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Abstract

This paper presents a method for calculation thabibty measures of multi-state supermarket geration
system for decision making of system structure, reltbe system and its components can have different
performance levels ranging from perfect functioniogomplete failure. The suggested approach presea
Markov reward models for computation of averagealaldity, total number of system’s elements fagarand
mean time to system failure for multi-state syst@urresponding procedures for reward matrix dediniis
suggested. A numerical example is presented irr tod8ustrate the approach.

1. Introduction expansion system [1], [3]. All display cases anldico

. , . . store rooms use direct expansion air-refrigerails co
Supermarkets suffer serious financial losses owing that are connected to the system compressors in a
problems with their refrigeration systems. A typica remote machine room located in the back or on the
_supe_rmarket may contain more than one hundre(lioof of the store. Heat rejection is usually dorithw
!nd|V|duaI refngerateq cabmejts, C.Old store roamd air-cooled condensers with simultaneously working
items of plant machinery which interact as partof axial blowers mounted outside. Evaporative
complex integrated refrigeration system within thecondensers can be used as well .and will reduce
store. Things very often go wrong with individual condensing temperature and system energy
units (i_cing up of components, electrical or consumption.
mechanical fa|_Iure, and so forth...) or with Figure 1 shows the major elements of a multiplex
components which serve a network of units (COOIamrefrigeration system. Multiple compressors opertatin
tanks, pumps, compressars, and SO on). . at the same saturated suction temperature are
In almost all supermarkets, refrigerated Cabmetsmounted on a skid, or rack, and are piped with
cold store rooms and coldspaces are a}ttached 10 &mmon suction and discharge refrigeration lines.
network of piping through which r_efrlgerant IS Using multiple compressors in parallel provides a
pumped. Heat from the coldspaces is absorbed b eans of capacity control, since the compressars ca

evaporating refrigerant which is then compressetl anp. selected and cycled as needed to meet the

pumped to condensing units outside the store Wher?efrigeration load

f[he heat is expelled. Dug to f[he system's hlghlyDueto the system’s highly integrated nature, a fault
mtegr.ated nature, a fault in a single unit or item in a single unit or item of machinery can't have
mag:hmery can't have defrimental effects on the etrimental effects on the entire store, only dasee
entire .tsto[rer,] else tonly decrclsase 0(; system tc;oo f system cool capacity. Failure of compressor or
capacity. € most commonly USed Temgeration . i condenser blower leads to partial systenufail
system for supermarkets today is the multiplexafire (degradation of output cooling capacity) as weltes
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complete failures of the system. We treat MSS model [6], the system can have different states
refrigeration system as multi-state system (MSS).corresponding to the system’s performance rates.
where components and systems have an arbitraryhe performance rate of the system at any instesnt
finite number of states. According to the generica discrete-state continuous-time stochastic process
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Figure 1 Multiplex refrigeration system

In this paper, a generalized approach for calautati cannot formulate an "all or nothing" type of fadur
the reliability measures for decision making of thul  criterion. Failures of some system elements lead in
state supermarket refrigeration system structure ishese cases only to performance degradation. Such
suggested. The approach is based on the applicatiasystems are called Multi-state Systems (MSS). The
of the Markov Reward Model. The MSS reliability traditional reliability theory, which is based on a
measures can be found by corresponding rewardginary approach, has recently been extended by
definitions for this model and then by using a allowing components and systems to have an
standard procedure for finding an expectedarhitrary finite number of states. According to the
accumulated reward during the time intervat][@s generic Multi-state System model [6], any system

a solution of the system of differential equations. element j 0{12,..n} can havek different states
corresponding to the performance rates, represented

2. Model description
by the seigj:{gjl, gjz,...,gjkj} , where g; is the

Traditional binary-state reliability models allowrfa
system and its components only two possible stateg?erformance rate of elemein statei, i 0{12,..k;}.
perfect functionality (Up) and complete failure The performance ra@j(t) of elemenij at any instant
(Down). However, many real-world systems aret>0 is a discrete-state continuous-time stochastic

composed of multi-state components, which haveyrgcess that takes its values frgm G(t) Og,. The
different performance levels and for which one
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system structure functios(t) = A G (1),...,G, (1) cases the acceptability function takes the follgwin

produces the stochastic process correspondingeto thform.

output performance of the entire MSS. In practie,

desired level of system performance (demand) also ®(G(t),W(t)) = G(t) —W(t) (2)

can be represented by a discrete-state continuous- o o

time stochastic procesa(t). The relation between and the criterion of state performance deficiecay

the MSS output performance and the demand’® €xPressedas

represented by two corresponding stochastic

processes should be studied in order to define the ®(G(t),W(t)= G H)-WI)<0 3)
performance deficiency for the entire MSS.

The General Markov Reward Model considers the ) )

continuous time Markov chain with a set of statesHere without loss of generality we assume that
{1,..kk and transiton intensity matrix required demand level is constaM(t) =w and all
system states with performance greater than orl equa
to w corresponds to the set of acceptable states and
process is in any stateduring any time unit, some g|| system states with performance lower than
moneyr; should be paid. It is also assumed that ifcorrespond to the set of unacceptable states.

there is a transition from stait¢o statg, the amount The MSS average availabilityA(T) is defined
rj will be paid. The amounts; andr; are called

rewards. They can be negative while representing® Mmean fraction of time, when the system
loss or penalty. The main problem is to find altota resides in the set of acceptable states during time

expected reward, accumulated up to time insfant interval [OT]. In order to asses&\(T) for MSS,
under specific initial conditions. LeY,(t) be the the rewards in matrix for MSS model should be
total expected reward accumulated up to timat ~ determined by the following manner:

az‘aﬂ‘, I,j=1,..k. It is assumed that while the

statei. According to [2], the following system of * The rewards associated with all acceptable
differential equations must be solved under initial states should be defined as 1 and (2)
conditions in order to find the total expected redva » The rewards associated with all unacceptable

states should be zeroed as well as all rewards
associated with transitions.

M = +Zk:a,.. r +Zk:qj \V (1) The mean reward(T) accumulated during interval
a " G G (1) [0, T] will define a part of time that MSS will be in
17 the set of acceptable states in the case whenkstate

i= .1k the initial state . This reward should be foundaas

solution of system (1). After solving (1) and findi

F th labilit tati Vk(T), MSS instantaneous availability can be
or e reliability measures computation, WeobtainedasA(T):VK('I')/T.

partition the set of stateg, into ¢, the set of e ) )
operational or acceptable system states, gndhe Mean number NT) of blowers’ failures during time
P P y R interval [0, T]. This measure can be treated as a

set of unacceptable states. The system states

acceptability depends on the relation between th (hean number of MSS transitions in cause of
P y dep lowers’ failures during time interval [(j]. For its

MSS output performance and the desired level of thi . : .
o ) . computation, the rewards associated with each such
performance — demand, which is determined outsid L :
ransition should be defined as 1. All other reward

the system. In general case d_eméulal@) is also a should be zeroed. In this case, a mean accumulated
random process that can take discrete values fiem t : . .
reward Vi(T) will define a mean number blowers

setw={wj,...,wy}. The desired relation between the failures during 2 time interval [0}
system performance and the demand at any timei\| _ '
instant t can be expressed by the acceptability t (M =V (T).

function®(G(t),W(t)) [6]. The acceptable system Mean Time To Failur¢MTTF) is the mean time up

to the instant when the MSS enters the subset of
>
states correspond t6P(G(t),W(t)) 20 and the unacceptable states for the first time. For its
unacceptable states correspond

i ) s computation the multi-state model  should be
to®(G(t),W(t)) <0. The last inequality defines the ansformed - all transitions that return MSS from
MSS performance deficiency criterioin many  unacceptable states should be forbidden, as in this

practical cases, the MSS performance should bgase all unacceptable states should be treated as
equal to or exceed the demand. Therefore, in suchbsorbing states.
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In order to assess MTTF for MSS, the rewards inConsider the refrigeration system used in one ef th

matrix I+ should be determined as follows: Israel supermarkets. The system consists of 4
« The rewards associated with all acceptableCOMPressors, situated in the machine room and 2
states should be defined as 1. main axial condenser blowers. It is possible to add

« The reward associated with unacceptableCn€ reserve blower. The reserve blower begins to

(absorbing) states should be zeroed as welwork only when one of the main blowers has failed.

as all rewards associated with transitions. ~ Compressor failure rate is one per year and axial
In this case, the mean accumulated rewsd) condenser blower failure rate is 10 per year. The
defines the mean time accumulated up to the firstnean repair time for the compressor is one month
entrance into the subset of unacceptable states @nd for blower is 24 hours. The state-space diagram

MTTEF, if the state is the initial state. for the system without reserved blower is presented
in Figures 2
3. Numerical example All transition intensities are shown in tliégure 2

The transition intensity matrix (5) is shown below.

R

B

e 2u )8 2u® B 2u® AP 2u

Figure 2 The state-space diagram for the refrigeratiotesysvithout reserved blower

In state 1 the refrigeration system has full

performance 10.5+£0BTU per year. In state 2 the PO LT PP T PVC SR T PPl 4
refrigeration system has performance 7.8-BTU | all other elements are zero (4)

per year. The refrigeration system performance in

states 3, 6, 7 and 8 is 5.231BTU per year and in

states 4 and 9 is 2.6°1BTU per year. The system of differential equations (7) can be
The required cool capacity demand is 3BTU per  written in order to find to order the expected lkota
year, so only states 1, 2, 3, 6, 7 and 8 are aalolept rewardsV, (t),i =1,2,...14 The initial conditions are

states. Vi()=0,i=12,..,1

In order to find the MSS average availabilitft) we . : . :
. . By solving the systems of differential equation$ (7
should present the corresponding reward mataix : A . ) _
with transition intensity matrixa and reward matrix

in the following form (4):
g @ r® we can obtain an MSS average availability. The
results of calculation are presented Figure 6
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a, 41° 0 0 0 2° o0 0 0 0 0 0 0 0
W oa, 31° 0 0O O 2° 0 0 0 0 0 0 0
0 2u° a, 22° 0 0 0 2° 0 0 0 0 0 0
0O O 3 a, A° 0 0 0 2° 0 0 0 0 0
0O O 0 4° a, O 0 0 0 2 0 0 0 0
w0 0 0 0 a, 4° O 0 0o A° 0 0 0
a= 0 4 0 0 0 4 a, 3A° 0 0 0 A° 0 0 5)
0O O w0 0O O 2° a, 2° 0 0 0o A° 0
0O O 0 w0 0 0  a, A° 0 0 0o A°
0O O 0 0 u 0 0 0 4 Qo0 O 0 0 0
0O O 0 0 0 22 0 0 0 0 a,, O 0 0
0O O 0 0 0O O 25 0 0 0 0 a,, O 0
0O O 0 0 0O O 0 2° 0 0 0 0 az;,; O
0O O 0 0 0O O 0 0 2° 0 0 0 0 a,y,
where
a, =4A% +24° a66=4/]c+/]B+,UB a11,11:2,UB

8, =34° +24° + ° a, =BA + AP+ +pu®  a, ,=2u°
4, =24+ 20°+ 2% g =22+ NP+ 20+ 1% g, =24
a,, =A° +2A°% +3u° By = A + AP +3uC + ® 8y, 10 = 24°
a,; =2A° +4u° 8010 = AL° + 11°

In order to find the mean total number of blowers’
failures N¢(t) we should present the corresponding
reward matrix in the following form:

e =127 =l 3g=T 4=
=l = 171270 51571 914 1, (6)

all other elements are zar

2¢
Mt

By solving the systems of differential equation} (1
with transition intensity matria and reward matrix
ry We can obtain mean total number of blowers’

failures during time period [O]]. The results of
calculation are presented in Figure 7.

For computation of the Mean Time To Failure
during the time interval the state space diagram of
generated system should be transformedall
transitions that return system from unacceptable
states should be forbidden and all unacceptable
states should be treated as absorbing state. atee st
space diagram is presentedrigure 3

Figure 3 The state-space diagram for the
refrigeration system without reserved bloweth
absorbing state
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O _ 1 a1° + 2% ), ¢)+ MV, ¢+ 2°0V, ()

#:1+y‘: IV, (t) - (3 + 24° + £V, (©)+ 3 CTY, (t)+ 20 °DV, (t)
%:mﬂc W, (t)- (A% + 21%+ uC YV, ¢ )+ 2°0Y, ¢ 2°0Y ¢)
%:wﬁ [V, (t) = (A + 24% + 3u°)IV, (O + A% IV (1) + 24° [V, (1)
%:w V, (1)~ (2A° + 45 )Y, (O)+ 22° [V (1)
%:1+y5 [V, (t) - (44° + A® + 1®)V, (t) + M OV, (1) + A POV, (1)
%:HNB [V, (t) = (4A° + A%+ 1)V, (t)+ M C TV, (t)+ A BV, (1) 7
D) _ 14 900 v, (1) (24 +4° + 1B+ OV, @)+ 250V, €)1 B0, (1)

G T2 O+ U TV (0= (A% A%+ 45+ 3u )Y O+ 4“0, (0+ 4 °D4, ()
Do) _ e v (1) + 421° 9, (6) - (u° + 4°) Vo (1

= 20° V, (t) = 244° ¥, (1)

dt
dv, (1)

dt
oo
(1
#() =24° IV, (£) — 204° IV, (1)
% = 24° [V, (t) — 2u° V4 (t)
iy

1= 2P W, (0~ 24° V1)

According to this state space diagram transition
intensity matrix a can be presented as follows (8):

a, 4° 0 22° 0 0 O

. . )
i oa, 31°0 2° 0 0

rMTTF -

0
a=| /P 0 a, 4° 0 N ®)

OOOOIOOH
O O O o ok o
O O O ok O o
O O o O o o
O O P O O O o
O OO O o o
Ao S < s — aa  a  a

0 0 0 The system of differential equations (10) can be
written in order to find to order the expected ltota
rewardsV, (t), i =1,2,...,1« The initial conditions are
V,(1)=0,i=12,...,1

By solving the systems of differential equation8)(1
with transition intensity matrixa and reward matrix
e We can obtain the Mean Time To Failure. The

results of calculation are presented Figure 8

where &1, &,,...,8ggare the same like in previous

case.
In order to findMean Time To Failurave should
present the reward matrixd$,,- in the form (9),

shown below
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B =1 @+ 20y, 0+ 45, 0 250, 0
%=1+ﬂcmé(t)—(34°+2/|5+ﬂ°)wz )+ ADL M)+ 2°D4 (1)
%:hzﬁ’ V, (1)~ (4% + 2%+ ° YV, ¢+ 2°0Y, O 2°D4 ¢)
_d\(/j4_t(t) =14+ 4P IV, (1) ~ (44 +A° + 1®)[V, () + 4A° (B, () +1° [V, () @
%:lwﬁ‘ [V, () + 4 DV, (1) = (A + A%+ 1 P) DV (1) + 3 CDV () + 4 PV, (1)
_d\gt(t) =1+ 2% NV, () + 2UC I, (1) (A + A%+ B+ YN, ¢ (AC+A BV, @)
dv; (9 _

dt

one compressor is on-line, states 5, 10—-1failure
In case with reserved blower, the state-spaceahiagr of all 4 compressors. In states-5l two axial

for the system is presentedhigures 4 condenser blowers are on-line, in state® one
There are 19 states. In states 1, 6, 11-18l 4  main blower and reserved blower are on line, in

compressors are on-line, in states 2, 7, 1213  states 1314 only one blower is on line and in states
compressors are on-line, in states 3, 8, 13-18  16-19 failure of all blowers.

compressors are on-line, in states 4, 9, 14; daly
3u 4uc
24¢ 2C

B 2,8 B

u u
3u’ 4u”
2¢ €
2wt 24 2u”

Figure 4 The state-space diagram for the refrigeratiotesysvith reserved blower
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In states 1 and 6 the refrigeration system has full

performance 10.5fBTU per year. In states 2 and M1 =722 =M 330 66~ 7777 gg™
7 the refrigeration system has performance 79¢10 r*=:r,,,=r,,,=r 3,71, (12)
BTU per year. The refrigeration system performance all other elements are zero

in states 3, 8, H13 is 5.2¢18 BTU per year and in

states 4, 9 and 14 is 2.691BTU per year.

The required cool capacity demand as in previousBy solving the systems of differential equation$ (1
case is 5+10BTU per year, so only states 1, 2, 3, 6, with transition intensity matrix (11) and reward
7,8, 11,12 and 13 are acceptable states and gtate matrix r* (12) we can obtain an MSS a average
5,9, 10, 14, 15, 1619 are unacceptable states. availability. The results of calculation are presen
The transition intensity matrix may be presented inin Figure &

the following form.

In order to find the MSS average availabilift) we

should present the corresponding reward matrix in

the following form:

a, 4)° 0 0 0O 2% o 0 0 0 0 0 0 0 0 0 0 0 0
u, a, 30 0 0 22 0 0 O O O O O O 0O 0 o0 O
0 2,uc Ay, 24 0 0 2% 0 0 0 0 0 0 0 0 0 0 0
0O O ?;uc a,, A0 0 0 2% 0 0 0 0 0 0 0 0 0 0
0O 0 0 4 a O 0 0 0 0O 0O 0 0 OoO o0 o0 0 0 ©
,uB 0 0 0 0 ag 4 0 0 28 0 0 0 0 0 0 0 0
0 ,uB 0 0 0 ,uC a, A° 0 0 0 28 0 0 0 0 0 0 0
o 0 £ 0 0 0 2a 2° 0 0 0 2* 0 0 0O 0 0 O
0O O 0 ,uB 0 O 0 31C Agq AC 0 0 28 0 0 0 0 0
as{l0 0 0 O O O O O # a, 0 0 0O O O 0 0 0 0@y
o 0o 0 0 0 22 0 O O O a, A 0 0 0 0 0
o o o 0 0 O 220 0 O 4 a, & 0 0 0 A 0
o 0o 0o 0 OO0 O 22 0 0 0 £ a, £ 0 0 0 A 0
o o o 0 OO O O 2 0 0 0 & a,, A 0 0 0 A
oo o 0 OO O O O O O O 0 #a,, 0 0 0 O
o o 0 0 OO0 O O O O B 0 0 0 0 a, O 0 o0
o o o 0o 0O O O O O O B2 0o 0 0 0 a, 0 o0
o o 0o 0 0O O O O O O O B 0 0 0 0 a, 0
oo 0 0 OO0 O O 0O O 0 O 0 @& 0 0 0 0 ag
where
a, = A, A, a,; = A+ A 72T M2 H 4 Q313 = Azpat A1zagt H s d U 1s:
B, = Agst Ayt Ho  Bgg = Agg+ Agyat Ugst U g, 410~ Aragst A raast M oud Ho1a,
a33 :/]34+/]38+/'132 a99 :A89+/18,13+/194+/19§ a15,15: /'115,14
a44 :/145+A49+,U43 a10,10= /'110,5 a16,16:/'115,13
a55 = /'154 a:I.l,ll = /111,12+ /] 1l,16+ lu 11, aSI.7,17 = /'117,12
856 = /15,11"' At U Q12 = /]12,13+ A 1217 M2 H 1o, Big18= Hagas Q19165 H 101
In order to find the mean total number of blowers o
failures N(t) we should present the corresponding e =T27 =T38=T 49=
reward matrix in the following form (13): lo11 =T720=T g15=T 017~
W L (13)

r11,16 = r12‘17:r 13,18:r 14,19: 1’

all other elements are zero
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By solving the systems of differential equation} (1 should present the reward matrixeis the following
with transition intensity matrix (11) and reward form (15):
matrix ry, (13) we can obtain an MSS mean total

number of blowers failures during time period T0,
where T=1 year. The results of calculation are
presented ifrigure 7.

For computation of the Mean Time To Failure during

the time interval the state space diagram of geeera

system like in previous case should be transformed

all transitions that return system from unacceptabl Vvre =
states should be forbidden and all unacceptabiessta

should be treated as absorbing state. The state spa
diagram is presented éfigure 5

(15)

O OO OO oo o o k=
O OO O o oo o+ o
O O OO oo o hkr oo
O O OO0 ook oo o
O OO oo krr oo oo
O O O o Oo o oo
O O o kP OO O o oo
O OkF OO O o o o o
O P OO O oo o o o

By solving the systems of differential equation$ (1
with transition intensity matrix (14) and reward

matrix Nyrre (15) we can obtain an MTTF during

time period.
1 \
0.9995} 1 —— System without reserve| |
z ry | System with reserve
2 0999}
g
<
(]
& 0.9985}
[}
>
<
Figure 5 The state-space diagram for the 0.998}
refrigeration system with reserved bloweth
absorbing state 0.9975 ‘ w ‘ ‘
0 1 2 3 4 5
Time (years)

According to this state space diagram transition

intensity matrix a can be presented as follows:(14) Figure 6 MSS average availability for different

types of systems

[} B

aié o OC 2 OB 0 0 0 00 Curves in Figures 6 support the engineering

H 8, 370 28 0 0 0 0 0 decision-making and determine the areas where

0 2 a 0 0 2° 0 0 0 2 required performance deficiency level of the

# 0 0 a 4° 0 A 0 0 0 refrigeration system can be provided by
az| 0 @#0 £ oa, A° 0 2° 0 0 configuration “with reserve” or by configuration

0 0 # 0 2 a 0 0 2% 2° “without reserve”. For example, from théigure 6

0 0 0 2° 0 0 a, 4 0 ° one can conclude that_ the configura_tion “without

0 0 0 0 28 0 i a 3 A° resgrve_”_ ga_nnot provide the required average

o0 o0 0 o0 Y- e ayallablllty if it is greater than 0.988.

H % Figure 7 presents mean total number of blowers’
o o o0 o0 O O O 0 O0 O

failures for different types of systems and gives
o (_14) logistics information for decision on spare parts
where a,;,,,,....a5are the same like in previous sypply, because long delay may occur if spares are
case.In order to findMean Time To Failurewe not to hand when needed and holding spares costs
money. From this figure one can conclude that mean
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total number of blowers’ failures is not differefior
reserved and not reserved systems.

n
o

— System without Reserve
----- System with Reserve

=
&)}

[1]

Mean Total Number of BlowersFailures
o 5
S,

0‘.4 0‘.6 0‘.8 1 [2]
Time (Years)

0 0.2

Figure 7.MSS mean total number of blowers’
failures for different types of systems

[3]

w
[

[4]

w

N
&

[
(&

[5]

Mean TimeTo Failure (Years)
N

[

I
3

18 24 30 36 42
Mean Time to Repair (Hours)

48
[6]
Figure 8 MSS Mean Time to Failure

FromFigure 8one can see dependence of mean time
to failure (MTTF) on mean time to repair for not
reserved system, provided by different repair teams
Comparison with required level of MTTF,
established for the Israel Supermarkets, shows that
only repair teams with MTTR grater then 36 hours
provide this required level. For reserved system
mean time to system failure growth seven times and
reach 14.75 years.

4. Conclusion

e The universal method was suggested to
compute MSS reliability measures: average
availability, total number of blowers’ failures
and MTTF. The method is based on different
reward matrix determinations for an MSS
model that is interpreted as a Markov Reward
Model.
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« The approach suggested is

well formalized

and suitable for practical application in
reliability engineering. It supports the
engineering decision-making and determines
different system structures providing a
required reliability/availability level of MSS.

e The numerical example is presented in order

to illustrate the suggested approach.
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