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Abstract: The   mixed  convection heat transfer of  nanofluid flow in a  heated square cylinder  under  the  influence  of  a  magnetic  field 
is considered in this paper. ANSYS FLUENT computational fluid dynamics (CFD) software with a finite volume approach is used to solve 
unsteady two-dimensional Navier-Stokes and energy equations. The numerical solutions for velocity, thermal conductivity, temperature, 
Nusselt number and the effect of the parameters have been obtained; the intensity of the magnetic field, Richardson number, nanoparticle 
volume fraction, magnetic field parameter and nanoparticle diameter have also been investigated. The results indicate that as the dimen-
sions of nanoparticles decrease, there is an observed  augmentation in heat transfer rates from the square cylinder for a fixed  volume 
concentration. This  increment in  heat  transfer rate becomes  approximately  2.5%–5%  when nanoparticle size decreases from 100 nm 
to 30 nm for various particle volume fractions. Moreover, the magnitude of the Nusselt number enhances with the increase in magnetic 
field  intensity and  has the opposite  impact on the Richardson number. The findings of the present study  bear  substantial  implications 
for diverse applications, particularly in the realm of thermal management systems, where optimising heat transfer is crucial for enhancing 
the efficiency of electronic devices, cooling systems and other technological advancements. 
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1. INTRODUCTION 

Liquid suspensions with nanometer-sized particles are known 
as nanofluids. Nanofluids are typically made up of nanoparticles 
ranging in size from 1 nm to 100 nm dispersed in a standard liquid 
such as water [1, 2], ethylene glycol [3], methanol [4] or blood [5]. 
The nanofluid can be used to improve the thermal properties of 
base fluids such as propylene glycol, ethylene glycol, water and 
oil, among others. They could be used in biomedical and engi-
neering applications such as process industries, cooling, cancer 
therapy and a variety of others. X-rays, computers, vehicle en-
gines, nuclear reactors, radiators and solar energy could all bene-
fit from nanofluids. Wen and Ding [6] looked at the convective 
heat transfer properties of an Al2O3-water nanofluid in a copper 
tube and discovered that increasing the Reynolds number and 
volumetric ratio of particles improved the heat transfer coefficient. 
Shahi et al. [7] explored the laminar convective heat transfer of 
CuO–water nanofluid moving through a square cavity in a laminar 
flow regime. Bovand et al. [8] showed the effects of Al2O3 – water 
nanofluid on fluid flow and heat transfer around an equilateral 
triangle obstacle with varying orientations. Hayat et al. [9] investi-
gated the flow of carbon water nanomaterials with coupled melting 
heat transfer and thermal radiation effects. The estimated findings 
revealed that the side-facing flow has the greatest influence of 
nanoparticles on heat transfer rate enhancement, while the ver-

tex-facing flow has the least. Hayat et al. [10] studied hydromag-
netic tangent-hyperbolic fluid flow with varied characteristics and 
nanoparticles. Natural convection of a nanofluid in the presence of 
an electric field has recently been studied electrohydrodynamically 
(EHD). Sheikholeslami and Ellahi [11] investigated the hydrother-
mal treatment of Fe3O4-ethylene glycol nanofluid in a lid-driven 
chamber with a sinusoidal upper wall exposed to a non-uniform 
electric field. Sheikholeslami and Chamkha [12] investigated the 
heat transmission properties of electrohydrodynamic free convec-
tion of a Fe3O4-ethylene glycol nanofluid in a semi-annulus en-
closure with a sinusoidal wall in a following investigation. The 
influence of a magnetic field on Fe3O4-plasma nanofluid flow in a 
vessel as a targeted medication delivery method was examined 
by Kandelousi and Ellahi [13]. It was discovered that the existence 
of a magnetic field had a significant impact on the flow field, and 
that increasing the Reynolds number and magnetic number re-
duced the skin friction coefficient. To enhance the energy trans-
portation into fluid flow, Sarfarz et al. [14–15], introduced the 
ternary hybrid nanofluids over different surfaces such as inclined 
porous and spiraling disks. In these, they mixed the three different 
nanoparticles with the base fluid water and stated that, with intro-
ducing ternary hybrid nanoparticles, the energy storage is en-
hanced significantly. Flow behaviour under the effect of MHD 
through various geometries has been studied in a variety of cas-
es, such as laminar mixed convection flow from a vertical surface 
with induced magnetic field studied by Chaudhary and Sharma 
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[16], analysis of heat and mass transfer for a non-Darcian porous 
medium [17], temperature-dependent viscosity and thermal con-
ductivity analysis studied by Kumawat [18], and mixed convection 
flow through rotating channel under the presence of inclined 
magnetic field and joule effect discussed by Mishra and Sharma 
[19]. 

Flow past a heated or cooled square cross-section cylinder 
has drawn a lot of interest over the years. Such research has 
been motivated by its fundamental nature as well as its relevance 
in a wide range of engineering applications, including electronic 
component cooling, compact heat exchangers, combustion cham-
bers in chemical processes, flow dividers in polymer processing 
applications and energy systems. Crystal growth, high-
performance building insulations, multi-shield structures used in 
nuclear reactors, solar power collectors, food processing, float 
glass manufacturing, furnaces, drying technologies and other 
applications use mixed convection flow and heat transmission in a 
heated square cylinder. Due to their use, numerous writers 
(Sharma et al. [20], Turki et al. [21], Bouaziz et al. [22] and Hayat 
et al. [23]) have studied convective heat fluxes inside cavities 
such as triangular, trapezoidal, cylindrical, wavy, square and so 
on. Recently, Sharma has discussed the study of heat and mass 
transfer under the presence of different types of nanoparticles for 
the different base fluids on the various geometries with different 
circumstances such as Darcy-Forchheimer hybrid nanofluid flow 
over the rotating Riga disk using an artificial neural network ap-
proach [24], response surface optimisation discussion for the 
electromagnetohydrodynamic Cu-polyvinyl alcohol/water Jeffrey 
nanofluid [25], Bayesian regularisation networks approach for the 
micropolar ternary hybrid nanofluid flow of blood on the curved 
stretching sheet [26], Arrhenius activation energy determination 
for gyrotactic microorganism flows over the porous inclined 
stretching sheet [27].  

The knowledge of thermodynamics for fluid circulation in con-
fined regions is based on the fundamental idea of entropy genera-
tion, which measures the level of disorder within a system. The 
afore-mentioned principle exhibits a wide range of applications 
across several areas associated with thermodynamics. These 
fields encompass electronic systems, information systems, power 
collecting systems, and geothermal power plants. Dogonchi et al. 
[28] performed a mathematical analysis of the entropy generation 

on buoyancy-driven flow of Fe3O4–H2O nanofluid through two 
square cylinders under the porous enclosure condition. They used 
the Finite element approach to find the graphical profile of entropy 
and velocity in this analysis. Furthermore, they [29] extended their 
analysis to estimate the entropy generation profile for a porous 
cavity containing a base fluid mixed with nano-encapsulated 
phase change materials (NEPCMs) in the presence of an external 
heat source/sink. According to this study, the presence of the 
Rayleigh number has a positive impact on the entropy profile. 
Recently, the study of entropy analysis on water-mixed nanofluid 
under different fluid flow mediums with different nanoparticles 
performed by various researchers such as TiO2-water nanofluid 
through inclined U-shaped domain with non-Newtonian fluid prop-
erties [30], non-Newtonian NEPCM inside the inclined chamber 
under presence of heater [31], Al2O3 -water nanofluid flows 
through a hexagonal-shaped geometry with a periodic magnetic 
field [32], and for both Newtonian and non-Newtonian models of 
bio-fluid through curved vessels under different types of stenosis 
conditions and nanofluids [33–35]. 

The depth analysis of the existing literature, it is evident that 
there is a conspicuous absence of experimental or numerical 

investigations pertaining to mixed convection heat transfer of 
nanofluids within a heated square cylinder subjected to the influ-
ence of a magnetic field. Therefore, this study presents the com-
putational examination of CuO–water nanofluid impact on the heat 
transfer profile for a heated square cylinder with a magnetic field. 
The entropy generation also calculates different magnetic field 
intensities for various nanoparticle volume fractions. The introduc-
tion of nanoparticles into the fluid introduces alterations in its 
thermo-physical properties, thereby engendering intricate interac-
tions among inertia, viscosity and buoyancy forces. This complexi-
ty renders the analysis of mixed convection in nanofluids a formi-
dable task. In this work, the impact of several parameters such as 
nanoparticle volume fraction, nanoparticle size, magnetic field 
intensity, Richardson number on the velocity, thermal conductivity, 
Nusselt number and entropy profile have been discussed with the 
help of both graphs and contours.  

Beyond its intrinsic scientific value, this research contributes 
practical insights with implications for a spectrum of contemporary 
applications. By providing information on heat exchange en-
hancement, the study addresses a pressing need for improved 
thermal management systems. The findings are poised to influ-
ence the design and optimisation of various technological applica-
tions, spanning electronic devices, cooling systems and other 
engineering domains where efficient heat transfer is paramount. 
Thus, the research not only expands the current scientific under-
standing but also directly informs and advances technology with 
real-world applications. 

 1.1.   Formulation of the problem 

Consider a single-phase approach for nanofluids [36, 37], 
where the base fluid and nanoparticles are properly blended and 
may thus be treated as a homogenous mixture. In addition, due to 
the ultra-fine and low volume fraction of the solid particles, the 
fluid phase and solid particles are considered to be in thermal 
equilibrium and travel at the same local velocity. The flow in a 
vertical plane channel with a built-in heated square cylinder is the 
system of interest in this scenario. Fig. 1 shows the computational 
domain and coordinate system for the setup considered in this 
investigation. In the channel axis, the square cylinder is symmetri-
cally placed. With a uniform free-stream velocity of u0  and a 

constant temperature of TC at the inlet, fluid moving from bottom 
to top approaches the square cylinder of side h. The temperature 
of the square cylinder is kept constant. The square cylinder’s 

bottom face is at a distance of Xu = 10 from the channel inlet. Xd 
= 15 is the distance between the body and the channel outlet. 
Except for the body force element in the momentum equation, all 
thermo-physical parameters (e.g. heat capacity and thermal con-
ductivity) are considered to be temperature-independent in this 
study (Boussinesq approximation). The time-dependent, two-
dimensional Navier Stokes and energy equations of incompressi-
ble nanofluid are the conservation equations that describe laminar 
flow and heat transport. The governing equations for nanofluid 
flow and heat transfer can be stated as follows using the Bous-
sinesq approximation [38, 39]: 

𝜕𝑢

𝜕𝑥
+ 

𝜕𝑣

𝜕𝑦
 =  0                                                                              (1) 

𝜌𝑛𝑓 (
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+ 𝜇𝑛𝑓 (

𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2) +

𝜇0𝑀
𝜕𝐻̅

𝜕𝑥
− 𝜎𝑛𝑓𝐵𝑦

2𝑢 + 𝜎𝑛𝑓𝐵𝑥𝐵𝑦𝑣,                                            (2) 
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𝜌𝑛𝑓 (
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+ 𝜇𝑛𝑓 (

𝜕2𝑣

𝜕𝑥2 +
𝜕2𝑣

𝜕𝑦2) +

 𝜇0𝑀
𝜕𝐻̅

𝜕𝑦
− 𝜎𝑛𝑓𝐵𝑥

2𝑣 + 𝜎𝑛𝑓𝐵𝑥𝐵𝑦𝑢 +  [∅𝜌𝑛𝑝𝛽𝑠 +

 (1 − ∅)𝜌𝑓]𝑔(𝑇 − 𝑇𝑐),                                                              (3) 

(𝜌𝐶𝑝)𝑛𝑓
(
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘𝑛𝑓 (

𝜕2𝑇

𝜕𝑥2 +
𝜕2𝑇

𝜕𝑦2) +

𝜎𝑛𝑓(𝑢𝐵𝑦 − 𝑣𝐵𝑥)
2
− 𝜇0𝑇

𝜕𝑀

𝜕𝑇
(𝑢

𝜕𝐻̅

𝜕𝑥
+ 𝑣

𝜕𝐻̅

𝜕𝑦
) +

𝜇𝑛𝑓 {2 (
𝜕𝑢

𝜕𝑥
)
2

+ 2(
𝜕𝑣

𝜕𝑦
)
2

+ (
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
)
2

},                                 (4) 

where ρ, µ, β, α and ϕ are the density, the dynamic viscosity, the 
coefficient of thermal expansion, the thermal diffusivity and the 
nanoparticles volume fraction, respectively, taking into account s 
for solid, subscripts f for fluid and nf for nanofluid. In the above 
equations, the space coordinates, time, velocities and pressure 
are normalised with the width of the square cylinder h, the charac-

teristic time 
h

u0
, the maximum velocity of the channel inlet u0 and 

the characteristic pressure ρfμ0
2, respectively. The dimensionless 

quantities are defined as follows: 

𝜃 =
𝑇 –𝑇𝑐

 𝑇ℎ − 𝑇𝑐
,   𝑅𝑒 = 

𝜌𝑓𝑢𝑜ℎ

𝜇𝑓
,  

𝑅𝑖 = 
𝐺𝑟

𝑅𝑒
2  , 𝑃𝑟 = 

𝑣𝑓

𝛼𝑓
 ,  

𝐺𝑟 =  
𝑔𝛽𝑓h(𝑇ℎ−𝑇𝑐)

Vf
2   

𝜏 =
𝑡
ℎ

𝑢0

,   𝑋 =
𝑥

ℎ
,   𝑌 =

𝑦

ℎ
, 𝑈 =

𝑢

𝑢0
,   𝑉 =

𝑣

𝑢0
,   

𝑃 =
𝑝

𝜌𝑛𝑓𝑢0
2  

𝐻𝑥
∗ =

𝐻𝑥

𝐻0
,  𝐻y

∗ =
𝐻𝑦

𝐻0
,   𝑀𝑛𝑓 = 

 
,     

 N =  ,  Ec =    

where Th and Tc are hot and cold temperatures, respectively, vf 
is the kinematic viscosity of the base fluid.  

Boundary conditions: All solid walls are considered to have 
no-slip boundary conditions for velocities. The adiabatic properties 
of both channel walls are described. At the channel inlet, the 
normal component of velocity is considered to be zero, and the 
axial velocity is assumed to have a fully formed parabolic profile, 
given by 

𝑈 =
𝑌

4
(4 − 𝑌),  

The convective boundary condition (CBC), at the exit of the 
channel is given by:  

𝜕∅

𝜕𝑡
+ 𝑢𝑎𝑣

𝜕∅

𝜕𝑋
= 0,   

where the variable φ is the dependent variable (U, V, θ). In com-
parison to the Neumann boundary condition, as described by 
Sohankar et al. [40] and Abbassi et al. [41], the CBC reduces the 
number of iterations per time step and requires a smaller up-
stream computing domain. The square cylinder is considered to 
be isothermally heated at Th and exchanging heat with the cold 

fluid flowing around it, which is at Tc at the channel inlet and is at 
a uniform temperature. 

 
Fig. 1. Physical model of the problem 

1.2.    Modelling of nanofluids 

Based on published relationships, the thermophysical parame-
ters of CuO–water no fluid such as viscosity, density, specific heat 
and thermal conductivity are estimated.  

Viscosity: Masoumi et al. [42] provided a theoretical model 
based on Brownian motion for predicting the effective viscosity of 
nanofluids. Their model was demonstrated to effectively predict 
the effective viscosity of various nanofluids, which is expressed 
as: 

 𝜇𝑛𝑓 = 𝜇𝑓 +
𝜌𝑛𝑝𝑉𝐵𝑑𝑛𝑝

2

72𝐶𝛿
, 

where 

𝑉𝐵 =
1

𝑑𝑛𝑝
√

18𝐾𝑇

𝜋𝜌𝑛𝑝𝑑𝑛𝑝
,  𝛿 = √

𝜋

6𝜑

3
𝑑𝑛𝑝 

𝐶 = 𝜇𝑓
−1[(𝑐1𝑑𝑛𝑝 × 109 + 𝑐2)𝜑 + (𝑐3𝑑𝑛𝑝 × 109 + 𝑐4)],    

in which 

𝑐1=−0.000001133, 𝑐2=−0.000002771, 𝑐3=   0.00000009, 𝑐4=   
0.000000393.  

Density: The effective density ρnf  of the nanofluid is ex-
pressed as: 

𝜌𝑛𝑓 = (1 − ɸ)𝜌𝑓 + ɸ𝜌𝑛𝑝. 

Specific heat: The following equation, proposed by Xuan and 
Roetzel [43], is used to compute the specific heat of nanofluids, 
assuming thermal equilibrium between the base fluid and the 
nanoparticles: 

(𝐶𝑝)𝑛𝑓 =
(1−ɸ)(𝜌𝐶𝑝)

𝑓
+ɸ(𝜌𝐶𝑝)

𝑛𝑝

(1−ɸ)𝜌𝑓+ɸ𝜌𝑛𝑝
   

The thermal conductivity model established by Koo and Klein-
streuer [36] uses two-term functions to account for the impacts of 
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particle size dnp, particle volumetric concentration φ, temperature 

T, Brownian motion of nanoparticles and the characteristics of the 
base fluid. Vajjha and Das [44] improved their model using a 
larger set of data, as follows: 

𝐾𝑛𝑓 =
(𝐾𝑛𝑝+2𝐾𝑓)−2ɸ(𝐾𝑓−𝐾𝑛𝑝)

(𝐾𝑛𝑝+2𝐾𝑓)+ɸ(𝐾𝑓−𝐾𝑛𝑝)
𝐾𝑓 + 5. 104𝛽𝜑𝜌𝑐𝑝,𝑓√

𝑘𝑡

𝜌𝑛𝑓𝑑𝑛𝑝
𝑓(𝑇, 𝜑)  

where 

𝑓(𝑇, 𝜑) = (2.8217. 10−2𝜑 + 3.917. 10−3)
𝑇

𝑇0
+

(−3.0669. 10−2𝜑 −                            3.91123. 10−3)    

in which, 𝑇0 is set at 273 K and the expression of β for CuO na-
noparticles is given as follows: 

β = 9.881(100φ)−0.9446,   

which is valid for 298 𝐾 ≤ 𝑇 ≤363 𝐾 and 1%≤ 𝜑 ≤6%.  
The values of the nanoparticles and the base fluid properties 

are required for the thermophysical properties of nanofluid sum-
marised by the preceding equations. In the current work, the CuO 
nanoparticle characteristics are kept constant in the operating 
range of 300 K to 350 K, as shown in (Tab. 1): 

Tab. 1.  Physical Properties of CuO nanoparticles (Dogonchi et al. [45], 
Abbas et al. [46], Sivaraj et Al. [47] ) 

𝜌(kg/𝑚3) 𝐶𝑝(J/kg.K) K(W/mK) 𝛽 × 105(1/K) 

6,350 535.6 76.5 1.61 

 
The thermophysical properties of water are considered as a 

function of the temperature with the following equations (ASHRAE 
Handbook [48]): 

𝜌𝑓 = −0.0036𝑇2 + 1.9159𝑇 + 748.19,  

𝑐𝑝,𝑓 = 0.0001𝑇3 + 0.1155𝑇2 − 0.41296𝑇 + 0.90178,  

𝑘𝑓 = −8 × 10−6𝑇2 + 0.0062𝑇 − 0.5388,  𝜇𝑓 =

−0.00002414 × 10(
247.8

𝑇−140
).  

1.3.   Non-dimensional governing equations 

The dimensional governing equations will be converted into non-
dimensional governing equations with the help of non-
dimensional parameters. 

 

 
𝜕𝑈

𝜕𝑋
+

𝜕𝑈

𝜕𝑌
 = 0                                                                             (5) 

(
𝜕𝑈

𝜕𝜏
+ 𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) −

𝜕𝑃

𝜕𝑋
+

𝜇𝑛𝑓

𝜇𝑓

𝜌𝑓

𝜌𝑛𝑓

1

𝑅𝑒
(
𝜕2𝑈

𝜕𝑋2 +
𝜕2𝑈

𝜕𝑌2) +

𝜌𝑛𝑓

𝜌𝑓
𝑀𝑛𝑓𝐻

∗ 𝜕𝐻∗

𝜕𝑋
−

𝜎𝑛𝑓

𝜎𝑓

𝜌𝑓

𝜌𝑛𝑓
𝑁(𝑈𝐵𝑦

∗2 − 𝑉𝐵𝑥
∗𝐵𝑦

∗)                     (6) 

(
𝜕𝑉

𝜕𝜏
+ 𝑈

𝜕𝑉

𝜕𝑋
 + 𝑉

𝜕𝑉

𝜕𝑌
)  = −

𝜕𝑃

𝜕𝑌
+

𝜇𝑛𝑓

𝜇𝑓

𝜌𝑓

𝜌𝑛𝑓

1

𝑅𝑒
(
𝜕2𝑉

𝜕𝑋2 +
𝜕2𝑉

𝜕𝑌2) +

𝜌𝑛𝑓

𝜌𝑓
𝑀𝑛𝑓𝐻

∗ 𝜕𝐻∗

𝜕𝑌
  −

𝜎𝑛𝑓

𝜎𝑓

𝜌𝑓

𝜌𝑛𝑓
𝑁(𝑉Bx

∗2 − UBx
∗B𝑦

∗)  +

𝑅𝑖 
𝜌𝑓

𝜌𝑛𝑓
(1 − ɸ + ɸ

𝜌𝑛𝑝

𝜌𝑓

𝛽𝑛𝑝

𝛽𝑓
 ) 𝜃                              (7) 

(
𝜕𝜃

𝜕𝜏
+ 𝑈

𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃
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𝑁 𝐸𝑐 (𝑈B𝑦

∗ − 𝑉Bx
∗)2 − 𝑀𝑛𝑓 𝐸𝑐 𝜃 𝐻∗ 𝜕𝐻∗

𝜕𝜃
(𝑈

𝜕𝐻∗

𝜕𝑋
+

𝑉
𝜕𝐻∗

𝜕𝑌
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𝜇𝑛𝑓

𝜇𝑓

𝐸𝑐

𝑅𝑒
{2 (

𝜕𝑈

𝜕𝑋
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𝜕𝑌
)
2

+ (
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
)
2

}]                            (8) 

          
1.4.   Magnetisation equation 

A large external magnetic field has been employed to recircu-
late flow in dilated regions and increase flow flux into the artery 
walls. A current plate beneath the bulges generates this magneti-
sation, which follows the Maxwell’s law. The dimensional form of 
Maxwell’s law is given as follows:  

∇ × 𝐻 = 𝐽 = 𝜎(𝑉⃗ × B                                                             (9) 

∇. B = ∇. (H + M) = 0                                                          (10) 

also 

𝐵 = 𝜇0(𝑀 + 𝐻), 

where, 𝜇0  defines the magnetic permeability of the system, 𝐽 

denotes the electric current density, 𝐻, 𝐵 represents the magnet-
ic field strength and applied magnetic induction, respectively.  

The magnetic field strength and magnetic induction in 
x & y directions is represented as: 

 

𝐻= (𝐻𝑥, 𝐻𝑦 ) and  𝐵 = (𝐵𝑥  , 𝐵𝑦). 

The magnetisation process happening in the system is repre-
sented by M and it shows the direct relationship with the magnetic 
field strength. 

The mathematical representation of magnetisation is written 
as follows:  

𝑀 =χ 𝐻  

where χ describes the magnetic susceptibility. 
With doing non-dimensional process using non-dimensional 

parameters, the above equation can be reduced as: 

∇ × 𝐻∗ = 𝐽 = 𝜎(𝑉∗⃗⃗ ⃗⃗ × 𝐵∗)                                                    (11) 

∇. 𝐵∗ = ∇. (𝐻∗ + 𝑀∗)                                                            (12)                                        

The magnetic field intensity of a current plate is given by: 

𝐻𝑦
∗ = −

𝐻0

2
[𝐿𝑛(

(𝑥∗−𝑥2
∗)2+(𝑦∗−𝑦0

∗)2

(𝑥∗−𝑥1
∗)2+(𝑦∗−𝑦0

∗)2
)]  

𝐻𝑥
∗ = 𝐻0[𝑡𝑎𝑛−1(

(𝑥∗−𝑥2
∗)

(𝑦∗−𝑦0
∗)
) − 𝑡𝑎𝑛−1(

(𝑥∗−𝑥1
∗)

(𝑦∗−𝑦0
∗)
)  

𝐻∗ = √𝐻𝑦
∗2 + 𝐻𝑥

∗2  

H0 is magnetic field strength which depends on applied mag-

netic induction B, and x1
∗, x2

∗ , y0
∗  are the position of the horizontal 

plate. As previously stated, the magnetisation force is created by 
multiplying the magnetic field and its gradient at various points in 
space. As a result, the magnetic force near the plate’s borders is 
quite high. This force can alter ferrofluid flow and cause it to devi-
ate from its normal path. The X-component of this force tries to 
reverse fluid motion, while the Y-component draws particles up-
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wards and back into the circulating flow inside the bulges. 
The magnetisation property (M*), which is an innate attribute 

of the ferrofluid, determines the effect of the magnetic field on the 
flow. This property can be described using a variety of equations, 
however, in this article, we’ll utilise the linear formula [49] that 
links magnetisation to magnetic field strength and temperature: 

𝑀∗ = 𝜒𝑚𝐻∗                                                                             (13)                                          

𝜒𝑚  is the magnetic susceptibility and varies with temperature: 

𝜒𝑚 =
𝜒0

1+𝛽(𝑇∗−𝑇0)
                                                                      (14) 

χ0, β and T0 are constant parameters that are obtained by experi-
mental research. 

The applied magnetic induction components in non-
dimensional form are written as: 

Bx
∗ =  (𝐻𝑥

∗ + 𝑀∗)  =   (𝐻𝑥
∗ + 𝜒𝑚𝐻∗)  =   (𝐻𝑥

∗ +

𝜒𝑚√𝐻𝑦
∗2 + 𝐻𝑥

∗2)                                                                       (15) 

By
∗ =  (𝐻y

∗ + 𝑀∗)  =   (𝐻y
∗ + 𝜒𝑚𝐻∗)  =   (𝐻y

∗ +

𝜒𝑚√𝐻𝑦
∗2 + 𝐻𝑥

∗2)                                                                    (16) 

1.5.   Numerical method of solution 

The non-linear governing equations of laminar mixed convec-
tion heat transfer in a heated square cylinder with a constant heat 
flux are solved using ANSYS FLUENT computational fluid dynam-
ics (CFD) coupled with a finite volume approach in a heated 
square cylinder with constant heat flux. To execute all of the 
simulations, the ANSYS FLUENT commercial solver was utilised, 
along with User-Defined Functions that were written to include the 
effects of magnetic field and represent the MHD-FHD governing 
equations. A typical scalar transport equation is converted into an 
algebraic equation that can be solved numerically using the con-
trol volume-based technique. It is made up of the following steps: 

Using a computational grid, divide the domain into discrete 
control volumes. 

 Integrating the governing equations on individual control 
volumes to create algebraic equations for discrete dependent 
variables like velocities, pressure and temperature. 

 Linearisation of discretised equations and solution of the 
resulting linear equation system to produce updated depend-
ent variable values. Details about the solver algorithms used 
by ANSYS FLUENT can be found in [50]. 

1.6. Entropy generation 

The knowledge of thermodynamics for fluid circulation in con-
fined regions is based on the fundamental idea of entropy genera-
tion, which measures the level of disorder within a system. 

By taking into account those considerations, a common ex-
pression for entropy generation may be formulated as follows [28, 
33]: 

 

𝐸𝑔𝑒𝑛 =
𝑘𝑛𝑓 (𝛻 𝑇)

𝑇𝑐
2 +

𝜇𝑛𝑓
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2

+ 2(
𝜕𝑣

𝜕𝑦
)
2

+ (
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𝜕𝑥
+

𝜕𝑣

𝜕𝑦
)
2

} +

𝐽2

𝜎𝑛𝑓 𝑇𝑐
                                                                                          (17) 

 

Therefore, the entropy generation expression for fluid flow 
through a heated square cylinder is  

 

𝐸𝑔𝑒𝑛 =
𝑘𝑛𝑓 [(

𝜕𝑇

𝜕𝑥
)
2
+(

𝜕𝑇
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)
2
]
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2 +
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2

+ 2 (
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)
2

+

(
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
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2

} +
𝜎𝑛𝑓 (𝑢𝐵𝑦−𝑣𝐵𝑥)2

 𝑇𝑐
                                                 (18) 

 

By using Tab. 1, the above dimensional form of entropy gen-
eration can be reduced into non-dimensional form, and it will be 
written as: 

 𝐸̅𝑔𝑒𝑛  =  
𝐸𝑔𝑒𝑛

𝐸
                                                           

𝐸̅𝑔𝑒𝑛 = 
𝑘𝑛𝑓
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𝜕𝑈
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2
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𝜕𝑉
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)
2
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(
𝜕𝑈

𝜕𝑋
+

𝜕𝑉
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] +
𝜎𝑛𝑓

𝜎𝑓

𝑁 𝐵𝑟 𝑅𝑒

𝐴𝐴
(𝑈𝐵𝑦

∗ − 𝑉𝐵x
∗)2                            (19) 

where  

𝐵𝑟  =  𝑃𝑟 . 𝐸𝑐 ,   AA =
𝑇ℎ−𝑇𝑐

𝑇𝑐
. 

1.7.   Grid-Independence Analysis 

To ensure the stability of numerical simulations, the truncation 
error becomes negligible when the calculations yield consistent 
results irrespective of grid density or sparsity. Consequently, the 
truncation error and the overall validity of numerical outputs hinge 
on the grid’s independence. The reliability of numerical simula-
tions can be significantly impacted by the stability of results with 
varying grid resolutions. While, in theory, a dense grid could miti-
gate this concern in grid-independent scenarios, it may lead to 
unnecessary utilisation of computational resources. Therefore, 
identifying the optimal grid size is crucial. 

  Tab. 2. Grid-independence test 

Grid 
𝒌𝒏𝒇

𝒌𝒇
 Nusselt number 

100  100 1.154 5.144 

200  200 1.125 5.118 

400  400 1.1145 5.105 

800  800 1.1128 5.085 

1,000  1,000 1.1121 5.0846 

In the present investigation, determining the optimal grid sys-
tem involves conducting a ‘grid independence test’. This test 
serves as a mechanism for selecting a mesh density that is both 
computationally accurate and economically feasible. The optimal 

grid size, specified as (800  800), is outlined in Tab. 2; further 
refinement of the mesh size does not enhance accuracy. 
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2. RESULTS AND DISCUSSION 

A complete numerical research employing CuO–water 
nanofluid and varying magnetic field intensities to analyse laminar 
mixed convection heat transfer around a heated square cylinder. 
For various values of magnetic field, Richardson number, volume 
fraction, size and type (CuO–water) of nanoparticles, numerical 
simulation results are reported in terms of streamlines, isotherms, 
velocity magnitude, temperature and average Nusselt number. 
When compared to some previously published experimental 
results of CuO–water nanofluids, the current data is found to be 
similar to Lee et al. [54], implying that they might be used as heat 
transfer fluids. Tab. 3, provides the default values for different 
physical parameters and their source of references. 

Tab. 3. Range of physical parameters with sources   

Parameter Range Source 

𝑅𝑒 1 − 1,000 Uddin et al. [51] 

𝑀𝑛𝑓 0 − 2.02  1012 Abdi et al. [52] 

𝑁 0 − 0.1 Tzirtzilakis and Xenos [53] 

𝑃𝑟 4.623 Abdi et al. [52] 

𝑅𝑖 0 − 10 Shahi et al. [7] 

 
Figs. 2a and b demonstrate the validation process for the 

mathematical model formulation and computational method et al. 
[22], subject to certain assumptions. Specifically, our model disre-
gards the influence of the magnetic field,  validation of the Nusselt 
number is presented graphically, while Fig. 2b illustrates the 
validation of velocity through nanoparticle absence and the effect 
of viscous dissipation, while the Newtonian fluid properties have 
been considered instead of considering non-Newtonian fluid 
(Power-law fluid) in Bouaziz et al.’s[22] work. The validation pro-
cess follows accuracy employed in the current research. In Fig. 
2a, the contour representation. This validation is conducted by 
comparing the current research with the findings of Bouaziz the 
control volume finite element method used in [22], and the simula-
tion of the present work is executed in ANSYS FLUENT Software 
employing the finite volume methodology. Fig. 2a demonstrates a 
substantial agreement in Nusselt number between the current 
study and the observations in [22]. Similarly, Fig. 2b depicts the 
validation of velocity contours, aligning well with the outcomes of 
the prior work [22].  

 
Fig. 2 (a)  Validation of Present study for Nusselt number with Bouaziz et 

al. [22] 

 
Fig. 2 (b) Contour of velocity magnitude 

 
Fig. 3.   Thermal conductivity vs concentration of nanoparticles for differ-

ent values of nanoparticles diameter 

Fig. 3 shows the effective thermal conductivity, defined as 
keff/kf, as a function of particle volume percent and nanoparticle 
diameter at 300 K. This figure shows that nanoparticles CuO is 
more thermally conductive than the base fluid water, therefore, 
when mixed into water, it increases the nanofluid thermal conduc-
tivity. Furthermore, as the volume fraction of CuO nanoparticles in 
the flow increases, the thermal conductivity ratio improves, and 
this improvement is approximately 12.5% for 0.05 volume fraction 
when compared to 0.01 volume fraction. This is consistent with 
other studies, which show that the thermal conductivity of nanoflu-
ids rises linearly with particle loading (Philip et al. 55, Shima et al. 
56). It is also observed that, for a fixed particle volume fraction, 
when the smaller diametric size nanoparticles are added into 
water, it produced more thermal conductivity compared with mix-
ing large diametric nanoparticles. This happens because, small 
diametric particles quickly dissolve into water and have a higher 
efficiency of forming strong bonds with water molecules. There-
fore, from the figure, it can be easily seen that the thermal con-
ductivity of a particle with a diameter of 30 nm is higher than that 
of a particle with a diameter of 50 nm or 100 nm. 

In Fig. 4, the impact of varied nanoparticle sizes on thermal 
conductivity (keff/kf) is depicted across different temperatures. It is 
essential to highlight that as the temperature (T) increases, there 
is a corresponding increase in thermal conductivity. This phenom-
enon can be attributed to the incorporation of nanoparticles into 
the base fluid (water), resulting in an elevation of the fluid’s ther-
mal conductivity. Furthermore, the presence of ultra-fine particles 
induces irregular and chaotic movement within the fluid, thereby 
enhancing its energy exchange rates [57]. Comparing our findings 
with previously published experimental results on CuO–water 
nanofluids, particularly those by Das et al. [58] and Liu et al. [59], 
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a consistent pattern emerges. The observed similarity suggests 
robustness and reliability in the behaviour of nanofluids containing 
different sizes of CuO nanoparticles. Specifically, Fig. 4 elucidates 
that nanofluids based on water and featuring 30 nm CuO nano-
particles exhibit a significantly higher sensitivity to temperature 
changes compared to those incorporating particles of sizes 50 nm 
and 100 nm. This heightened temperature sensitivity underscores 
the intricate interplay between nanoparticle dimensions and their 
influence on the thermal properties of the nanofluid system. 

 
Fig. 4. Thermal conductivity for different values of nanoparticles diameter 

 
Fig. 5.   Nusselt number vs concentration of nanoparticles for different 

values of nanoparticle diameter 

Fig. 5 shows the Nusselt number in relation to nanoparticle con-
centration for various values of nanoparticle diameter. The heat 
transfer rate increases monotonically as dnp grows for each value 
of dnp, and this enhancement is found to be more substantial for 
dnp = 30 nm than 50 nm and 100 nm. Furthermore, the higher 
thermal conductivity of the nanofluid is linked to the sensitivity of 
thermal boundary layer thickness with mass fraction. As a result, 
higher thermal conductivity values are coupled with higher thermal 
diffusivity values. As shown, a high degree of thermal diffusivity 
produces a decrease in temperature gradients and, as a result, an 
increase in boundary thickness. The Nusselt number is reduced 
when the thermal boundary layer thickness increases, however, 
the Nusselt number is a multiplication of the temperature gradient 
and the heat transfer coefficient. Because the reduction in tem-
perature gradient caused by the presence of nanoparticles is 
significantly smaller than the thermal conductivity ratio, increasing 
the bulk fraction improves Nusselt. According to Martnez-
Cuencaco et al. [60], the heat transfer improvement achieved in 
nanofluids is primarily due to a Pr number change (viscosity 

change). Buschmann [61] also determined that using a combina-
tion of Reynolds and Prandtl numbers to describe laminar nanoflu-
id pipe flow with inserted twisted tape is sufficient because two-
phase flow effects such as Brownian and thermophoretic diffusion 
are minor.       

 
Fig. 6. Nusselt number vs temperature at φ = 5% 

In Fig. 6, the variation in global time-averaged Nusselt number 
under the presence of 5% CuO nanoparticle, is graphically repre-
sented in relation to the temperature variable T, specifically over 
the heat transmission surface of the square cylinder. An interest-
ing phenomenon is visible, in which an increase in temperature T 
coincides with an observable decrease in heat transfer rate. The 
diminution in heat transfer with escalating temperature is attribut-
able to a complex interplay of physical factors. One key contribu-
tor is the alteration in fluid properties induced by changing tem-
peratures. The transition from T = 300 K to T = 350 K leads to 
variations in the fluid’s viscosity and density, influencing the dy-
namics of the boundary layer and subsequently affecting the 
efficiency of convective heat transfer. Additionally, fluctuations in 
the thermal conductivity of the fluid contribute to its altered capaci-
ty for heat conduction. Therefore, a quantified 22% decrease in 
heat transfer when transitioning from T = 300 K to T = 350 K 
underscores the system’s sensitivity to thermal variations.  

Fig. 7 illustrates the fluctuation of the Nusselt number con-
cerning diverse concentrations of nanoparticles under distinct 
magnetic field strengths. It is evident that the Nusselt number 
exhibits an upward trend with escalating particle concentration 
and magnetic field strength. Notably, when the magnetic field 
intensity is <200 T, the rise in the Nusselt number appears to be 
more restrained, registering a moderate increase of 6%. However, 
when the magnetic field strength surpasses 200 T, there is a 
pronounced and steep ascent in the Nusselt number, reaching an 
impressive 35%. The observed correlation between increasing 
particle concentration, magnetic field strength, and the Nusselt 
number can be elucidated through the underlying physical pro-
cesses. At lower magnetic field intensities, the response of nano-
particles to the magnetic field is comparatively subdued, resulting 
in a more controlled enhancement of the Nusselt number. As the 
magnetic field strength >200 T, the intensified magnetic forces 
exerted on the nanoparticles lead to a more substantial impact on 
fluid flow and heat transfer. This heightened influence manifests in 
a sharp escalation of the Nusselt number, indicating a more pro-
nounced augmentation in convective heat transfer. 

Fig. 8 depicts the relationship between the global time-
averaged Nusselt Number and the Richardson number for various 
magnetic field intensities. It is evident that the Nusselt number 
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falls as the Richardson number rises, whereas the magnetic field 
has the opposite effect. When the magnetic field strength is in-
creased from 400 T to 500 T, there is a significant difference. The 
Lorentz force increases as the magnetic field intensity increases, 
causing a reduction in fluid flow convection in the cylinder and, as 
a result, an increase in heat transfer across the cylinder as more 
heat transfer occurs in the system. 

 
Fig. 7.   Nusselt number vs concentration of nanoparticles for different 

values of magnetic field 

 
Fig. 8.   Nusselt number vs Richardson number for different values of 

magnetic field 

 
Fig. 9. Entropy for varying intensity of magnetic field 

Fig. 9 shows how the dimensionless total entropy changes 
when the nanoparticle concentration changes at different magnet-
ic strengths. Entropy is basically, the unused energy which further 
cannot be used for doing mechanical work. The nanoparticles are 
higher thermal conductive than the water, so when particles are 
mixed with the water, it enhances the base fluid’s thermal conduc-

tivity, therefore the temperature of nanofluid enhances significant-
ly according to the volume percentage of nanoparticles. This 
increased temperature, produces more energy into the flow, but 
due to sudden surge in energy, most of the energy is not taken for 
useful works. As a result, the entropy of the flow rises with the 
mixing of nanoparticles which have more thermal conductivity 
than the base fluid. Also, it is observed that flow temperature 
enhances significantly with the increase in magnetic field intensity, 
due to this, the flow generates more entropy. Therefore, it can be 
seen through the figure that with the increase in magnetic field 
intensity, the entropy production into the flow rises significantly. 

Contours of static temperature for different sizes of nanofluids 
are shown in Figs. 10a–c. It is noticed that the contours become 
less condensed in the region of the top of the cylinder when the 
size of the nanoparticle decreases. However, when the nanoparti-
cle size increases, the temperature contours are slightly shifted 
away from the cylinder’s surface, resulting in a low-temperature 
gradient visible from the contours, especially near the rear face, 
and the thermal boundary layer around the solid walls of the 
square cylinder is found to be thick. It is obvious from these find-
ings that the nanoparticle dimension dnp = 30 nm has a major 
impact on the cylinder’s stability. Furthermore, the heat transfer 
rate improves significantly when the size of nanoparticles de-
creases at the same concentration. Also, the colour range from 
blue to red represents the temperature variation in the cylinder 
from minimum to high. It is noted that the length of temperature 
contours increases when the size of nanoparticle decreases. This 
is in agreement with the previous study on nanofluids under the 
influence of magnetic field. 

 a

 b

c 

 
Fig. 10. Contour of total temperature for B = 100 T and dnp = (a) 30 nm 

(b) 50 nm (c) 80 nm 

Figs. 11a–c show the contour of velocity magnitude in the cyl-
inder of CuO–water nanofluid with magnetic field B = 100 T and 
different sizes of nanoparticles. It can be noted that, for dnp = 50 
nm and dnp = 80 nm, the periodic flow is defined by the alternate 
shedding of vortices into the stream from the bottom face of the 
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square cylinder. Vortex shedding on both sides of the square 
cylinder is suppressed at dnp = 30 nm. Vortex shedding is a broad 
term for a variety of physical phenomena. Vortices are shed alter-
nately from the top and bottom of the cylinder when this happens. 
The physical changes in the local flow are always followed by the 
shedding of vortices. It causes pressure and flow velocity to fluc-
tuate in the cylinder’s immediate vicinity. 

 a

 b

c 

 

Fig. 11. Contour of velocity magnitude with magnetic field B = 100 T and 
dnp = (a) 30 nm (b) 50 nm (c) 80 nm 

a 

 b 

 c 

 

Fig. 12. Contour of static temperature for dnp = 30 nm and magnetic field 
B (a) 100 T (b) 200 T (c) 300 T 

 a 

 b 

 c 

 

Fig. 13. Contour of velocity magnitude for magnetic field B = (a) 100 T  
(b) 200 T (c) 300 T 

Contours of static temperature for different intensities of mag-
netic field are shown in Figs. 12a–c. It is observed that the tem-
perature contours are much denser near the front surface of the 
cylinder, which explains the higher temperature gradient. By 
increasing the magnetic field strength, the secondary eddy gradu-
ally became bigger and the primary eddy became smaller. The 
isotherms show that the effect of the magnetic field is suppressing 
the convective heat transfer mechanism. This is due to uniformly 
distributed isotherms in the cavity, especially at the bottom. It is 
also clear that the heat transfer curve reaches a peak at the cor-
ners of the top and bottom surfaces of the cylinder which is due to 
the high temperature gradients at these points. 

 Contours of velocity magnitude for dnp = 30 nm in the cylin-
der with different intensities of magnetic fields are shown in Fig. 
13a–c. When the intensity of the magnetic field drops, the length 
of the velocity contours increases. This means that the magnetic 
field causes the fluid flow to slow down, resulting in higher heat 
transfer in the system. As a result of the increased magnetic field, 
the heat transfer across the cylinder increases, and the velocity of 
the CuO–water nanofluid drops. The Lorentz force increases as 
the magnetic field strength increases, resulting in less fluid flow 
convection in the cylinder, as evidenced by the decrease in vor-
texes as the magnetic field intensity rises. 

Fig. 14 depicts the streamlines of the fluid crossing the square 
cylinder in the channel at various intensities of the applied mag-
netic field (a–c). With a rise in the magnetic field, the heat convec-
tion across the cylinder increases but the velocity falls marginally. 
The periodic flow defined by the alternate shedding of vortices 
from the bottom face of the square cylinder into the stream may 
be seen for B = 200 T and B = 300 T. Vortex shedding is sup-
pressed at the top of the square cylinder when B = 100 T. 
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Fig. 14. Streamlines Velocity in the cylinder with dnp = 30 nm and the 

influence of magnetic field B (a) 100 T (b) 200 T (c) 300 T 

3. CONCLUSIONS 

A numerical analysis of unsteady, laminar flow and heat trans-
fer of CuO–water nanofluid past a heated square cylinder inside a 
vertical channel has been discussed in the presence of a magnet-
ic field. The entropy generation also calculates different magnetic 
field intensities for various nanoparticle volume fractions. In this 
work, the impact of several parameters such as nanoparticle 
volume fraction, nanoparticle size, magnetic field intensity, Rich-
ardson number on the velocity, thermal conductivity, Nusselt 
number and entropy profile have been discussed with the help of 
both graphs and contours. This computational study is performed 
using the ANSYS FLUENT CFD software, which uses the finite 
volume approach for solving governing equations. The findings 
are poised to influence the design and optimisation of various 
technological applications, spanning electronic devices, cooling 
systems and other engineering domains where efficient heat 
transfer is paramount. Thus, the research not only expands the 
current scientific understanding but also directly informs and 
advances technology with real-world applications. The following is 
the conclusion reached as a result of this research: 

 As the Richardson number rises, it induces a reduction in the 
Nusselt number, while conversely, the intensity of the magnet-
ic field exerts a contrasting influence, leading to an augmenta-
tion in its effect. 

 Diminishing the nanoparticle size results in an elevation of the 
Nusselt number at a specified concentration, whereas amplify-
ing the nanoparticle concentration leads to an increased 
Nusselt number at a given particle size.  

 The incorporation of nanoparticles improves thermal conduc-
tivity and alters the structure of the flow field, consequently 
leading to heightened heat transfer. 

 The stability of the cylinder is notably influenced by the nano-
particle diameter, specifically when the diameter is observed 
to be dnp = 30 nm. 

 The entropy of a flow is directly related to nanoparticle volume 
fraction and magnetic field intensity. 
 

List of Symbols: 
𝐶𝑝= specific heat of the fluid 

𝐻 = channel width  

𝑑 = diameter 

ℎ = side length of a square cylinder 

𝑡 = time  

𝑘 = thermal conductivity  

𝐿 = length of the channel 

𝑃𝑟 = Prandtl number 

𝑅𝑖  = Richardson number 

𝑇 = dimensional temperature 

𝑡 = time nondimensionalised by u0/h 

𝑢𝑜= mean cHannel inlet velocity 

𝑉 = velocity vector numdimensionalised by 𝑈𝑜 

𝑋𝑢= distance from body to inlet 
𝑋𝑑= distance from body to outlet 

𝜇𝑓= base fluid viscocity 

𝜇𝑛𝑓= nanofluid viscocity 

𝐾𝑠= thermal conductivity of metallic nanoparticle 

𝐾𝑓= thermal conductivity of base fluid 

𝐾𝑛𝑓= thermal conductivity of nanofluid 

𝜌𝑠= metallic nanoparticle density 

𝜌𝑓= base fluid density 

𝜌𝑛𝑓= nanofluid density 

(𝜌𝐶𝑝) 𝑓= heat capacitance of base fluid 

(𝜌𝐶𝑝) 𝑛𝑓= heat capacitance of nanofluid 

(𝜌𝛾)𝑛𝑓= thermal expansion coefficient of nanofluid 

ɸ = volume fraction 

𝐺𝑟= Grashof number  

𝑅𝑒= Reynolds number  

𝐵𝑟= Brinkman number 

𝐸𝑐= Eckert number 

 = entropy generation 
𝐵𝑛𝑝= coefficient of thermal expansion  

𝐵𝑥= x-component of the magnetic flux density 

𝐵𝑦= y-component of the magnetic flux density 
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