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Recursive relationships are used for modelling problems coming from the real 
life, such as, for example, a relationship describing formal dependencies between 
employees of an enterprise, where creation of work groups and teams requires anal-
ysis of many elements. In conventional database systems, the precision of data is as-
sumed. If our knowledge of the fragment of reality to be modelled is imperfect one 
should apply tools for describing uncertain or imprecise information. One of them is 
the fuzzy set theory. The paper deals with recursive relationships in fuzzy databases. 
The analysis is performed with the use of the theory of interval-valued fuzzy sets. A 
definition of a fuzzy interval recursive relationship has been presented. The paper 
defines different connections of entities which participate in such relationships. Op-
erations of the extended relational algebra are also discussed.  
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1. Introduction  

Conventional database systems are designed with the assumption of precision 
of information collected in them. The problem becomes more complex if our 
knowledge of the fragment of reality to be modelled is imperfect. In such cases one 
has to apply tools for describing uncertain or imprecise information [4, 10]. One of 
them is the fuzzy set theory. A fuzzy set (FS) is a generalization of an ordinary set. 
Its definition contains a membership function which is a mapping X → [0,1], where 
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X denotes the universe of discourse. The precise determination of the membership 
degree is not always possible. In such cases it can be expressed by means of the 
closed subinterval of the unit interval [0,1]. This leads to the concept of the inter-
val-valued fuzzy set (IVFS). The idea was proposed in 1975 [14, 15]. Alcade et al. 
defined interval-valued linguistic variables and studied their properties [1]. Validity 
of the principle of inclusion and exclusion for IVFSs has been investigated in [12].  

So far, a great deal of effort has been devoted to the development of fuzzy da-
ta models. Numerous works discuss how uncertainty existing in databases should 
be handled. Some authors proposed incorporating fuzzy logic into data modeling 
techniques. In particular an extension of the entity-relationship model by fuzzy log-
ic has been proposed. The main elements of the model were presented in the con-
text of fuzzy sets.  

In the relational model entity sets and relationships between them are repre-
sented in the same way – i.e. by means of relations. A relation is defined as a sub-
set of Cartesian product of attribute domains. A set of operations in relational mod-
el is referred to as relational algebra. Inclusion of fuzzy logic requires extension of 
the main notions occurring in the relational model. In particular, classical opera-
tions of relational algebra must be appropriately modified. 

In database models, usually binary relationships occur between entity sets.  
In such relationships each entity plays a unique role. The roles of entities are clear 
and so they are not defined explicitly. When designing, it may be necessary to de-
fine relationships which involve only one entity set i.e. relationships between enti-
ties belonging to the same set. They are referred to as recursive relationships 
(RRs). In this case roles of entities must be defined explicitly.  

The problem of RRs does not occur often in the professional literature. They 
are usually discussed in papers dealing with the entity-relationship model. Differ-
ent approaches to design RRs have been presented in [2, 3]. A taxonomy of RRs 
has been described in [8]. The author presented different relationship structures that 
that can exist in RRs and defined four types of them. In [7] theorems dealing with 
cardinalities of RRs have been formulated. 

Although the semantics of RRs is to some extent difficult to capture they are 
useful for modelling problems coming from the real life. In particular one can ap-
ply them in management. An example of a RR is a relationship describing formal 
dependencies between employees of an enterprise. If each employee, apart from 
the boss, is supervised by exactly one employee there exists a multilevel hierarchy. 
At the bottom there are employees who do not supervise anybody. Participation of 
employees in work groups can be limited by different constraints. For example, one 
can impose a constraint on the number of teams supervised by one employee. 
These constraints determine the type of the recursive relationship. Creation of work 
groups and teams in organizations requires analysis of many elements e.g. qualifi-
cations of employees and possibilities of using them.  
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The fuzzy set theory can be also applied for modelling of cooperation between 
enterprises [6,11,13]. Enterprises which cooperate with one another are elements of 
a business network. The strength of a direct connection between two enterprises 
can be estimated by a subinterval of [0,1]. This is a case of the interval-valued 
fuzzy relationship (IVFRR). Analysis of the network enables to determine relation-
ships between any enterprises. 

In conventional procedures there are made unique decisions „accept or reject” 
which may lead to improper solutions. The estimation of the mentioned elements is 
not always unique. Applying of the fuzzy set theory allows for analysis and com-
parison of different versions and for adjusting them to new information.  

The paper is organized as follows. The next section contains the basic notions 
dealing with interval-valued fuzzy sets. Section 3 presents fuzzy relations and op-
erations of the extended relational algebra. Different kinds of structures created by 
entities occurring in interval-valued fuzzy relationships are defined in Section 4. 
Section 5 discusses algebraic operations dealing with relational representation of 
IVRRs. 

2. Interval-valued fuzzy sets 

In classical set theory one can define a characteristic function which indicates 
membership of elements in sets. It is a mapping X →{0,1}, where X denotes the 
universe of discourse. The characteristic function of the set A takes the value 1 for 
the element e if e ∈ A and 0 in the opposite case. However, if there are no sharp 
boundaries of membership the unique qualification of elements is not always obvi-
ous. In order to express this uncertainty the set {0,1} has been replaced with the 
interval [0,1].  
 
Definition 1. Let X be a universe of discourse. A fuzzy set A in X is defined as a 
set of ordered pairs: 
 ,  ]}1,0[:,:)(,{ →∈><= XXxxxA AA µµ  (1) 

where µA(x) is a membership function. 
 

Replacing the mapping X → [0, 1] with X → F([0, 1]) , where F([0, 1]) de-
notes the set of all FSs in the interval [0, 1], leads to the definition of type-2 fuzzy 
sets. A particular case of this notion is the concept of an interval-valued fuzzy set 
[9]. The elements of the IVFS are assigned with closed subintervals of [0,1]. The 
idea of the IVFS extends the notion of the ordinary fuzzy set. The assigned inter-
vals approximate the correct value of membership degrees. 
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Definition 2. Let X be a universe of discourse. An interval-valued fuzzy set A in X 
is defined as: 

 ,   ])}1,0([:,:)(,{ IntXXxxxA AA →∈><= µµ  (2) 

where µA(x) = [µAL(x), µAU(x)] is an interval-valued membership function and  
Int([0,1]) stands for the set of all closed subintervals of [0,1]: Int([0,1]) = {[a, b]: a, 
b ∈ [0,1]}. 
 

Values of µAL(x) and µAU(x) are interpreted as the lower and upper membership 
functions, respectively, and satisfy the following condition: 

 .  1  )( )(0 ≤≤≤ xx
UALA µµ  (3) 

In order to compare interval-valued fuzzy sets one has to establish an order re-
lations for subintervals of [0,1]. In further considerations we will consider the fol-
lowing ordering 

 .     and   if   ],[],[ UULLULUL bababbaa ≤≤≤  (4) 

If µAL(x) = µAU(x) for every x then A is an ordinary fuzzy set. Membership functions 
µAL(x) and µAU(x) determine two ordinary fuzzy sets: 

 
.   ]}1,0[:,:)(,{

,   ]}1,0[:,:)(,{
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 (5) 

The support of A - the classical set of elements that belong to A with non-zero 
membership degrees - is determined by supports of AL and AU : 

  
.   }0)(:{)(supp)(supp

,   }0)(:{)(supp)(supp

>==

>==

xxAA

xxAA

U

L

AUU

ALL

µ
µ

 (6) 

From (5) and (6) we can conclude that supp(A)L ⊆ supp(A)U . Other characteristics 
can be determined in the similar way. 

3. Fuzzy relations 

In the fuzzy entity-relationship model fuzziness can occur at three levels [5]: 
a) the level of types reflecting partial belongingness of the given type to the model, 
b) the level of entities and relationships reflecting partial belongingness of ele-
ments to their types, c) the level of attributes reflecting fuzzy values of them. The 
presented considerations deal with the second level. 

In the relational model data is represented by tuples, which are elements of re-
lations. Allowing for subintervals of [0,1] to appear as membership degrees of tu-
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ples one arrives at interval-valued fuzzy relations (IVFR). An IVFR is an interval-
valued fuzzy set on the Cartesian product of attribute domains. For example an 
IVFR regarding projects may look like relation LARGE_PROJECTS in Table 1.  
 

Table 1. Relation LARGE_PROJECTS 
P# NAME BUDGET TYPE µ 
P1 Credit 110 000 Banking [1,1] 
P2 Finn 60 000 Accounting [0.8, 0.9] 
P3 Policy 40 000 Insurance [0.4, 0.6] 
P4 Broker 30 000 Stock_Exchange [0.3, 0.5] 
P5 Visa 200 000 Banking [1,1] 
P6 Balance 20 000 Accounting [0.2, 0.3] 
P7 Agent 50 000 Insurance [0.7, 0.8] 

 
Classical operations of relational algebra must be extended by defining mem-

bership degrees for final relations. Some of the operations are defined below. Let R 
and S be interval-valued fuzzy relations with membership degrees [µRL(r), µRU(r)] ⊆ 

[0,1] and [µSL(s), µSU(s)] ⊆ [0,1], where r and s denote tuples of R and S, respectively. 
Union: R ∪ S is an IVFR containing tuples which belong to R or S. The member-
ship degree of a tuple t of R ∪S equals µR∪S(t) = [µR∪SL(t), µR∪SU(t)], where  

 .   ))(),((max )(  ,  ))(),((max )( tttttt
UUULLL SRSRSRSR µµµµµµ == ∪∪  (7) 

Intersection: R ∩ S is an IVFR containing tuples which belong to R and S. The 
membership degree of a tuple t of R ∩ S equals µR∩S(t) = [µR∩SL(t), µR∩SU(t)], where  

 .   ))(),((min  )(  ,  ))(),((min  )( tttttt
UUULLL SRSRSRSR µµµµµµ == ∩∩  (8) 

Difference: R − S is an IVFR containing tuples which belong to R and do not be-
long to S . The membership degree of a tuple t of R − S equals µR-S(t) = [µR-SL(t), 
 µR-SU(t)], where  

 . ))(1  ),((min )(  ,  ))(1  ),((min )( tttttt
LUUULL SRSRSRSR µµµµµµ −=−= −−  (9) 

Selection: σW(R) is an IVFR containing tuples of R which satisfy a fuzzy condition 
W. Let µW(t) = [µWL(t), µWU(t)] be an interval expressing the fulfilment degree of W. 

Thus the membership degree of a tuple t of σW(R) equals µσW (R) (t) = [µσW (R)L(t), 

 µσW (R)U(t)], where  

.   ))(  ),((min )(  ,  ))(  ),((min )( )()( tttttt
UUUWLLLW WRRWRR µµµµµµ σσ ==  (10) 

Projection: ∏X(R) is an IVFR over X, where X is a set of attributes, with µ∏X(t) = 

[µ∏X(R)L(t), µ∏X (R)U(t)], where  
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 .  )(sup )(   ,  )(sup )( )()()()()()( rtrt
UUXLLX RXrXtRRXrXtR µµµµ =Π=Π ==  (11) 

Natural join: R(X, Y) * S(Y, Z) is an IVFR of the scheme SCH = {X, Y, Z}. The 
membership degree of a tuple t of R * S equals µR*S(t) = [µR*SL(t), µR*SU(t)], where  

 
 .    ))(),((min )(     ,   ))(),((min )(

, )()(

** srtsrt

YsYr

UUULLL SRSRSRSR µµµµµµ ==
=

  (12) 

4. Fuzzy interval-valued recursive relationships 

A graphical representation of the recursive relationship in the entity-
relationship model is shown in Figure 1. In order to distinguish entities of the entity 
set E which participate in the relationship R there have been defined roles RA and 
RB. Numbers in brackets denote cardinalities i.e. a (b) is a minimal (maximal) 
number of entities of E which fulfill the role RA with respect to one entity of E. 

 
  
 
 
 
 
 

 
Figure 1. Recursive relationship 

 
An interval-valued fuzzy recursive relationship (IVFRR) can be defined as follows:  

 .   ])}1,0([:,,,:),(,,{ 21212121 IntEEeeEeeeeeeR RR →×≠∈><= µµ  (13) 

The order of entities defines their roles in R. In the relational model an IVFRR is 
represented by relation R(RA.K, RB.K, µR), where K denotes the key of E. The mem-
bership function µR(e1, e2) can express the strength of the relationship or estimates 
the degree of uncertainty. Tuples of R represent direct connections between enti-
ties. From (13) one can derive pairs of entities which are connected indirectly. If 
there exist tuples <e1, e2, µR(e1, e2)> and <e2, e3, µR(e2, e3)> then there exist a rela-
tionship between entities e1 and e3 with µRL (e1, e3) = min(µRL(e1, e2), µRL(e2, e3)) and 
µRU (e1, e3) = min(µRU(e1, e2), µRU(e2, e3)). 

 
According to cardinalities one can distinguish the following types of recursive 

relationships: 
a) 1:1 with possible cardinalities: (0,1)(0,1), (0,1)(1,1), (1,1)(0,1), (1,1)(1,1), 

      R E 

RA(a,b) 

RB(c,d) 
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b) 1:N with possible cardinalities: (0,N)(0,1), (0,N)(1,1), (1,N)(0,1), 
(1,N)(1,1), (0,1)(0,N), (0,1)(1,N), (1,1)(0,N), (1,1)(1,N), 

c) M:N with possible cardinalities: (0,N)(0,M), (0,N)(1,M), (1,N)(0,M), 
(1,N)(1,M). 

The structure of recursive relationships can be presented graphically as single lines 
for 1:1 type, hierarchies for 1:N type and networks for M:N type. If entities cannot 
fulfill both roles the structure of the relationship contains two levels.  

Definition 3. Let f and g be entities of the set E. Let α be a subinterval of [0,1]. 
Entities f and g are α-connected with respect to the relationship R, denoted by 
fCRαg, if µR(f, g) ≥ α or there exists a finite sequence e1, e2,..., en ∈ E such that  

 .  ),( ,),(, ... ,),( ,),( 1211 αµαµαµαµ ≥≥≥≥ − geeeeeef nRnnRRR  (14) 

Definition 3 deals with entities occurring in the same path. In hierarchical 
structures between two elements there exists exactly one route containing one or 
two paths. Let us consider two pairs (e, f) and (e, g) of α-connected entities. Thus,  
eCRαf and eCRαg. Entities f and g occur in the same hierarchy. For this case one can 
define an α-hierarchical connection. 

Definition 4. Let f and g be entities of the set E. Let α be a subinterval of [0,1]. 
Entities f and g are α-hierarchically connected with respect to the relationship R, 
denoted by fHRαg, if fCRαg or there exists an entity e such that , eCRαf and eCRαg.  

In more complex structures there can exist more routes between two elements. A 
route can contain more than one hierarchical connection. For this case one can de-
fine an α-network connection. 

Definition 5. Let f and g be entities of the set E. Let α be a subinterval of [0,1]. 
Entities f and g are α-network connected with respect to the relationship R, denoted 
by fNRαg, if fHRαg or there exists a finite sequence e1, e2,..., en ∈ E such that fHRαe1, 
e1HRαe2,..., e1HRαen and enHRαg or gCRαen. 

5. Recursive operations 

Let us consider an IVFR R(A,B) which represents an interval-valued recursive 
relationship. Values of attributes A and B are identifiers of related entities.  

Let t1(a, x) and t2(a, y) be two tuples of R. This means that entities identified 
by x and y fulfill the same role with respect to the other entity identified by a. 

Identifiers x and y can be obtained by means of the following operation:  

 ,     ))(*)((),( ),(),(, RRYXT YARYXXARYX ρρ ≠Π=  (15) 
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where ρ is a rename operator. The membership degree µT(s) = [µTL(s), µTU(s)] of a 

tuple t (x,y) ∈ T equals:  

 
.   )),(),,((min max ),(

  ,  )),(),,((min max ),(

a

a

yaxayx

yaxayx

UUU

LLL

RRT

RRT

µµµ
µµµ

=

=
 (16) 

Let t1(x, z) and t2(z, y) be two tuples of R. This means that entity x fulfills a 
certain role with respect to z and z fulfills the same role with respect to y. Thus en-
tities x and y are connected indirectly. In order to get pairs of entities which are 
connected in this way one should also apply the join and projection operators. The 
following expression allows to find pairs of entities x and y which are connected by 
one intermediate entity z:  

 .     ))(*)((),( ),(),(, RRYXT YZRZXRYX ρρΠ=  (17) 

The route between entities x and y contains two edges : <x,z> and <z,y>. In net-
work connections there can exist more than one route between x and y. Thus, the 
membership degree of a tuple t (x,y) ∈ T equals: 

 
.   )),(),,((min max ),(

  ,  )),(),,((min max ),(

z

z

yzzxyx

yzzxyx

UUU

LLL

RRT

RRT

µµµ
µµµ

=

=
 (18) 

In order to receive all pairs of entities <u,v> which are connected by more interme-
diate entities one should solve the following equation: 

 .     )())),(*)(((),( ),(),(,),( RVUSRVUS VURUARVAVUR ρρρ ∪Π=  (19) 

The smallest relation which satisfies (19) is determined by the fixpoint operator 
(FP) : 

.     ))())),(*)(((FP( ),( ),(),(,),( RVUSRSVUS VURUARVAVUR ρρρ ∪Π==  (20) 

The result is obtained by means of the iterative fixpoint process. In each iteration 
new tuples s of S are created. They denote pairs of connected entities. The algo-
rithm of FP terminates when no new tuples of S are created as a result of the subse-
quent iteration. If R is a fuzzy relation for each iteration one must determine the 
membership degree. Let C(u,v) be a set of routes s between entities u and v. For 
each route s ∈ C(u,v) one must determine values of µS (s) = [µSL(s), µSU(s)]. The 
final membership degree µS(u,v) = [µSL(u,v), µSU(u,v)] equals the maximal value: 

 .   )( max ),(  ,  )( max ),( svusvu
UULL SC(u,v)sSSC(u,v)sS µµµµ ∈∈ ==  (21) 

Example 1. Relation R (table 2) presents an IVFRR. Entities which participate in 
the relationship form a structure shown in Figure 2.  
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Table 2. Relation R 
A B µ 
a b µ1 

a c µ2 
b c µ3 

b d µ4 
c d µ5 
c e µ6 

d e µ7 
 
The membership degrees µi are expressed by subintervals of [0,1]. Let µi1,i2,…,in de-
note the following interval: 

. ),...,,(min   ,  ),...,,(min

 where,   ],[

21),...,,(21),...,,(

),...,,(),...,,(,...,,

2121

212121

UUUUnLLLLn

UnLnn

niiiniii

iiiiiiiii

µµµµµµµµ
µµµ

==

=
 (22) 

 

 

 

 

 

 

 

 

 

 
Figure 2. Structure of the IVFRR – Example 1 

 

Table 3 presents results of the operation (15), (16). 
 

Table 3. Relation T 
X Y µ 
b c µ12 

c d µ34 
d e µ56 

 
For the operation (20), (21) three iterations should be performed. The first iteration 
finds pairs of entities connected by one intermediate entity. There exist the follow-
ing routes: <abc,µ13>, <abd,µ14>, <acd,µ25>, <ace,µ26>, <bcd,µ35>, <bce,µ36>, 
<bde,µ47>, <cde,µ67>. The result is shown in table 4.  

a 

b c 

d  e 
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Table 4. Relation S after the first iteration 

U V µ 
a b µ1 

a c [max(µ2L, µ13L), max(µ2U, µ13U)] 

b c µ3 

b d [max(µ4L, µ35L), max(µ4U, µ35U)] 

c d µ5 
c e [max(µ6L, µ57L), max(µ6U, µ57U)] 

d e µ7 
a d [max(µ14L, µ25L), max(µ14U, µ25U)] 

a e µ26 
b e [max(µ36L, µ47L), max(µ36U, µ47U)] 

 
The following routes with two intermediate entities are obtained by the second iter-
ation: <abcd,µ135>, <abce,µ136>, <abde,µ147>, <acde,µ257>, <bcde,µ357>. The third 
iteration gives one route: <abcde,µ1357>. Table 5 presents the final result. 
 

Table 5. Relation S  
U V µ 
a b µ1 

a c [max(µ2L, µ13L), max(µ2U, µ13U)] 

b c µ3 

b d [max(µ4L, µ35L), max(µ4U, µ35U)] 

c d µ5 
c e [max(µ6L, µ57L), max(µ6U, µ57U)] 

d e µ7 
a d [max(µ14L, µ25L, µ135L ), max(µ14U, µ25U, µ135U)] 

a e [max(µ26L, µ136L, µ147L, µ257L,µ1357L), max(µ26U, µ136U, µ147U, µ257U,µ1357U)] 

b e [max(µ36L, µ47L,µ357L ), max(µ36U, µ47U, µ357U)] 

4. Conclusion 

In the paper properties of interval-valued fuzzy recursive relationships, their 
representation in fuzzy relational databases and respective operations of the ex-
tended relational algebra have been considered. Each pair of related entities is as-
signed with a subinterval of [0,1]. For processing of recursive data an extended 
fixpoint operator has been applied. According to roles of entities there have been 
defined different kinds of fuzzy connections occurring in IVFRRs. The presented 
theory is planned to be applied in real life tasks like supporting collaboration in 
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enterprise networks, for example. Moreover, one can extend the considerations by 
application of type-2 fuzzy sets. Another line of future work is taking into account 
more than two roles fulfilled by entities in the recursive relationship.  
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