by Eq. (17). If the impact starts with sliding, 
there are several possible scenarios which can occur 
until it terminates; the sliding can continue through the 
duration of the impact until it terminates, the sliding can 
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each body to be equal E = 2.05∙1011 Pa together with the 
Poisson’s ratio υ = 0.3 [L. 29], and it was assumed that 
the curvature of each contacting body in the vicinity of 
the contact point can be described by the sphere of the 
radius equal to 0.05 m.

RESULTS AND DISCUSSION

The equations given in the previous section were 
implemented in the Python programming language. For 
this purpose, the open source libraries of Numpy, Scipy, 
Matplotlib, and Math were used. Those libraries offer 
various tools, of which the efficient implementation of 
array operations and the algorithms for the solution of 
the ODEs (Ordinary Differential Equations) seem the 
most important in the context of this article. To solve the 
ODEs, a variable coefficient algorithm named VODE 
[L. 39] was used. 

The implementation consisted of several hundreds 
of code lines. Although it seems not many, it was still 
prone to errors, especially in the functions implementing 
ODEs. To ensure that all errors were eliminated, 
the simulation was equipped with two checking 
mechanisms. The first mechanism calculated the kinetic 
energy of all bodies and the energy dissipated due to the 
friction and restitution; next, it compared the result with 
the initial kinetic energy of the body initializing impact. 
Both quantities should be equal. If this condition was 
not satisfied with a given error threshold, the simulation 
raised an error. The second mechanism checked the 
conservation of the linear and angular momentum. If, 
in any time step of the simulation, the momentum was 
not conserved with a given error threshold, an error was 
raised. 

Results of case 1

The impact forces calculated by the simulation for this 
case are presented in Fig. 3. It can be easily observed 
(for example, by drawing lines parallel to the force axis 
and counting the points in which the plot curves are 
crossed by it) that, at any time instant, the impact takes 
place at a maximum of 3 points. Therefore, there is no 
difference in the initiating impact force between systems 
with 4, 5, and 6 bodies. Moreover, a closer look at  
Fig. 3 indicates that there is only a short overlap between 
the first and third impact. This fact suggests that, if the 
impact force of the initiating impact is the goal of the 
simulation, including only 3 bodies in it will be a good 
approximation. This was confirmed by the data given 
in Table 1. It showed no difference (to the error of 
rounding) in the value of the maximum impact force for 
the initiating impact and very small differences in the 
duration time and resulting velocity between simulations 
performed with 3, 4, 5, and 6 bodies. The data obtained 
also corresponds well with the experimental results 
presented by [L. 25].

Fig. 3. 	 The impact forces for the system of six bodies 
obtained for the configuration defined in Case 1

Rys. 3. 	 Siły zderzenia dla układu sześciu ciał otrzymane dla 
zderzenia zdefiniowanego w przypadku 1

Table 1. 	 The values of the maximum impact force, the 
duration time and the velocity obtained for Body 
1 for the simulation with 3, 4, 5, and 6 bodies

Tabela 1. 	 Wartości maksymalnych sił zderzenia, jego czasu 
trwania oraz prędkości ciała 1 dla przypadków sy-
mulacji uwzględniających 3, 4, 5 oraz 6 ciał biorą-
cych udział w zderzeniu

Number 
of bodies

Value  
of maximum 
impact force  
for the first 
impact [kN]

Duration 
time  

of the first 
impact 
[ms]

Velocity 
of the first 
body after 

impact 
[m/s]

3 25.05 0.345 0.07
4 25.05 0.35 0.071
5 25.05 0.35 0.071
6 25.05 0.35 0.071

Results of case 2

The results of the simulations conducted for this case 
are presented in Fig. 4. This figure summarised possible 
developments of the sliding process as a function of the 
COF and the parameter β, which expressed the level of 
the impact eccentricity. 

As evident from Fig. 4a, the sliding process of 
the impacting bodies could be divided into 3 main 
regions. There was a fundamental difference in the 
sliding behaviour in them and they were separated 
approximately by two lines. Those lines were kept the 
same for plots in Figs. 4b and 4c to clearly show the 
differences. In the region marked by triangles, the sliding 
velocity dropped to 0 and then reversed its direction. The 
region marked by pluses represented parameter values 
for which the sliding velocity continuously increased its 
value, resulting in continuous slip during the impact.

The last region, marked with circles, showed 
areas where the sliding velocity dropped to 0 and then 
stuck. To show the results in more detail, an additional 
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minor region was introduced. It was marked by a star 
and represented situations where the sliding velocity 
was decreasing but did not reach 0 value during the 
impact time. Therefore, such behaviour could occur in 
the region of the reversed slip (triangles) or the stick 
(circles) and was dependent on the value of the COF and 
the parameter Φ0, which expressed the relation between 

components of the initiating body velocity and was given 
by Eq. 18. Figure 4 presents results for three different 
values of the parameter Φ0 = (0.1, 0.5, 1). It is evident 
that, although for greater values of the parameter Φ0 the 
friction force was not able to bring initial sliding to 0 
(situation marked with a star), the general behaviour of 
the region was kept. This means that, in regions of slip-
reverse slip and slip-stick, the appropriate behaviour 
(reversing sliding direction or sticking) is to always be 
expected when sliding velocity drops to 0. 

Figure 4a demonstrates that the sliding regions 
in the investigated space were almost symmetrical. 
The asymmetry grows with the increasing value of 
the parameter Φ0, as presented in Figs. 4b and 4c. 
Such behaviour was justified by the different body 
configurations. On the right hand side of the plots shown 
in Fig. 4, the bodies had a tendency to increase the sliding 
velocity, which resulted in the slower transformation into 
the slip-stick region and meant that the results were not 
affected by the parameter Φ0. This was a logical result 
as the value at which sliding velocity starts increasing 
does not matter. 

The COF and the configuration of other bodies 
taking part in the multipoint impact also influenced the 
sliding process of the initiating impact, but this influence 
was not deeply investigated and will be the subject of 
further research. In the presented results, the sliding 
process in the initiating impact was mainly influenced by 
other bodies taking part in the multipoint impact through 
the normal impact force, which was directly linked to 
the friction force by the Coulomb-Antonow friction law.

                                (18)

where   are components of the initial velocity of 
body 1, which initiates impact. 

Results of case 3

Figure 5 shows the impact forces in the system with 
the COR equal to 0.8 for all impacts and the angle α 
describing the initiating impact direction equal to 30 
degrees. Those forces revealed several differences when 
compared with the forces in Fig. 3. The dissipation of 
the kinetic energy introduced by the COR caused the 
subsequent impacts to be less intensive, which resulted 
in a lower value of the maximum impact force. In 
other words, the maximum impact force of subsequent 
impacts declined essentially faster after a decrease in the 
COR. Figure 5 also shows weak spots of the selected 
impact force model. The discontinuity of the impact 
force caused a noticeable reduction of the integration 
time, resulting in drastically higher calculation time. 
Moreover, the duration of the impacts increased. For 
the COR equal to 0.8, there was already a clear overlap 
between the first and fourth impact forces. Additionally, 

Fig. 4. 	 Possible developments of the sliding process as 
a function of the COF and parameter β; a) for  
Φ0 = 0.1, b) for Φ0 = 0.5, c) for Φ0 = 1. Symbols used 
for the sliding regions: triangle (slip-reverse slip), 
circle (slip-stick), plus (increasing sliding velocity 
– continuous slip), star (decreasing sliding velocity, 
0 not reached)

Rys. 4. 	 Możliwe scenariusze rozwoju poślizgu jako funkcja 
współczynnika tarcia i parametru β; a) dla Φ0 = 0.1,  
b) dla Φ0 = 0,5, c) dla Φ0 = 1. Symbole użyte do ozna-
czenia poszczególnych regionów: trójkąt (poślizg– 
–zmiana kierunku poślizgu), koło (poślizg–zatrzy-
manie poślizgu), plus (wzrastająca prędkość poślizgu 
– ciągły poślizg), gwiazdka (malejąca prędkość pośli-
zgu – ciągły poślizg)
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the duration of the fourth impact was longer than the 
duration of the fifth impact, which contradicted common 
sense. 

The changes in the initiating impact force for 
different values of the COR and angle α are presented in 
Fig. 6. Because the impact force model does not include 
the energy dissipation in the compression phase of the 
impact, the value of the maximum impact force shown 
in Fig. 6 depended only on the angle α. The influence 
of this parameter on the maximum impact force value 
was significant. With the increasing value of the angle α, 
the maximum impact force value dropped dramatically. 
The analysis of this result led to the conclusion that the 
increasing value of the angle α limited the influence 
of other bodies in the chain on the initiating impact, 
causing it to be more a two-body event. The effect of 
the changing value of the COR could be clearly seen 
at the time point which separates the compression and 
restitution phase of the impact. With the increasing 
value of the COR, the relative drop of the impact force 
was bigger. Additionally, the duration of the impact 
increased slightly.

Fig. 5. 	 Impact forces for COR equal to 0.8 for all impacts 
and angle α equal to 30 degrees

Rys. 5. 	 Siły zderzenia dla współczynnika restytucji równe-
go 0,8 dla wszystkich zderzeń i kąta α wynoszącego  
30 stopni

Fig. 6. 	 The first impact force for various values of the 
parameters R and α

Rys. 6. 	 Siły zderzenia inicjującego dla różnych wartości para-
metrów R oraz α

SUMMARY

This article presented a mathematical model of the 
multipoint impact in a planar multibody system. The 
developed model included the friction phenomenon 
and the kinetic energy dissipation expressed by the 
COR and allowed various simulation investigations 
to be conducted. Those investigations were divided 
into three cases. The conclusions resulting from these 
investigations can be summarized briefly, as in the 
following points:
–– Approximately 3 bodies take part in the multipoint 

impact at a given time point. This corresponds well 
with the experimental data.

–– The sliding process during the impact can be 
divided into three main regions: continuous slip with 
increasing sliding velocity, slip-reversal slip, and 
slip-stick. The development of the sliding process 
depends on the COF and the impact eccentricity 
level expressed by the defined parameter β.

–– The sliding process is also impacted in a minor way 
by the initial sliding velocity. If it has an excessively 
high value to be stopped during the impact, in the 
range of stick-reversal slip and stick-slip, continuous 
sliding with decreasing sliding velocity is to be 
expected.

–– The direction of the initiating impact has a significant 
influence on the maximum impact force. With the 
increase of the incidence angle, the maximum impact 
force dropped dramatically.

The simulation investigations also showed weak 
spots of the implemented impact force model. The 
discontinuity of the impact force causes numerical 
problems with the solution and increases the 
computational time. Additionally, the duration time of 
the restitution phase increases with the decreasing value 
of the COR. This led to a situation contradicting common 
sense, when the last impact duration was shorter than 
the preceding one. Therefore, this impact force model 
requires improvements for better applicability in 
multipoint impact, which will be the subject of further 
research. 
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