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Abstract: The purpose of this paper is to introduce a new class
of a-V-univex/ generalized a-V-univex functions for a class of mul-
tiobjective variational control problems. Moreover, sufficient opti-
mality conditions and Mond-Weir type duality results, associated
with the multiobjective variational control problem, are established
under aforesaid assumptions.
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1. Introduction

Multiobjective optimization deals with solving problems having several conflict-
ing objectives simultaneously, while the control problem consists in transferring
the state variable from an initial state to a final state so as to optimize a given
functional, subject to constraints on the control and state variables.

Thus, multiobjective control problem is a wide field of research having exten-
sive applications in real world situations, ranging from engineering to economics,
and many more. For example, multiobjective control problems are used in flight
control design, in the control of space structures, in industrial process control
and other diverse fields.

Convexity plays a significant role in optimization as it gives global validity
to propositions otherwise only locally true. However, in the real world of math-
ematical and economic models, convexity appears to be a restrictive condition.
As a result, nonconvex optimization problems have been studied by various au-
thors. Naniewicz and Puchala (2012) studied a nonconvex optimization problem
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in the case when the functional to be minimized has integrand expressed as a
minimum of two quadratic functions by constructing an appropriate minimizing
sequence. Tabor and Tabor (2012) showed that the Takagi class can serve as an
important source of examples and counterexamples for paraconvex and semi-
convex functions. By similar motivation, several researchers have generalized
the concept of convexity.

Firstly, Hanson (1981) introduced the concept of invexity to extend the
validity of the sufficiency of the Kuhn-Tucker conditions. Mond and Smart
(1988) obtained duality results for a control problem using invexity and showed
that for invex functions, the necessary conditions are also sufficient. Bhatia and
Kumar (1995) introduced multiobjective control problems and proved duality
results under generalized p-invexity assumptions. Nahak and Nanda (1997,
2007) further extended this concept by proving duality results for multiobjective
variational control problems, under the assumption of (F, p)-convexity and V-
invexity, respectively.

Gulati, Husain and Ahmed (2005) derived optimality conditions and dual-
ity results for multiobjective control problems involving generalized convexity.
Also, Ahmad and Gulati (2005) proved results for mixed type dual for mul-
tiobjective variational problems under generalized (F, p)-convexity. Later, Ah-
mad and Sharma (2010) extended the notion of generalized (F), o, p, 0)-V-convex
functions to variational control problems. Recently, Kailey and Gupta (2013)
further extended the concept of generalized (F, , p, d)-convexity and proved du-
ality results for a class of symmetric non-differentiable multiobjective fractional
variational problems.

The concept of univex functions as a generalization of invex functions was in-
troduced by Bector, Suneja and Gupta (1992). Later on, many authors (Arana-
Jiménez, Ruiz-Garzén, Rufidn-Lizana and Osuna-Goémez, 2012; Chen, 2002;
de Oliveira, Silva and Rojas-Medar, 2009; Khazafi and Rueda, 2009; Khazafi,
Rueda and Enflo, 2010; Zhian and Qingkai, 2001) extended the concept of gen-
eralized convexity. Being inspired by Bector, Suneja and Gupta (1992), Noor
(2004), Nahak and Nanda (1997, 2007), and Preda, Stancu-Minasian, Beldiman
and Stancu (2009), we introduce the concept of a-V-univex functions for a multi-
objective variational control problem and obtain sufficient optimality conditions
and duality results.

The rest of the paper is organized as follows: In Section 2, we introduce
the definitions of a-V-univex and generalized a-V-univex functions, and recall
a set of necessary optimality conditions. In Section 3, we prove the sufficient
optimality conditions, and in Section 4, we present the Mond-Weir type multi-
objective variational control dual problem and derive weak and strong duality
results. Finally, we conclude our paper in Section 5.

2. Notations and preliminaries

Let R™ denote the n-dimensional Euclidean space. Let y,z € R", we denote:
YSzeySz,i=12,... ny<zeysSzandy£zy<zey <z,i=
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1,2,...,n.

Let I = [a,b] be a real interval. Let f; : I x R" x R x R™ x R™ — R,
ieP={1,2,...,p}, gj : IXR"xR"xR™"xR™ > R, j€ M={1,2,...,m}
and hy : I x R" X R" x R™ x R™ — R, k € N = {1,2,...,n} be continu-
ously differentiable functions. Consider the function f(¢,z(t), (t), u(t), u(t)),
where t is the independent variable, x : I — R" is the state variable and
u: I — R™ is the control variable. u(t) is related to x(t) via the state equation
h(t,z(t), £(t),u(t),u(t)) = 0, where the dot denotes the derivative with respect
to t. fiz, fiz, fiuw and fi; denote the partial derivatives of f; with respect to
x, T, u and 1, respectively. For instance,

Fin = ofi 0f ofi i = afi 0fi afi
T\ Oy Oy By )T T \ Oy O By )

Similarly, gz, gjis Gjus gju and hgg, Ari, Rky, hig can be defined. For nota-
tional convenience, we use x, &, u, @ in place of z(t), @(t), u(t), u(t), respectively.
Let the differentiation operator D be given by

t
z=Dx & x(t) =~ —I—/ z(s)ds,

where « is a given boundary value. Therefore, D = d/dt except at discontinu-
ities. Let X denote the space of all piecewise smooth functions = : I — R™ with
norm ||z|]| = ||#]|e + ||Dz||cc and Y denote the space of all piecewise smooth
functions w : I — R™ with norm ||ul|cc-

In this paper, we consider the following multiobjective variational control prob-
lem:

(CP)Mlnlmlze/ftxa:uu /flta:xuu)t
/fgtxxuu /fpt:vxuu)dt)

subject to

z(a) =1, z(b) =4,
g(t,x,:b,u,u)go, teju (1)
h(t,z,&,u,4) =0, t € I. (2)

We denote the set of all feasible solutions to (CP) by X°, i.e
X° ={(z,u) € (X,Y) : z(a) =v,z(b) =6, g(t, z,&,u,4) < 0,h(t,z, &, u,i) = 0}.

DEFINITION 1 A point (Z,u) € X° is said to be an efficient solution of (CP),
if there exists no other point (x,u) € X° such that

/ftxxuudt</f T, &, 0, U)dt.
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DEFINITION 2 A feasible point (T,u) € X° is said to be a weakly efficient solu-
tion of (CP), if there exists no other point (x,u) € X° such that

b b
/f(t,x,dc,u,a)dt</ f(t,z,z,a,u)dt.

Now, we introduce the concept of a-V-univexity as follows.

DEFINITION 3 A wvector functional f:z/}(t,:v,:b,u,u)dt s said to be a-V-univex
at (T, @) with respect to the functions be, ¢o, ,n and &, if for all (z,u) € (X,Y)
and i € P,

b
bo/ Golthi (b 2, 5, 0, §)—n(t, 7, 5, @, )]t

b
z / al[(wzw(ta*/ﬁu‘fuﬂaa)_Dwzw(tujajaaaa))n

+ (wiu(taju iu ﬂu ﬂ) - leu(tu jai.aau ﬂ))g]dt

REMARK 1 If we take by = 1, ¢o(a) = a and Dy, = 0, then a-V-univex
function reduces to V-invezx function given by Nahak and Nanda (2007).

Now, we present the following example which is a-V-univex but not V-invex.

EXAMPLE 1 Let I =1[0,1] and X =Y = C([0,1], Ry). We define the function
P:IxXxXxYxY = R?as

Ut a, @, u,4) = (=42 (t) + z(t) +ult)), 2 (t) — 22(t) — 3u(t)).
Further, let ¢o : R — R be given as ¢o(a) = —2a. Define

o — z(t)a(t) + 1 _z(t)u(t) +3
1= 5 » Q2= - 9

2 (t) +3u(t) . 22%(t) + 3x(t) + z(t)u(?)
77 - 4 ) 5 - 4 )

and take b, = 2, T(t) = t and u(t) = t2. Then, folw(t,x,jj,u,u)dt is a-V-
univer at (Z,u) = (0,0) but not V-invex for the same functions o, n and & as
can be seen below.
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Ezplanation: Firstly, we have to show that

1
bo/ boltn(t, 3, i, u, i) — Un(t, T, 5, T, 6)]dt
0

L.HS.:

0

Therefore, it follows that

1
bo/ boltn (b, 3. i, u, ) —t0n (£, 5, 5, T, 1) dt
0

1
z / al[(wlz(tv'fajjaﬁva)_lei(tv'faj?aﬁva))n
0

Similarly, it can be shown that

1
bo/ boltn(t, 3, i, u, i) — ol T 5, T, 6)]dt
0
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Therefore, fol W(t, x, 2, u,u)dt is a-V-univex at (Z,4) = (0,0). Again,
1
/0 [wl(tvxvjauva)_¢1(taf7fvﬂaﬁ)]dt
1
- / [—4(22(t) + 2(t) + u(t)) + 4@ (1) + 2(t) + a(t))]dt
0

= _4/0 (22(t) + 2(t) + u(t))dt.

which shows that fol W(t, z, %, u,u)dt is not V-invex at (Z,u) = (0, 0).

DEFINITION 4 A vector functional fabz/J(t, x, T, u,w)dt is said to be (strictly) a-
V-pseudounivex at (T,u) with respect to the functions be, ¢o,a,n and &, if for
all (z,u) € (X,Y) andi € P,

b
/ [(Z wiw(twfuiuﬂuﬁ) - Dzwlm(tajajaauﬂ))n
@ ieP ieP
i€P

icP

b
= b, / Go[ > csthilt, m, i, u, i) — Y asthi(t, T, &, 0, 0)]dt(>) = 0.

i€P i€P
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DEFINITION 5 A wector functional fabd)(t, x, &, u,w)dt is said to be (strictly) o-

V-quasiunivez at (T,u) with respect to the functions be, ¢o,a,n and &, if for all
(z,u) € (X,Y) and i € P,

b
bo/ ¢O[Zaiwi(tu‘ruiuu7a)_z aiwi(tujai'aauﬁ)]dt g 0

icP icP

= "/Jw i’,i’,’a,’ﬁ -D Vi t,f,i‘,’a,’fj, n
/Z )= DY s )

@ jeP i€P

zEP i€EP

DEFINITION 6 A wvector functional fjw(t,x,dc,u,u)dt 1s said to be prestrictly

a-V-quasiuniver at (T,uw) with respect to the functions bo, o, a,n and &, if for
all (z,u) € (X,Y) andi € P,

/ d)o Zaﬂ/)z t Z, I u, U ZOZZZ/JZ x f,ﬂ,ﬁ)]dt <0

i€P i€EP

REMARK 2 In the proofs of theorems, sometimes it may be more convenient
to use certain alternative, but equivalent, forms of the above definitions. For
example: a vector functional f:d)(t,x,jj, u, w)dt is said to be a-V-pseudounivex

with respect to the functions b, do,a,n and &, if for all (z,u) € (X,Y) and
1€ P,

/gboZom/)ltx:ruu Zaﬂ/)z (t,%,%,u,u)]dt <0

i€eP i€EP
b
= [ (O it 2,7,0,0) = D> i (t, T, &, 0,1))n
@ jep i€P

+ O ity 2, &,0,10) — DY ult, 2,2, 1,1))Edt < 0.

LEMMA 1 (Kuhn-Tucker type necessary conditions) (Ahmad and Sharma, 2010)
Let (Z,u) solve the following single objective problem:
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b
Minimize/ o(t,x, &, u, 4)dt

subject to
z(a) =1, z(b) =0,
g(t,x, &,u,u) <0, t e,
h(t,z,&,u,u) =0, t € I.
If the Fréchet derivative [D — Hy(Z,u)] is surjective and the optimal solution

(Z,a) is normal, then there exist piecewise smooth functions i : I — R™ and
v : I — R™ satisfying the following conditions:

JEM keEN
= Dlgs(t, 7,2, 0,0) + Y _ [i;(t)g56(t, 2,3, 0, %) + > U(t)hia(t, 7, 7,1, 0)],
jeEM keN
d) ( 'f J_j + Z /LJ g]“ :f U ﬂ)+ Z Dk(t)hku(tv'faj?aﬁva)
JEM keN
Dloa(t,x,&,a,0)+ 3 iy(t)gsat, 2.5, 0,80) + 3 mr(O)halt, 2, 2,7, @),
jeEM keN
> n(t)g;(t, 2,7, 1,1) =0,

p(t) 20, Vtel.
LEMMA 2 (Chankong and Haimes, 1983) (Z,a) is an efficient solution for (CP)
if and only if (Z,u) solves

b
(CP), Mmimize/ fe(t,z, &, u,)dt

subject to

(a) =7, =(b) =9,

/fltxxuudt</f1 (t,z,z,u,u)dt, Vie P, i#k,

g(t,z, & u,u) <0,t el
h(t,z,&,u,4) =0,t € I.

3. Sufficient optimality conditions

In the sequel of the paper, f )\f

, T, T, U, u)dt denotes the vector (f: M fi(t, T, 2,
a, t)dt, [ o fo(t, 2, %, 4, 1)d fbi\ £t t
t ca

t, T, 2,1, u)dt). Similarly, fabﬂ(t)g(
n be defined.
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THEOREM 1 (Sufficiency) Let (T

(@
there exist scalars A\; =2 0, > \;
i€P

ﬁ) be afeaszble solution to (CP). Suppose that
=1, ;(t) 20, j € M, such that for allt € I,

icP jEM keEN
- D[Z S‘lfw(ta z,z,u, ﬂ)—F
i€EP
Z :uj (t)gjm(tv 'fa :fa ﬁa ﬁ) + Z Dk(t)hkz(tv 'fa :fa ﬁv ﬂ)]v (3)
JjEM keN
S Xifiut, 2 2,0,0) + Y (gt T, 2,0,0) + > Op(t)h (£, T, 2,1, 1)
icP jEM keN
= D[Z )\'szu(t; :fa :fa ﬁv U + Z ﬂ] (t)gju(ta :fa :fa ﬁ? L)
icP jeM
+ > o) hialt, 7, 2,0, 1)), (4)
keN
b
/ > hig;t, 2, &, u,0)dt =0, (5)
¢ jeM
b
/ > phg(t, T, 2,10, @)dt = 0 (6)
@ keN

Further, assume that

) f: Mf(t, - -, )dt is &-V-pseudouniver at (T,u) with respect to be, ¢o, @&,
n and &;

(i) f;ﬂ(t)g(t, oy ) dt is a-V-quasiunivez at (T, ) with respect to by, ¢1, @,
n and &;

(vi1) f: p(t)h(t,-, -, -, )dt is o™ - V-quasiuniver at (T, ) with respect to ba, ¢a, a*,
n and &;

(iv) gbg( ) =0 and for any scalar function p(t),
f p(t dt<0:>f bo(p(t))dt < 0,

[P pi(p(t))dt > 0= [”p(t)dt > 0;
(v) bo > 0, by > 0.

Then (Z,u) is a weakly efficient solution of (CP).

Proof. Suppose, contrary to the result, that (Z,@) € X° is not a weakly efficient
solution to (CP). Then there exists (z,u) € X° such that

b b
/f(t,:c,:'c,u,u)dt</ F(t, 73,0, 0)dt
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which by \; 20, > \i=1,4; >0, i€ P, gives
iceP

/Zozlx\flta:a:uudt</Zozz)\fZ T, T, U, u)dt (7)
a iep a jep

From the assumptions (iv), (v) and inequality (7), it follows that

/ qﬁoZalAfztxxuu ZOQ)\fZ LT, T, U, 0))dt < 0.

i€P icP
Therefore, by hypothesis (i) and the above inequality, we get
b
/ [(Z j\zfuﬂ(tu z, i.a u, a) -D Z j\lfuﬂ(tu z, i.a u, ﬂ))n
@ eP i€eP

+ (Z j\ifiu(hi.u‘%uﬂva) - Dzj‘lfzu(tvj'ujuﬂuﬂ))g]dt <0.

i€P ieP
(8)

Now, from the feasibility of (z,u) to (CP), hypothesis (6), and using 7 # 0, we
have

/ > ()it x, &, u, i) dt = / > ()it T, 7, 0, 0)dt. (9)
@ keN & keN

Again, by hypothesis (¢i7) and (9), we have

b
/ (O ()i (t, 2,8, 0,5) — DY 0t (t, T, 2,1, 1) )1

keEN keN

+ (OO v (8, 2,2,0,0) — DY O(t)hga(t, T, 2,0, 0))E]dt £ 0. (10)

keEN keN

On adding inequalities (8) and (10), we obtain

/ O Nifiat, 2, 2,0, 1)+ Y Ok(t)hia(t, 2,2, 0,0)~D(>_ Xifia(t, 2, T, 1, 1)

@ 4ep keEN iE€P

+3° b (6,7, 5,3,0) 0+ Nifiu(t, 7, 5,0, 0)+ Y Oe(t)hu(t, 7, 5,0, 4

keN i€EP keEN
=D Nifia(t,z, 2,0,0) + > Op(H)hea(t, T, 2, 1,1)))Edt < 0.
i€P keN

The above inequality together with relations (3) and (4), yields

/ Z ,Ug gjx 1_1‘ ﬂ) D Z ﬁ](t)gjz(tvjafaﬁvﬂ»n

jeM jeEM
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Z /1’] g.]u i. U ’U,) - D Z ﬂ](t)gju(tvj'ai'aauﬂ))g]dt > 07

jeEM jeM

which along with the hypothesis (i), gives
bl/ o1 ( Z a;pi(t)g;(t,z, &, u, ) Z a;pi(t)gi(t, =, z,u,u))dt > 0. (11)
JjEM jeEM

Hence, it follows from inequality (11), assumptions (iv), (v) and @; > 0, j € M,
that

b
[ mlgtasun - pegtoinid>o. 02
@ jeM jeEM

On the other hand, from the feasibility of (z,u) to (CP) and (5), we have

/Zuj gjtxxuudt</ Z,uJ )9; (t, &, ,u, u)dt,
a

JEM ¢ jeM

which contradicts (12). Hence (Z, %) is a weakly efficient solution to (CP). This
completes the proof. g

The proofs of the following two theorems are similar to that of Theorem 1 and
hence are being omitted.

THEOREM 2 Let (7,u) be a feasible solution of (CP). Suppose that there erist
scalars Ai 20, > N =1, i;(t) 20, j € M satisfying the conditions (3) to

i€EP
(6).

Further, assume that

) f: Mf(t, -+, -)dt is prestrictly &-V-quasiuniver at (T, @) with respect to b,
¢Oa d) n and 57‘
(i1) f;ﬂ(t)g(t, ooy, )dE s &-V-quasiunivex at (T, w) with respect to by, ¢1, &,
n and §;
(131) f; p(t)h(t,-, -, )dt is strictly o* - V-quasiunivex at (T, w) with respect to ba,
¢27 CY*, n and 6;

(iv) gbg( ) =0 and for any scalar function p(t),
fp dt<0:>f bo(p(t))dt < 0,
I2 g1(p(t))dt > 0= [ p(t)dt > 0;

(v) bo >0, b1 > 0.
Then (Z,u) is a weakly efficient solution of (CP).
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THEOREM 3 Let (Z, ﬂ) a feasible solution of (CP). Suppose that there exist

scalars \; >0, 3. X\i = 1,[1;(t) 2 0,5 € M satisfying the conditions (3) to (6).
i€P
Further, assume that
1) f: Mf(t, - -, )dt is &-V-pseudouniver at (Z,u) with respect to b, ¢o, @,
n and &;
(i%) f:ﬂ(t)g(t, ooy, )dE s &-V-quasiunivex at (T, w) with respect to by, ¢1, &,
n and &;
(i4) f; p(t)h(t,-, -, )dt is a* - V-quasiunivez at (T, ) with respect to ba, ¢a, a*,
n and &;

(iv) gbg( ) =0 and for any scalar function p(t),
fp dt<0:>f do(p(t))dt < 0,
[2pi(p(t))dt > 0= [”p(t)dt > 0;

(v) bo >0, by > 0.
Then (Z,u) is an efficient solution of (CP).

4. Duality

In this section, we present the following Mond-Weir type dual program (Ahmad
and Sharma, 2010) for (CP) and prove some duality results.
b

(MD) Maximize / ft,x°,2°,u®,4°)dt

subject to

z°(a) =, 2°(b) = 4,

Z )\ifimo (t7 :L,O, ‘rbou ’LLO, uo) + Z 122 (t)g]wo (t7 :I;o7 a-,;O, uO, uo)

ic€P JjeEM
+ > k() hiao (8, 2°,3°,u°,11%) = D[ Aifige (£, 2°,3°,u°, 0%
keN ieP
+ ) i ()giae (£,2°,3°,u%,0°) + > vg(t)hgo (t,2°,3°,u°,0°)],t € 1,
JjeEM keEN
(13)
Z )\ifiuo (t7 :L,O7 a-,;O, uO, uo) + Z /’LJ (t)g]uo (t7 ‘TO7 a.,‘.o7 UO, uo)
ic€P JjeEM
—I—Zl/k Vhguo (E,2°,2°,u°, 4° ZAfluotx x°,u,4°)
keEN ieP
+ 3 (D) ggae (£,2°,3°,u°,0°) + > vk () hgae (8, 2°,3°,u°,0°)] t € I,
jeEM keN

(14)
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/Z,uJ )g;(t,x°,2°%,u,4°%)dt 2 0, (15)

jeM

/Zuk Yhi(t, z°,2°,u°,4°)dt =0, (16)

keN
AiZ0, Y Ni=1,p4(t)20,jeM tel
iceP

THEOREM 4 (Weak duality) Let (z,u) and (z°,u°, A, u(t),v(t)) be the feasible
solutions to (CP) and (MD), respectively. If

) f; M(t,-, -, )dt is G- V-pseudounivex at (x°,u®) with respect to by, ¢o, &,
n and &;
(i) f: w(t)g(t, -, -, -, -)dt is &-V-quasiunivex at (x°,u®) with respect to by, ¢1, &,
n and &;
(vi1) f: v(t)h(t,-, -, -, )dt is a* - V-quasiuniver at (x°, u®) with respect to by, ¢a2, a*,
n and &;

(iv) @2(0) =0 and for any scalar function p(t),
Iy do(p(t))dt = [, p(t)dt
J; or(p(@)dt = [, p(t)dt
(v) bo >0, by > 0.
Then

b b
[t £ [ a0, i)

Proof. We proceed by contradiction. Suppose that

b b
[t < [t a0, i)
a a

which, by \; 20, > A =1,& > 0,4 € P, implies

icP
~/a

From the assumptions (iv), (v) and the above inequality, it follows that

Zal)\fltxxuudt</2a1)\f1t:v z°,u’,4°)dt.

i€P @ jepP

/qﬁoZalAfltxxuu Zal)\fztx °,u’,0%))dt < 0.  (17)

iceP i€P

Therefore, by hypothesis (i) and inequality (17), we get

b
/ [(Z )\ifiw" (tu :EO7 j,;o7 uO, uo)_D Z )\ifi;to (tu :EO7 j,;ou uO, UO))W

icP icP
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+O 0 Aifiue (£,2°,3°,u°,0°) = DD Xifiae (t,2°,2°,u°,4°))E]dt < 0. (18)
icP i€P
Now, from the feasibility of (x,u) and (z°,u®, \, u(t), v(¢)) to (CP) and (MD),
respectively, and v # 0, we have

/Zl/k Vhi(t, , &, u, 0)dt = /Zuk Vhg(t,x°, %, u®, u°)dt. (19)

kEN @ keN

Again, by hypothesis (ii7), (iv) and (19), we have

b
/ [ vk () hras (t,2°, 3%, 0%, 0°) =D > vy () hngo (£, 2°, 3°, u°, 4°))n

keN keN
+ O vk (8, 2°,3°,u°,1°) = DY vt hgao (£, 2°,3°,u°,0°))¢]dt < 0.
keN keN
(20)
On adding inequalities (18) and (20), we obtain
b
IO Ao 0,30+ 3 w0 (05,8 0,°)
@ iep keN
_D(Z )‘ifiio (tu :EO7 j,;o7 UO, ﬂo)—’— Z I/k(t)hkio (t7 :L.O, ‘rbo? uo7 “O)))n
icP keN
+(Z Ai fiwo (8, 2%, 2%, u®, 4°) + Z Vi () hguo (8, 2°, 2%, u°, 0°)
ieP keN
—D(Z i fige (6, 2°,2°,u°,4°) + Z Vi (8)hgae (8, 2°, 2%, u°, u°)))€]dt < 0.
ieP keN

The above inequality, together with relations (13) and (14), yields

b
SO wi0giaet.°,8°,0,87) = D Y i (Ohgpae (.57, i)

¢ jeMm jeM
+(Z i () gjue (¢, 2°, 2%, u°,u°) — D Z Wi () gjue (¢, 2°, 2%, u°,u°))€]dt > 0,
jeEM jEM

which, along with the hypothesis (ii), gives

b1/¢1 ZO‘J”J (t)g;(t,x, &, u, i) — Za]uj )g;(t,x°, &°,u®,4°))dt > 0.
jeM jeEM
(21)
Hence, it follows from inequality (21), assumptions (iv), (v) and a; > 0, j € M,
that

b
/ (Z :uj(t)gj(ta T, T, u, u) - Z :uj(ﬂgj(tv'roa jjoa uov’u’o))dt > 0. (22)

jeM jeEM
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On the other hand, from the feasibility of (x,u) and (z°,u°,\, u(t),v(t)) to
(CP) and (MD), respectively, we have

b b
/ Zuj(t)gj(t,x,ﬂb,u,ﬂ)dti/ > pi(t)g;(t,2°,3°,u°, 0°)dt,

@ jeM @ jeM
which contradicts (22). This completes the proof. O

THEOREM 5 (Strong duality) Let (z°,u®) be an efficient solution to (CP) at
which a constraint qualification is satisfied. Then there exist piecewise smooth
AERP, u:I— R™andv:Iw— R"™ such that (x°,u°, A, u(t),v(t)) is feasible
for (MD). Furthermore, if weak duality (Theorem 4) holds between (CP) and
(MD), then (x°,u°, \, u(t),v(t)) is an efficient solution of the problem (MD).

Proof. Since (z°,u°) is an efficient solution for (CP), then from Lemma 2,
(°,u®) solves (CP),. As (2°,u®) satisfies the constraint qualification for (CP)s,
it follows from Lemma 1 that there exist piecewise smooth A € RP~!, i : I — R™
and 7 : [ — R™ such that for all t € I,

P
fkm(t):ro?'r.o?uo’/l’io) + Zj\ifim(t’:ro?'r.o?uo’do)

=1
itk
+ Z /_ngjz(t, IO, :E.o, uo, U:o) + Z ﬂkhkm(t, IO, :E.o, uo, U:o)
JjeEM keN

p
— D[fki(t,x",:c'o,u",do) + 3 Nifialt a0, u® 4i®)

=1
itk
+ Z /_ngjz‘(t, IO, :E.o, uo, do) + Z ﬂkhki(t, IO, :E.o, uo, u'o)} ,
JjeEM keN

P
Fru(t, 2%, 20, u, u®) + Zj\ifiu(t,xo, x°,u®, u®)

=1
£k
+ Z ﬂjgju(t7x07‘fo7uoau.o) + Z thku(taxoux.oauo7u.o)
jeEM kEN

p
= D[f;m(t, 2°, 20, u’, ul) + Zj\ifm(t, 2°, 20, u®, ue)

=1
+ Z ﬂjgjd(t7x07‘fo7uoau.o) + Z thkﬂ(taxoutfoauo7do) )
jeM kEN
b
/ > gyt a®, @°,u®,u)dt = 0,
a

jEM
p = 0.
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Xi. Then, we get

M*@

Leté:

1
k

T

Z)\ifm(t,xo7x'o,u0,do) + Z Mjgjw(tvxovx.ovuovu.o)

ieP jeM

—l—Zth;mtx x°, u’, u° [Z)\fmtx x°,u°, u®)
keEN ieP

+ Z ,ujgji(t,xo,:zfo,uo,do) =+ Z thki(t,xo,afo,uo,u'o) ,
JEM keN

Z)\ifiu(tuxoaw.oauouu.o) + Z ujgju(tv‘roal:o7uouu.o)

ieP jeEM

+Zu;€hkutw x°, u®, u° {Z)\fwtx x°, u° u)
keEN ieP

+ Z ,ujgjﬁ(t,xo,x'o,uo,u'o) =+ Z thkﬂ(t,xo,x'o,uo,u'o) s
JEM keN

/Zujg]tx:vuu)dt 0,
@ jeM

p =0,

where A\, =a >0\ =a Y N,i#k, > pi=a Y i, Y vk=a > Uk
icp jEM JEM  keEN kEN

Also we have f; 3 vrhi(t,2°,2°,u, u®)dt = 0. Therefore (x°,u°, \, u(t), v(t))
keEN

is a feasible solution for (MD).

Moreover, if we assume that (z°,u®, A, u(t), v(¢)) is not an efficient solution
o (MD), then there exists a feasible solution (z, u, A°, 1°,v°) to (MD) such that

b b
/ flt,z, @, u,0)dt > / f(t,z° x°,u®, u°)dt,
a a

which contradicts the weak duality Theorem 4. Hence, (2°,u®, A, u(t),v(t)) is
an efficient solution to (MD). O

5. Conclusion

In this paper, we have considered a multiobjective variational control problem
and its Mond-Weir type dual problem. Using the concept of efficiency, weak and
strong duality theorems have been proved under the assumptions of generalized
a-V-univexity. There is a rich scope to extend these notions to the class of non-
differentiable multiobjective variational problems. This will orient the future
research of the authors.
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