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This paper presents a mechanical-diffusion one-way coupled corrosion model that allows
the analysis of both accelerated and natural reinforcement corrosion. The impact of cor-
rosion products on the concrete cover is exerted using the tensor of the volumetric strain
rate dependent on the rate of concentration change of corrosion products or the rate of
concentration change of ferrous ions. The approach proposed in the paper enables the ana-
lysis of the impact of corrosion products with a complex composition that depends on the
intensity and density of the electric current. The model also enables the analysis of cases
where the distribution of corrosion products is inhomogeneous around the circumference
of the rebar.
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1. Introduction

Reinforcement corrosion is one of the leading causes of the destruction and
degradation of reinforced concrete structures [1]. The appropriate approach to
this problem at the design stage of the structure is a guarantee of its economical
exploitation throughout its lifetime [2, 3].

Classical models of analysis of the reinforced concrete degradation concern,
in the vast majority of the cases, the so-called thick-walled cylinder models. The
study of Bažant [4] or the works of [5, 6] can be mentioned here. A very thorough
review of this type of models can be found in [7], which refers to the advantages
and disadvantages of this type of methods for estimating cover degradation.

More advanced models take into consideration the accumulation of corrosion
products in the empty pore spaces in the transition layer and the transfer of

https://orcid.org/0000-0002-8012-9466
https://orcid.org/0000-0002-7294-1788


482 K. Yurkova, T. Krykowski

the products through the crack outside the cover of concrete. The phenomenon
of the deposition of corrosion products in the transition layer with increased
porosity was first reported in [8], and the concept of the so-called corrosion
products accommodation area, i.a., in [9, 10]. The authors in [11] described
the effective impact of corrosion products on the concrete cover (in the case of
accelerated corrosion), taking into account their transfer through cracks to the
environment.

A very important development of the classical models is the attempt to take
into account temperature, moisture and concentration of aggressive substances,
such as e.g., chloride ions or carbon dioxide [12, 13]. Despite including additional
physical fields in a more or less detailed way, these papers treat the problem of
reinforcement corrosion in a manner similar to the solution that is the basis
for formulating analytical models. Within this group, one can mention works in
which a very advanced FEM model is used to model thermo-mechanical issues
and problems of transporting aggressive substances, while the bar corrosion pro-
cess itself is based on the classical approach assuming an increase in the volume
of the reinforcing bar [14–16].

Another step aimed at improving the cover degradation forecasting models
is the attempt to formulate an approach that includes the heterogeneous distri-
bution of corrosion products on the circumference of the rebar, as well as the
attempts to modify the approach to estimating the impact of corrosion prod-
ucts on concrete. Within the first group, the following papers should be mentio-
ned [17–19], as well as the models treating the concrete cover as a mesoscale
media [20, 21]. The second group includes papers [22] describing the problem
of corrosion with the use of modified elements of the cohesive type or an ap-
proach based on the tensor of the rate of equivalent volumetric strain [23]. The
latter work also includes the change in the effective impact of corrosion prod-
ucts on the concrete cover as a result of pushing the corrosion products outside
through the cracks or the interactions resulting from the differences between the
mass loss calculated gravimetrically and theoretically determined from Faraday’s
law in the tests of accelerated corrosion [24].

In the process of the corrosion of the reinforcement, iron ions are transferred
to the pore solution, and corrosion products are transported to the deeper layers
of the concrete cover. Attempts to model such issues were formulated, among
others, in [25, 26]. In [27], a model of a transition zone with mechanical parame-
ters modified as a result of penetration by reinforcement corrosion products was
proposed.

Despite the often-complex approach to describing the issues of cover degra-
dation, the aforementioned models treat the increase in product volume as a me-
chanical problem. This results in enforcing substitute statically equivalent volu-
metric strains that map the interactions between corrosion products. It is over-
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looked that the loss of iron ions and the process of rust growth are mutually
coupled and should be described as a diffusion-mechanical problem dependent
on the electric current.

In this paper, a new model is formulated that enables the analysis of the
coupled mechanical-diffusion problem of concrete cover degradation as a result
of reinforcement corrosion. The three elements in the approach to the problem
are new. The problem of corrosion is treated in the model as a problem described
by the diffusion equations, with the source being a function of the electric cur-
rent. The mechanical interactions are formulated by the rate of the volumetric
strain tensor dependent on the rate of the concentration of corrosion products
(the model allows for a comprehensive approach to modeling issues with both
homogeneous and inhomogeneous distribution of products on the circumference
of rebar). The model additionally enables the analysis of the cases in which cor-
rosion products are a mixture of many phases of various oxides, hydroxy oxides
and oxyhydroxides.

2. Mathematical model

2.1. Introduction

The model of a multicomponent elastic-plastic medium with diffusion is ana-
lyzed. In the model, four components are distinguished, i.e., skeleton α0, iron
ions α1, reinforcement corrosion products α2 and other substrates of the elec-
trochemical reaction necessary for its proper course α3. It was assumed that the
reinforcement corrosion process would be forced artificially with the help of an
external electric field (electrolysis process). An external source of electric cur-
rent, in accordance with Faraday’s law, forces the migration of iron ions into
the pore solution (the model lends itself to the analysis of natural reinforcement
corrosion initiated by the environment interaction). The formulation of constitu-
tive relationships and equations describing the process of accelerated corrosion
was based on the classical theory, ignoring electrical interactions. Both the elec-
tromechanical interactions caused by the Lorenz force present in the momentum
balance equation and the dot product of vector of the electric current density,
as well as the electrostatic field intensity iE have been omitted in the energy
balance equation [28, 29]. It was assumed that corrosion effects are defined by
appropriately defined mass sources.

From the point of view of thermomechanics of multicomponent media, the
equations of the elastoplastic medium with diffusion have been described in many
scientific publications [28, 30–33]. In the subsequent points, the considerations re-
fers to the essential elements of the theory, omitting detailed considerations that
can be found in the previously mentioned literature on the subject.
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2.2. Assumptions of the theory of multicomponent media
with a dominant component

A multicomponent medium containing α components, α = 0..3 with masses
mα the density of the mixture component ρα and the concentration of the mix-
ture component cα [30]:

ρα =
mα

V
, cα =

ρα
ρ
, ρ =

∑
ρα, (1)

where V ≡ Vα is the volume of the considered phase of the mixture (overlapping
continua).

According to the theory of mixtures [31], the velocity of the mixture compo-
nent is described by the equation:

vα = uα − v, ρv =
∑

ραvα, (2)

where vα is the velocity of the mixture component, uα is the diffusion velocity
of the component, and v is the average velocity.

The theory of mixtures with the so-called dominant component assumes that
the density of the skeleton is much higher than the density of the remaining
components of the mixture ρ0 � ρα which implies the fulfillment of two rela-
tionships [30]:

ρ =
∑

ρα ∼= ρ0, ρv =
∑

ραvα ∼= ρ0v0. (3)

2.3. Mass balance equation

Mass balance equations can be defined by relationships [30, 34]:

∂ρα
∂t

+div (Jα) = Rα, Jα = ραvα = jα+ραv, jα = ραuα, α = 0...3, (4)

where ρα is the partial mass density of the mixture component, Jα is the mass
flux of the component, and jα is the diffusion mass flux of the component.

In this study, we refer in detail to two components important for modeling
the reinforcement corrosion process. These components are iron ions α = 1, mi-
grating to the solution as a result of iron dissolution under the influence of an
external source of electric current applied to the system (electrolysis process)
and reinforcement corrosion products α = 2. It is assumed that both the ra-
tio of mass (density) of corrosion products and iron ions [5] and their velocity
are constant values for a given value of electric current intensity (and density)
(α = α (I) = const, ϑ = ϑ (I) = const):

ṁ1

ṁ2
=
ṁFe2+

ṁcp
= α,

%̇1

%̇2
=
%̇Fe2+

%̇cp
= ϑ, ṁ1 = ṁFe2+ = keffI, ṁ2 =

ṁ1

α
, (5)
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where ṁ1 ≡ ṁFe2+ is the rate of mass of iron ions (according to Faraday’s law
of electrolysis), ṁ2 ≡ ṁcp is the rate of mass of corrosion products, α and ϑ are
material constants depending on the composition of corrosion products, keff is
effective electrochemical equivalent of iron, and I is electric current intensity.

When analyzing the problems of cover degradation as a result of corrosion,
both the situation in which the composition of corrosion products is fixed and
the situation in which the composition is variable and dependent on the corrosion
current and time were considered.

The iron ion mass balance equation takes the form:

ρ
dc1

dt
+ div (j1) = R1, R1 =

ṁ1

V
, (6)

where c1 is the concentration of ferrous ions, j1 is the diffusion mass flux of
ferrous ions, R1 is the mass source of ferrous ions, and V ≡ Vα is the volume
of multicomponent media.

An analogous balance equation can be formulated for reinforcement corrosion
products (component α = 2). The mass balance equation of corrosion products
takes the following form after taking into account dependence (5):

ρ
dc2

dt
+ div (j2) = R2, R2 =

ṁ2

V
=
ṁ1

αV
, (7)

where c2 is the concentration of corrosion products, j2 is the diffusion mass flux
of corrosion products, and R2 is the mass source of corrosion products.

2.4. Constitutive relationships

Constitutive relationships in the mechanical-diffusion model, thermodynamic
constraints related to the dissipation of internal parameters and their evolution
equations in a multi-component medium with a dominant constituent takes the
form [31, 32]:

• Constitutive relationships:

σ = ρ
∂A

∂εe
, Mα =

∂A

∂cα
, (8)

where A is Helmholtz free energy, σ is the stress tensor, εe is the elastic
strain tensor and Mα is the chemical potential [30];

• Dissipation inequality:

σ : ε̇p −Xωω̇−
∑
α

jα gradMα ≥ 0, Xω = ρ
∂A

∂ω
, (9)

where εp is the plastic strain tensor,ω is the internal parameter describing
the hardening and softening of material, and Xω is the thermodynamic
force;
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• Equations describing the evolution of thermodynamical fluxes:

ε̇p = γ
∂G

∂σ
, −ω̇ = γ

∂G

∂Xω
, −jα = K gradMα, (10)

where G is plastic potential.
Taking into account in Eq. (6), the Helmholtz free energy, which after ex-

panding and omitting irrelevant elements, can be written in the form:

ρA (cα, ε
e,ω) =

1

2
εe : Ce : εe −

∑
α

εe : Ce : ξα (cα − c0) +Ap (ω), (11)

the constitutive equations can be formulated.
The equations of the model describing the evolution of the stress tensor

σ = σ
(
εe, εVα

)
and the chemical potential Mα = Mα (cα, ε

e,ω) can have the
following form:

σ = Ce : εe−
∑
α

Ce : ξα (cα − cα,0)=Ce :
(
ε− εVα

)
, ε=εe + εp, (12)

εVα = ξα (cα − cα,0), Mα=Mα (cα, ε
e,ω)=

∂A (cα, ε
e,ω)

∂cα
, (13)

where εVα defined in relation (13) is the tensor of the volumetric strains caused
by the change in the concentration of the cα in the considered region.

The tensor of volumetric strains resulting from the change in the concentra-
tion of corrosion products in the problems of computer modeling of the cover
can be conveniently formulated in the velocity form ε̇V2 depending, among other
things, on the intensity of the electric current. This type of relationship was for-
mulated in [23, 35]. In the case of corrosive interactions in a plane perpendicular
to the axis of the rebar, the nonzero coordinates of the tensor take the form

ε̇Vγδ = ε̇V δγδ, ε̇V =
(1− β)

η%1V0

(ϑ− α)

α
ṁ1, γ, δ = 1, 2, (14)

where β is the parameter of the intensity of the interactions of corrosion products
on the concrete cover, and V0 is the volume of the region where the volume of
corrosion products increases.

Equation (14) can be formulated depending on the rate of change of the
concentration of iron ions ċ1 as well as the rate of change of the concentration of
corrosion products ċ2. By taking into account Eq. (1) in Eq. (14), it is possible
to formulate a dependence describing the evolution of the volumetric strain rate
caused by corrosion products. The evolution of volumetric strains caused by the
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increase in the volume of corrosion products can be associated with both the loss
of iron ions and the increase in the volume of corrosion products:

ε̇V =
(1− β)

η%1V0

(ϑ− α)

α
V ρċ1, ċ1 =

ṁ1

V ρ
, (15)

ε̇V =
(1− β)

η%1V0
(ϑ− α)V ρċ2, ċ2 =

ṁ2

V ρ
. (16)

2.5. Modeling the composition of corrosion products on the surface
of the reinforcement

In the cases when we are dealing with an accelerated corrosion process of re-
inforcement, the composition of the resulting products is complex and depends
on the intensity and density of the current. In [36], the chemical composition was
analyzed in the process of accelerated corrosion of reinforcement for a small range
of corrosion current densities. The obtained chemical composition of the prod-
ucts was a mixture of iron oxides: FeO, Fe2O3, Fe3O4 and iron oxyhydroxides
(α− FeO (OH), β − FeO (OH), γ − FeO (OH)). In addition, the contribution of
chemical compounds in the total mass of corrosion products is changed depend-
ing on the intensity (density) of the current in the system. It can be assumed
that the total mass and density of corrosion products are expressed by the rela-
tionship:

mR =
∑
x

ξxmx, %R =
∑
x

ξx%x, ξx = ξx(i) = ξx(I), (17)

where ξx is the percentage contribution of the chemical compound in the total
mass (density) of corrosion products, mx is the mass of the chemical compound,
and %x is the specific density of the chemical compound.

Based on the results published [36], it was assumed that the percentage
contribution of individual chemical compounds contained in corrosion products
could be approximated using the logarithmic function (in the case of oxides) and
the exponential function (in the case of oxyhydroxides). In addition, analogous
functional relationships have been determined for the total percentage of oxides
and oxyhydroxides in the mass of corrosion products:

ξx =


ln(axi

bx), x = 1...4,

exp

(
cxi

dx

exifx

)
, x = 5...8,

(18)

where ax and bx are constants related to the percentage of oxides: FeO (x = 1),
Fe2O3 (x = 2), Fe3O4 (x = 3), total oxide content (x = 4); however, cx, dx, ex
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and fx are constants related to the percentage of oxyhydroxides: α−FeO (OH)
(x = 5), β−FeO (OH) (x = 6), γ−FeO (OH) (x = 7), total oxyhydroxides con-
tent (x = 8) in the total mass of corrosion products.

In the problems considered in the literature, the estimation of the impact
of corrosion products on the cracking condition of the concrete cover is very of-
ten approached with the assumption that the corrosion products are a mixture
of hydroxy oxides Fe (OH)2 and Fe (OH)3 [5, 8]. The parameters defining the
evolution of the reinforcement corrosion process takes constant values in such
a situation.

2.6. Yield surface and plastic potential in the Menetrey–Willam model

In the calculations of damage propagation in reinforced concrete elements, the
elastic-plastic Menetrey–Willam (MW) material model with hardening/softening
in compression and softening in tension (HSD2 model) implemented in the
ANSYS program [37, 38] was used. The yield surface in this model is defined by
the relationship [37]:

fMW =
c2

c3

[√
2√
3
I1 + rρ

]
+ρ2− 1

c3
, ρ =

√
3J2, I1 = Tr (σ) , J2 =

1

2
s : s,

(19)

where I1 is the first invariant of the stress tensor σ, J2 is the second invariant
of the deviator of stress tensor s, r is a function of stress tensor invariants
and material parameters, and c2 and c3 are values depending on the functions
characterizing the hardening/softening of the material under compression Ωc,
tension Ωt and material parameters.

The values c2 and c3 defining the yield surface (19) are defined by the fol-
lowing equations [37, 38]:

c2 =
1√
6

[
1

Ωcfc
− 1

Ωcfb
+
Ωcfb −Ωtcft

(Ωcfc)
2

]
, c3 =

3

2

1

(Ωcfc)
2 , (20)

r (θ, e) =
4
(
1− e2

)
cos2 θ + (2e− 1)2

2 (1− e2) cos θ + (2e− 1) [4 (1− e2) cos2 θ + 5e2 − 4e]0.5
, (21)

e =
1 + ε

2− ε
, cos (3θ) =

3
√

3J3

2

1√
(J2)3

, (22)

ε =
Ωtcft
Ωcfb

(Ωcfb)
2 − (Ωcfc)

2

(Ωcfc)
2 − (Ωtcft)

2 , Ωtc =

{
Ωt for κc ≤ κcm,

ΩtΩc for κc > κcm,
(23)
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where fc is the compressive strength of the concrete, ft is the tensile strength
of the concrete, Ωc is the function describing the mechanism of hardening and
softening in compression, Ωt is the function defining the mechanism of softening
in tension, and κ is the internal parameter (equivalent plastic strain) in compres-
sion κc and tension κt.

The compression and tension hardening/softening functions used in the MW
model (HSD2 model) are defined by Eqs. (24) and (25):

Ωc=



Ωci + (1−Ωci)

√
2
κ

κcm
− κ2

κ2
cm

, κ < κcm,

1− (1−Ωcu)

(
κ− κcm
κcu − κcm

)2

, κcm ≤ κ ≤ κcu,

Ωcr + (Ωcu −Ωcr) exp

(
2
Ωcu − 1

κcu − κcm
· κ− κcu
Ωcu −Ωcr

)
, κcu < κ,

(24)

Ωt = exp

(
− κ
at

)
, at =

gft
ft
, gft = max

(
Gft
Li

,
f2
t

E

)
, (25)

where Li is the effective length, E is Young’s modulus, Gft is the fracture energy,
and κcm, κcu, Ωcr, Ωtr are the values characterizing the curves of hardening and
softening in compression and tension, Fig. 1.
a) b)

Ω
ci

Ω
cr

Ω
c

Ω
cu

0
0

κ
cm

κ
cu κ

1

Ω
tr

Ω
t

0
0

κ

1

Fig. 1. Functions describing material: a) hardening and softening in compression Ωc,
b) softening in tension Ωt.

Plastic potential G = GMW in the MW model was defined by the relation
[32, 38, 39]:

GMW = ρ2 +Bgρ+Cg
I1√

3
, ρ =

√
3J2, I1 = Tr (σ) , J2 =

1

2
s : s, (26)
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QMW = ρ2 +Bgρ+ Cg
I1√

3
, (27)

Bg =
2
(
Ωcf

′
c

)
tanψ −

√
2 (Ωtcft)√

3
(
1−
√

2 tanψ
) , Cg =

Bg√
2

+
2 (Ωtcft)√

3
, (28)

where ψ is the parameter of dilatancy, and Ωtc is a function defined by Eq. (23).
Steel was described by the elastic-plastic Huber–Mises–Hencky (HMH) model

with isotropic hardening, while corrosion products were described with the linear-
elastic model.

2.7. Analysis of contact interactions

Contact calculations were performed using a modified Lagrange algorithm [38].
The contact between steel and concrete was modeled with CONTA174 and
TARGE170 contact elements, taking into account the Columb friction model
and the possibility of contact sliding [38]:

τlim = µP + c, ‖τ‖ =
√
τ2

1 + τ2
2 ≤ τlim, ‖τ‖ ≤ τmax, (29)

where P is the force normal to the contact surface, τlim is the sliding limit, and
τmax is the maximum allowable value of shear stresses.

3. Analysis of computational example

Using the proposed theoretical approach, calculations of the three-dimensional
test element were performed. The obtained results were compared with the re-
sults of experimental studies presented in [23]. The reinforced concrete element
analyzed in this paper, with dimensions of 100× 100× 80 mm, was subjected
to accelerated corrosion of the reinforcement using an electrolyzer (4 samples
subjected to 20 V electric current, monitoring with a frequency of 60 s).

The computational analysis was performed using a unidirectionally coupled
thermo(diffusion)-mechanical model available in ANSYS (the heat flow equation
was treated as a diffusion equation). In the first step, the diffusion problem was
analyzed with a defined mass source as a function of corrosion current intensity
according to Eqs. (6) and (7) (source functions were determined using Mathemat-
ica and Excel software). In the next stage, a mechanical problem was analyzed,
in which subsequent time increments took into account changes in the concen-
tration of corrosion products and the coefficient of corrosion expansion of the
corrosion product layer over time according to the relationships (15) and (16).
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The code that performs the calculation was written in the ANSYS internal lan-
guage APDL. The applied MW concrete model with HSD2 depending on the frac-
ture energy is available in ANSYS from the level of APDL. For the purposes of
comparative calculations, the FEM model of the test element presented in Fig. 2a
was made. In Fig. 2b, the schematic diagram of the steel ring model of corrosion
is shown, where the following designations were adopted: 1 – reinforcing steel;
2 – concrete; 3 – steel ring reflecting the increase in the volume of corrosion prod-
ucts; 4 – contact elements. As already mentioned in Sec. 2, the model was made
as elastic-plastic with the contact: concrete MWmodel described by the relations
(19)–(28), steel HMH model. Both the concrete and the steel reinforcing bar were
made using eight-node SOLID185 solid elements, which were integrated using the
full integration scheme [40]. The mutual interaction between the concrete cover
and the corroding rebars was mapped using contact elements TARGE170 and
CONTA174, assuming no possibility of separation of the contact area.

a) b)
1
0
0

4
0

Solid185Conta174

Targe170

Solid185

Concrete Steel rebar

Corrosion
products

100

4
0

40

A

B

4
0

Symmetry
4

132

Fig. 2. Computer model (dimensions in mm): a) FEM model of the problem, b) schematic
diagram of the steel ring model of corrosion products, description in the text.

The interactions of corrosion products with the concrete cover were achieved
by assuming a steel ring with a width of 1 mm released from the reinforcing bar.
The modeling scheme of the contact zone is shown schematically in Fig. 2b. The
method of mapping corrosion products using a steel ring was adopted due to
the stability and rapid convergence of such a solution. Detailed considerations
on the different approaches to modeling corrosion of reinforcement can be found,
e.g., in [41].

Comparative calculations in accordance with the unidirectionally coupled
mechanical-diffusion model were referred to the results of experimental tests as
well as to the results of mechanical calculations where the test element was
loaded with an equivalent volumetric strain mapping the process of corrosion.
The electrical parameters of the analyzed system (evolution of the current I func-
tion) were determined on the basis of the average value of the measurements
obtained in [23] and are presented in Fig. 3. In addition, this figure shows
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the averaged values of increase in volumetric strains used in the comparative
mechanical analysis, representing the impact of reinforcement corrosion prod-
ucts. Parameters characterizing the increase of tensor of corrosion volumetric
strains caused by reinforcement corrosion (14) were approved based on [23]: the
porosity of the transition layer ε = 0.55, the effective electrochemical equiva-
lent of iron keff,0 = 0.006271 (g/µA · year), the thickness of the transition layer
wws = 7.5 · 10−3 cm, and the critical time tcr = 53.83 h. The criterion for
evaluating the results of computer tests was the agreement with the results of
elongation of the element edge (distance between corner points A and B) in the
FEM model, Fig. 2, with those obtained on the basis of experimental studies.

0 100 200 300 400

0

4

8

12

16

20

0

20

40

60

80

100

Avg.

Fe OH 2

Fe OH 3

t [h]

Fig. 3. Changes in the intensity of the electric current and substitute increases in volumetric
strains in the analyzed test sample ∆εαα, α = 1, 2.

The diffusion model has been included in accordance with Eq. (6), where
the mass source in the entire volume of the region subject to corrosion of the
reinforcement (steel ring) has been defined. The part related to the mass flux has
been omitted (to correctly declare the data, due to the software requirements,
the mass diffusion coefficient of corrosion products K = 1 kg/m · s was declared).
Diffusion flows were not included in the remaining areas. According to the rela-
tionship (1), the density of the skeleton was assumed as the sum of the partial
densities of steel and concrete ρ ≈ ρ0 = 2668 kg/m3 (1). The densities of the
other components have been omitted.

The material parameters of the models used in the calculations for the
MW concrete model in the elastic (including strength parameters) and inelastic
(HSD2) ranges are presented in Tables 1 and 2.

Table 3 lists the material parameters adopted for the HMH material repre-
senting the reinforcing steel and the parameters adopted for the layer represent-
ing the mechanical impact of corrosion products. The steel-concrete interactions
were accounted for by introducing contact (flexible model without separation of
contact surfaces). The contact parameters were determined on the basis of the
pre-code (Fédération Internationale du Béton-FIB 2013). The limit parameters
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Table 1. Elastic and strength material parameters of concrete in the MW model.

Material parameters Value
Initial Young’s moduli, E0 [MPa] 38280
Initial Poisson’s coefficient, ν0 [1] 0.2
Tensile strength, ft [MPa] 3.99
Compressive strength, fc [MPa] 56.4
Biaxial compressive strength, fb = 1.15fc [MPa] 64.86
Fracture energy, Gft [N/m] 151

Table 2. Material parameters [38] describing the HSD2 hardening/softening model in relation
to the MW material model.

Material parameters Value
Plastic strain at uniaxial compressive strength, κcm [1] 0.00151
Plastic strain at transition from power law to exponential softening, κcu [1] 0.00175
Relative stress at start of nonlinear hardening, Ωci [1] 0.33
Residual relative stress at κcu, Ωcu [1] 0.85
Residual compressive relative stress, Ωcr [1] 0.2
Residual tensile relative stress, Ωtr [1] 0.1
Dilatancy angle, ψ [deg] 20

Table 3. Elastic and strength material parameters of steel assumed in the HMH model,
and elastic parameters of corrosion products (description in the text).

Material parameters Value
Young’s moduli, E [MPa] 200 000
Poisson’s coefficient, ν [1] 0.3
Yield strength, fy [MPa] 235

of contact slippage τmax = 2.5
√
fc and cohesion for actions at the contact point

between the reinforcing bar and concrete cover c = 0.05
√
fc were assumed. The

values of the adopted model parameters are listed in Table 4.

Table 4. Material parameters defining the contact of steel and concrete (flexible contact).

Material parameters Value
Friction coefficient, µ [1] 0.2
Cohesion coefficient, c [MPa] 0.375
Stiffness in normal direction, knn · 10−8 [MN/m3] 1.8
Stiffness in tangential direction, ktt · 10−8 [MN/m3] 0.35
Maximum equivalent frictional stress (adhesion), τmax [MPa] 18.77
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The calculations were made assuming two calculation situations, reflecting
the composition of corrosion products on the reinforcing bar sidewall:

• Case I, corrosion products are a mixture of iron hydroxides II and III.
• Case II, a general approach assuming the formation of corrosion products

with a complex composition consisting of a mixture of iron oxides and
oxyhydroxides under the influence of electrolysis.

The calculations were carried out using a mechanical-diffusion model cou-
pled in one direction (6) and (7). The analyzed decrease in iron ions and the
related effective, uniform growth of corrosion products on the circumference
of the rebar, determined on the basis of relations (15) and (16), were analyzed.
The calculations were compared with the averaged results of displacements and
crack widths (in the tested case, the average crack width approximately corre-
sponds to the increase in the displacements of the test element) obtained on
the basis of the tests carried out for four identical samples [23]. The test results
were additionally compared with the calculation results obtained in the ANSYS
program for the mechanical model using the MW model. In the course of further
considerations, the designations EX E1, EX E2 were adopted for the experimen-
tal results concerning displacements (crack width) and MW B1 for the results
of displacements obtained using the mechanical model, respectively, for the av-
erage composition of corrosion products consisting of iron hydroxides II and III
(Fe(OH)2 and Fe(OH)3). The above-mentioned list of test results and analyzed
models is shown in Table 5.

Table 5. List of results of experimental and model tests
(indications and assumed composition of corrosion products).

Type of tests/concrete cover material
model/type of hardening (softening)

Denotation Corrosion products composition

Changes in the current intensity, I EX E1 Real composition
Experimental study, cracks EX E2 Real composition
Experimental study, displacement EX E3 Real composition
MW/HSD2, mechanical model MW B1 Avg. (Fe(OH)3, Fe(OH)2)

In case I, the subject of the calculations was a situation in which we assume
the composition of corrosion products in the form of an averaged mixture of iron
hydroxides II and III (Fe(OH)2 and Fe(OH)3) with the parameters α = 0.5725
and ϑ = 2.165 (for pure substances the parameters assumed were: a) for Fe(OH)2:
α = 0.622, ϑ = 2.24, b) for Fe(OH)3: α = 0.523, ϑ = 2.09). Calculations were
made for three calculation variants characterized by a variable time step of ∆t =
0.1 h, ∆t = 0.5 h and ∆t = 5 h, respectively, and the parameter of the effective
electrochemical equivalent of iron keff = keff,0. The computational models used,
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along with their compositions, the composition of corrosion products and time
increment, are summarized in Table 6.

Table 6. List of calculation variants analyzed in case I.

Concrete cover
material model/type

of hardening (softening)
Denotation Corrosion products

composition

Time increment
∆t
[h]

MW/HSD2 MW 1 Avg. (Fe(OH)3, Fe(OH)2) 5
MW/HSD2 MW 2 Avg. (Fe(OH)3, Fe(OH)2) 0.5
MW/HSD2 MW 3 Avg. (Fe(OH)3, Fe(OH)2) 0.1

In case II, the parameters α and ϑ, depending on the magnitude of the elec-
tric current, were taken into account. The calculations were made here based on
the calculation data available in [36]. Due to the large uncertainties of the pa-
rameters used in [23] to determine the displacements and crack width, the calcu-
lations were also performed for the modified value of the χ parameter. Deviations
from the exact result were related to the method of evaluating the content of
corrosion products in the vessel in which the sample was soaked and the method
of performing the experiment (each optical measurement involved removing the
element from the vessel). In the case of the electrochemical equivalent of iron,
the uncertainty that could distort the result of the calculations arises from the
assumption that the value of parameter k is constant, while in the case ana-
lyzed in this paper, this value, similarly to the parameters α and ϑ, depends on
the electric current. The purpose of the calculations at this stage was to cal-
ibrate the parameters of the model, which allows to obtain calculation results
similar to the experimental ones. Models referring to case II were also analyzed
for three time steps ∆t = 0.1 h, ∆t = 0.5 h, ∆t = 5 h, parameter keff equal
to keff = keff,0 and the coefficients of the impact of corrosion products on the
concrete cover χ = 0.4 and χ = 0.8. The models for which the calculations were
made are presented in Table 7.

Table 7. The list of calculation variants analyzed in case II.

Material model
of the cover/type

of hardening (softening)
Denotation Corrosion

products
∆t
[h]

Parameter
keff

Parameter
χ

MW/HSD2 MW7 mixture 5 keff,0 0.4
MW/HSD2 MW8 mixture 0.5 keff,0 0.4
MW/HSD2 MW9 mixture 0.1 keff,0 0.4
MW/HSD2 MW10 mixture 5 keff,0 0.8
MW/HSD2 MW11 mixture 0.5 keff,0 0.8
MW/HSD2 MW12 mixture 0.1 keff,0 0.8
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In case II, the composition of corrosion products was analyzed as a mixture of
oxides and oxyhydroxides in the total mass of corrosion products. The percentage
content of products in the electric current density range of i = 50–300 µA/cm2

was obtained experimentally [36]. Due to the fact that the values of the cur-
rent density in the calculation example analyzed change in the range of i ∼= 0–
2000 µA/cm2, functions approximating the propagation of changes of products
in the electric current density function (18) were introduced based on addition-
ally adopted measurement points. These points were arbitrarily forecasted on the
basis of the measured content of oxide/oxyhydroxide fractions and corresponded
to the current density values i = 1 µA/cm2 and i = 2000 µA/cm2. An additional
criterion here was the assumption of stabilizing the percentage content of oxides
and oxyhydroxides for currents exceeding 300 µA/cm2. The adopted coefficients
approximating the functions are listed in Table 8.

Table 8. Parameters of functions approximating the percentage content
of oxides ξx = ln(axi

bx) and oxyhydroxides ξx = exp
(
cxi

dx/exi
fx
)
.

Function ax bx cx dx ex fx

ξ1, (FeO) ξ1 = ξ4 − ξ3 − ξ2 – – – –

ξ2, (Fe2O3) ξ2 = 0.55 · (ξ4 − ξ3) – – – –

ξ3, (Fe3O4) 42 6.17 – – – –

ξ4 =
∑

k=1...3

ξk ξ4 = 100%− ξ8 – – – –

ξ5, (α− FeO(OH)) – – ξ5 = ξ8 − ξ6 − ξ7
ξ6, (β − FeO(OH)) – – ξ6 = (ξ8 − ξ7) · 0.7
ξ7, (γ − FeO(OH)) – – 3.7 0.78 0.83 0.83

ξ8 =
∑
k=5..7

ξk – – 0.48 0.36 0.105 0.41

Graphical images of functions approximating the percentage content of (in-
dependent) fractions depending on the density of the corrosion current: iron
oxide Fe3O4, oxyhydroxides γ − FeO(OH), and the total amount of oxides and
oxyhydroxides is shown in Fig. 4.

Additionally, in order to illustrate the impact of individual fractions on the
composition of corrosion products, Fig. 5 presents the courses of changes in
the percentage content of a) oxides and oxyhydroxides as a function of time:
FeO, Fe2O3, Fe3O4 in Fig. 5a, b) oxyhydroxides α − FeO(OH), β − FeO(OH),
γ − FeO(OH) in Fig. 5b, and finally c) the changes in parameters α and ϑ
describing the relationship between the mass (density) of corrosion products
and the mass (density) of iron ions (5) or the total assumed composition of the
product mixture on Fig. 5c.
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Fig. 4. Graphical images of functions approximating the percentage content of fractions in
reinforcement corrosion products: a) Fe3O4, b) γ−FeO(OH), c) total content of oxyhydroxides,

α− FeO(OH), β − FeO(OH), γ − FeO(OH).

a) b)

c)

Fig. 5. Graphical image of percentage changes in a) percentage content of oxides, b) percentage
content of oxyhydroxides, c) evolution of parameters α and ϑ as a function of electric current

density (intensity) and time.
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As a result of the calculations, graphical images were obtained describing
changes in the displacements of edge points AB, Fig. 2. Calculation results ob-
tained for a fixed composition of corrosion products, independent of the current
intensity (mixture of iron hydroxides Fe(OH)2 and Fe(OH)3), in the case of
diffusion-mechanical coupling are shown in Fig. 6. The results of calculations
obtained for the determined parameters α and ϑ allow to obtain the results of
elongation of the edge of the test element ∆LAB (coinciding with the average
width of the crack opening) that are consistent with the results of experimental
tests. One can notice the convergence of the obtained calculation results ob-
tained with the decrease of the time step increment. The calculation results,
according to Table 5, were obtained for a series of time steps ∆t = 0.1, 0.5 and
5 h. Some disturbances can be noticed at the initial stage of reinforcement cor-
rosion t ∈ (t0, tcr). This state can be explained by the adopted time step and the
adopted calculation parameters estimated in [23] and especially by the so-called
initialization time t0 and process critical time tcr.

Fig. 6. Elongation of the edge of reinforced concrete cubes ∆LAB as a result of rebars corrosion,
corrosion products Fe(OH)2 and Fe(OH)3, fixed values of parameters α and ϑ.

The results of the calculations for the composition of corrosion products,
which depends on the current intensity, are shown in Fig. 7. Additionally, in
Fig. 8 the graphical image of the principal plastic strains in the time t = 388 h
for the model MW12 (time step = 0.1 h, keff = keff,0, χ = 0.8, Table 7) was
shown. In the case of calculations that assumed an arbitrary composition of
reinforcement corrosion products dependent on the current density (intensity),
the obtained results should also be considered satisfactory. As can be seen in
Fig. 5c, the parameters α and ϑ, determined for the composition of corrosion
products depending on the current density, differ from the values determined
for the composition of corrosion products in the form of an averaged mixture of
hydroxides II and III. In particular, these differences concern the parameter ϑ,
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Fig. 7. Elongation of the edges of reinforced concrete elements ∆LAB as a result of the rebars,
corrosion products in the form of a mixture of oxides and oxyhydroxides, variables depending

on the current density, parameters α and ϑ.

Fig. 8. Graphical image of principle plastic strains, model MW12, time t = 388 h.

which has a significant impact on the increase in the volume of products. In
case II, this increase in volume is much smaller than in case I for the averaged
mixture of the mentioned iron oxyhydroxides. The values of the discussed pa-
rameters also show, in the analyzed case, a relatively small variability over time
for the test function of the corrosion current density. This variability is the result
of the obtained composition of corrosion products as well as the range of vari-
ability of the measured current density values. The ϑ parameter in the analyzed
calculation example varied between 1.59–1.63, while the value of the α param-
eter oscillated around the constant value of α = 0.69. The solution obtained
using the MW model was, in the analyzed case, stable and not very sensitive
to the calculation step, which is probably due to a slightly different approach to
the algorithm of the calculations. In the case of fixed parameters, the equivalent
coefficient of material expansion was declared as a material constant, while in
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the case of variable parameters, the calculations were carried out in a slightly
different way by scaling the obtained values of corrosion product concentration.

4. Summary

The approach presented in the paper allows for a coherent way to analyze
the problems of cover degradation in reinforced concrete elements in the field
of reinforcement corrosion. It is possible, e.g., to analyze cases where corrosion
products are mixtures of many chemical compounds, which are dependent on
physical and chemical conditions. In addition, the approach allows for modeling
the problems of both uniform and nonuniform corrosion on the circumference
of the rebar.

Extremely important in the demonstrated model is the way of presenting
the issues of forming corrosion products on the circumference of the rebar. The
model allows not only (as it was formulated in this paper) to describe corrosion by
mass sources but also to describe the loss of reinforcement and the formation of
corrosion products by defining mass fluxes of these quantities. As a consequence
of formulating the model in the form of thermodiffusion equations, it is also
possible to include and interconnect other physical fields, such as the temperature
field T , water content W , or the mass flux of chloride ions Cl−.

The effectiveness of the model should be considered adequate despite slight
discrepancies in the comparison to the experimental results in the initial phase of
the corrosion process. In general, the model allows for satisfactory results, is con-
vergent and stable, and can be used with very different media models, including
mesoscopic models or those in which the pore structure is explicitly included.
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