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INTRODUCTION

Friction welding is a solid-state joining pro-
cess in which the heat necessary to make a perma-
nent connection comes from the direct conversion 
of mechanical energy into thermal energy as a re-
sult of friction in the contact area of the welded 
components. The oldest and most widely used 
variant of friction welding is RFW, in which one 
of the welded element rotates around its own axis 
while the other is stationary [1–3].

An important advantage of the process is that 
the process of joining materials takes place in a 
solid state, thanks to which the joints are free of 
defects that arise during melting and solidifica-
tion of the material, such as bubbles or cracks, 
and the deformation of the joints is limited. The 

lower temperature in the welding zone creates a 
narrow heat affected zone (HAZ) and limits the 
formation of brittle intermetallic compounds 
(IMC), which allows the joining of various mate-
rials with different physical properties that cannot 
be joined using conventional welding methods, 
such as: copper with aluminum, aluminum with 
steel, titanium with steel, etc. RFW allows you to 
connect objects of various shapes and dimensions 
(at least one of the joined element must have a 
circular cross-section in the welding area), such 
as: pipe with pipe, rod with rod, pipe with rod, 
pipe with disc, rod with plate, etc., without the 
need to use additional binder and shielding gases 
and special preparation of the joined surfaces. The 
ability to control and monitor process parameters 
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makes it easy to automate, resulting in high and 
repeatable quality of manufactured joints. Addi-
tionally, reduced energy consumption, reduced 
raw material costs and shortened production time 
ensure lower joint manufacturing costs compared 
to other welding technologies [4, 5]. 

Thanks to numerous advantages, RFW is 
widely used, e.g. in the engineering, automotive, 
aviation and medical industries [6, 7]. Thanks 
to the possibility of joining elements of various 
shapes, made of different materials, a wide range 
of metal components made by casting or plastic 
forming technology can be replaced with cheaper, 
more durable and lighter friction welded prod-
ucts. RFW is used, for example, to connect tur-
bine shafts, elements of car parts (e.g. brake discs, 
drive shafts, valves), copper-aluminium electrical 
connections, elements of cutting tools (e.g. twist 
drills), for the production of implants, for making 
pipe joints, etc. [8–10].

One of the varieties of RFW is Continuous 
Drive Friction Welding (CDFW), where one of 
the welded elements is constantly driven by the 
machine’s spindle motor. The RFW process takes 
place in two main stages (friction and upsetting), 
which can be further divided into sub-periods. 
First, there is a friction step during which one 
welded element is driven relative to the other to 
a rotational speed n under the action of an axial 
compressive force (friction force). The friction 
between the surfaces generates heat, causing the 
material to plasticize. The compressive force 
displaces the plasticized material from the con-
tact surface, while removing the original layer 
of oxides and other impurities, thanks to which 
the joined surfaces will come into close contact. 
The plasticized material flows radially outward, 
creating the so-called flash. This phenomenon is 
accompanied by shortening of the workpieces in 
the direction of the clamping force. The rate of 
axial shortening in the friction phase, called the 
burn-off rate, is an important parameter with re-
spect to which the time of the welding cycle is 
controlled. After the required burn-off step, the 
upsetting stage occurs, in which the rotational 
movement is stopped while the forging force is 
increased and maintained, in order to establish a 
metallic bond between the joined surfaces and 
constitute a durable weld [1, 3].

The basic parameters in the friction weld-
ing process: rotational speed – n, friction 
force – Ff, friction time – tf, upset force – Fu, 
upset time – tu and stopping time – ts [3, 11]. 

Welding parameters are strongly interrelated 
and can vary in a wide range, depending on 
the type, shape and dimensions of the welded 
components and the expected properties of the 
weld. Balta et al. [10] presented the results of 
optimizing the parameters of the welding pro-
cess of a tubular element made of DIN 2394-
ERD9056 with a forged support made of AISI 
1045. The relationship between the welding 
parameters (friction force, friction time, upset 
force, upset time) and the mechanical proper-
ties of the joint (continuous strength, elonga-
tion) was investigated using the response sur-
face methodology (RSM).

The RFW parameters determine the amount 
of energy introduced into the welding area and 
the rate of heat generation, which affect the range 
and microstructure of the zones present in the 
weld area (WCZ – weld center zone, TMAZ – 
thermo-mechanically affected zone and HAZ – 
heat affected zone), which in turn affects the qual-
ity of the weld. Appropriately selected parameters 
of the RFW process allow to obtain joints with 
comparable or higher strength compared to the 
raw material. An important factor influencing the 
properties of the weld is also the cooling rate of 
the joint area after welding [12]. The selection of 
RFW welding parameters, especially in the case 
of joining different materials, is complicated and 
requires a series of experimental tests.

Murugan et al. [8] presented the results of 
testing RFW joints made of SS304 and AA6063 
bars with a diameter of 12 mm, at constant pro-
cess parameters (n =1300 rpm, friction pressure 
of 1.8 MPa, tf = 5 s, upset pressure of 2.4 MPa, 
tu= 3 s). The authors of the work examined the 
impact of the shape of the front surfaces of the 
joined components on the total shortening and 
strength properties of the joints.

The results of friction welding of tungsten 
bars with steel bars (S355) are presented in 
[13]. In order to eliminate the access of oxygen 
and shorten the heating time, the welding pro-
cess was carried out in a protective atmosphere 
with a rotational speed of n = 10,000 rpm, with 
friction pressure of 110 MPa, tf  = 0.9 s, up-
set pressure of 137.5 MPa, tu = 2 s. Quality of 
joints was assessed on the basis of hardness 
measurement in the joint cross-section and 
EDS-SEM analysis of the structure and chemi-
cal composition in the area of the joint.

An important role in the optimization of fric-
tion welding processes is played by numerical 
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simulations of the process using the finite ele-
ment method. Simulations allow to determine 
the deformation distributions and temperature 
gradients in the welded elements components. 
Then, on their basis, the quality of the joints can 
be estimated. Numerical models of the process 
often make it possible to eliminate experimental 
tests, and thus significantly reduce the time and 
costs of the production preparation stage. The 
simulation of RFW process is a complex task, 
taking into account the phenomena of heat flow, 
contact and friction as well as the issues of large 
plastic deformations [14]. Hence an important 
aspect of RFW simulation is the method of dis-
cretization of the area and regeneration of dis-
torted meshes [15].

The quality of the obtained simulation re-
sults is affected by the accuracy of mapping 
the real conditions of the process, including 
changes in the properties of the welded materi-
als as a function of temperature and the adopt-
ed simplifications. The authors of paper [16], 
using FEM simulations, analysed the impact of 
the model of friction states adopted in the cal-
culations on thermal phenomena in the RFW 
process of SUS30 stainless steel. A method for 
determining the basic parameters of rotational 
friction welding (RFW) based on the analysis 
of frictional heat transfer on faying surfaces 
was presented in [17]. For dissimilar Ti Grade 
2/AA 5005 joints, the authors determined the 
optimal parameters of the welding process in 
order to obtain the assumed contact surface 
temperature to obtain a good-quality weld.

GOAL AND SCOPE OF WORK

The aim of the research was to select the ma-
terial from which a washer can be made, so that 
it can be connected to a tube, and to select the pa-
rameters of the rotational friction welding process 
of these components. The scope of work included 
the development of a numerical model of the ro-
tational friction welding process of components 
in the form of the tube made of E355 steel and 
the washer on shown in Figure 1. Selection of the 
stainless steel grade for the washer was made on 
the basis of the following assumptions: the micro-
structure should be ferritic and the yield strength 
must be at a level similar to that of E355 steel. 
The list of potential grades is shown in Figure 2. 
It was decided to choose the steel grade X6Cr-
Mo17-1. Table 1 shows the chemical composition 
of the base materials. 

The thermomechanical properties of the base 
materials before welding are presented in Table 2 
and Table 3. For the welded materials, the depen-
dence of the yield strength on temperature was 
defined, which was determined on the basis of the 
true strain − true stress relationship. The paper 
presents the results of numerical calculations of 
temperature distribution in welded elements for 
the assumed parameters of the welding process.

NUMERICAL MODEL

The numerical model of the RFW pro-
cess was built using the finite element method 

Figure 1. Shape and dimensions of welded parts



339

Advances in Science and Technology Research Journal 2024, 18(4), 336–346

Table 1. Chemical composition of E355 and X6CrMo17-1 steel [18]
Element content (wt. %)

E355 steel

C Mn Si P S

Max 0.22 Max 1.6 Max 0.55 Max 0.045 Max 0.045

X6CrMo17-1 steel

C Si Mn P S Cr Mo

Max 0.08 Max 1 Max 1 Max 0.04 Max 0.015 16–18 0.9–1.4

Table 2. Mechanical properties of base materials [18]

Material Density, 
kg/m3

Yield strength, 
MPa

Ulimate tensile 
strength, MPa

Young’s
 modulus, GPa

Poissons ratio,
-

Shear 
modulus, GPa

E355 7800 355 490 210 0.3 80

X6CrMo17-1 7700 350 500 200 0.28 78

Table 3. Thermal properties of base materials [18]

Material Melting point, °C Thermal condutivity, 
W/mK

Themal expansion, 
10-6/K

Specific heat capacity, 
J/KgK

E355 1370–1400 42 16 470

X6CrMo17-1 1430–1510 25 10 475

Figure 2. Yield strength comparison of ferritic stainless steels with E355 steel

(FEM) using the ADINA System software (Fig-
ure 3). Due to the axial symmetry of the welded 
components, a thermomechanical, axisymmet-
ric and two-dimensional (2D) model of friction 
welding was developed, taking into account 
the connection of mechanical loads and ther-
mal loads. 

In the analysed case, the tube part rotates and 
is pressed with its front surface against the sta-
tionary washer. In the numerical model, the mesh 
was made using a 4-node quadrangular elements 
with displacement and temperature coupling. The 

distribution of the temperature field in axisym-
metric elements is described by the Fourier Equa-
tion in the following form Eq. 1:
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where:  λ – thermal conductivity coefficient, qv – 
heat generation rate per volume unit, p– 
the density of the medium at temperature 
T, cp – specific heat.
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Assuming like in [19] that no heat is released 
in the considered volume and due to the uniform 
temperature distribution in any axial section of 
the sample, Equation 1 can be presented in a sim-
plified form Equation 2:
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𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (2)

In the general case, temperature is a function 
of both r and z coordinates and time t. Therefore, 
the solution of the above Equation is a two-step 
solution: solving the steady-state Equation, and 
then adapting the solution obtained in the first 
step to the conditions of the transient process us-
ing discretization of the time variable.
For a steady process, Eq. 2 can be written:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (3)

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (4)

Because:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (5)

is received:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (6)

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (7)

Physical conditions impose certain boundary 
conditions: 
 • the value of T is given at the edge of the region 

T = TB or:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (8)

where: lr, lz – the directional cosines of the ex-
terior normal to the surface bounding the 

area, q – the heat flux transferred to the 
material as a result of the friction work, 
a – heat transfer coefficient.

Equation 1 together with the boundary con-
ditions clearly define the problem of temperature 
changes in the elements during the entire welding 
process. The use of the finite element method to 
solve heat flow problems requires the representa-
tion of Equation 1 including boundary conditions 
via the calculus of variations. It follows from Eul-
er’s theorem that if the integral:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (9)

must be minimized in a region bounded by V, 
then a necessary and sufficient condition to reach 
the minimum is that the unknown function T(r,z) 
satisfies the following differential Equation:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (10)

within the same region, assuming that T satisfies 
the same boundary conditions in both cases.

It can be stated that the demand to solve Equa-
tion 1 is equivalent to obtaining the minimum 
value of the integral extended over the entire area:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (11)

assuming that T satisfies the same boundary 
conditions. 

Simultaneously imposing boundary conditions 
(a) and (b) on the examined function is impractical 
and sometimes difficult to implement. To avoid this, 
it is preferable not to extend the boundary conditions 
to those areas of the boundary where condition (b) 
holds, but to add to the functional from Equation 
11 another integral relating to the boundary surface, 

Figure 3. Numerical model of welding process



341

Advances in Science and Technology Research Journal 2024, 18(4), 336–346

which, after minimization, automatically leads to the 
boundary condition. In the general notation of Eul-
er’s Equation, this is the integral:
 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (12)

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (13)

where S is the surface where the boundary con-
dition (b) holds. 

Optimization of the functional (11) in the do-
main of discrete functions consists in replacing 
the continuous real temperature distribution func-
tions T(r,z) by their discrete equivalents:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (14)

where: {T} is a vector of nodal temperature val-
ues, and [N] is a matrix of shape func-
tions whose form depends on the type of 
finite elements. 

The adopted method of discretization allows 
to determine the values of temperature deriva-
tives with respect to the r and z coordinates.

If the unknown function T is defined element 
by element, we can approximate the minimiza-
tion of the functional (13). The necessary condi-
tion for the minimum of the functional are zero 
values of partial derivatives of the functional with 
respect to the vector of nodal temperatures. In 
general, the share of each element is calculated:

 

 
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝜆𝜆

1
𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 

+ 1𝑟𝑟2
𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) + 𝑞𝑞𝑣𝑣 = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕  

(1) 
 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 𝑐𝑐𝑝𝑝𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕    (2) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

1
𝑟𝑟
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟 +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0   (3) 

 
 𝜆𝜆

𝑟𝑟 (𝜕𝜕
𝜕𝜕2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   (4) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) = |𝑢𝑢𝑣𝑣

′ + 𝑢𝑢′𝑣𝑣| = 𝜕𝜕 𝜕𝜕
2𝜕𝜕
𝜕𝜕𝑟𝑟2 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟   (5) 

 
 𝜆𝜆

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟 (𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) + 𝜆𝜆

𝜕𝜕2𝜕𝜕
𝜕𝜕𝜕𝜕2 = 0   /𝜕𝜕   (6) 

 
 𝜕𝜕

𝜕𝜕𝑟𝑟 (𝜆𝜆𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟) +

𝜕𝜕
𝜕𝜕𝜕𝜕 (𝜆𝜆𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) = 0  (7) 

 
𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 𝑙𝑙𝑟𝑟 + 𝜆𝜆

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 𝑙𝑙𝜕𝜕 + 𝑞𝑞 + 𝛼𝛼𝜕𝜕 = 0  (8) 

 
 𝜒𝜒(𝜕𝜕) = ∬ 𝑓𝑓 (𝜕𝜕, 𝜕𝜕, 𝜕𝜕, 𝜕𝜕𝜕𝜕𝜕𝜕𝑟𝑟 ,

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕) 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕

 
𝑉𝑉    (9) 

 

 𝜕𝜕
𝜕𝜕𝑟𝑟 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} + 𝜕𝜕
𝜕𝜕𝜕𝜕 {

𝜕𝜕𝜕𝜕
𝜕𝜕(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

} = 0   (10) 

 

 𝜒𝜒 = ∬ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝑟𝑟)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}] 𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 

𝑉𝑉   (11) 
 
 ∫ (𝑞𝑞𝜕𝜕 + 1

2 𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑 

𝑆𝑆   (12) 
 

𝜒𝜒 = ∫ [12 {𝜕𝜕𝜆𝜆 (
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

2
+ 𝜕𝜕𝜆𝜆 (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)

2
}]

 

𝑉𝑉
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫(𝑞𝑞𝜕𝜕 + 12𝛼𝛼𝜕𝜕
2)𝑑𝑑𝑑𝑑

 

𝑆𝑆
 

(13) 
 

 𝜕𝜕 = [𝑁𝑁𝑖𝑖, 𝑁𝑁𝑗𝑗, … ]

{ 
 
  
𝜕𝜕𝑖𝑖
𝜕𝜕𝑗𝑗
.
.
. }
  
  
= [𝑁𝑁]{𝜕𝜕}𝑒𝑒  (14) 

 
𝜕𝜕𝜒𝜒
𝜕𝜕𝜕𝜕𝑖𝑖

= ∫ {𝜕𝜕𝜆𝜆 𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕
𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕) + 𝜕𝜕𝜆𝜆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕)}
 

𝑉𝑉𝑒𝑒
 

𝑑𝑑𝜕𝜕𝑑𝑑𝜕𝜕 + ∫ (𝑞𝑞 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

+ 𝛼𝛼𝜕𝜕 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖
) 𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒  
(15) 

 (15)

with the second integral being used only if the 
element has an outer surface where a boundary 
condition of type (b) prevails.
Whereas:
 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (16)

 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (17)

We get directly for the whole item:

 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (18)

where: [h]e is defined by:

 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (19)

and

 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (20)

So it is for the entire area:

 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (21)

where:
 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (22)
 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (23)
A model of Coulomb friction was assumed, as 

a result of which heat is generated on the contact 
surfaces. The amount of heat released depends on 
the relative linear speed of the friction surfaces v, 
the coefficient of friction depending on the tem-
perature μ(T) and the contact force in the friction 
phase Ff Equation 24. 
 

 
 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 = [𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕 , 𝜕𝜕𝑁𝑁𝑗𝑗

𝜕𝜕𝜕𝜕 , … ] {𝑇𝑇}𝑒𝑒  (16) 
 
 𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
(𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕) = 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕   , 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕𝑖𝑖
= 𝑁𝑁𝑖𝑖  (17) 

 
 𝜕𝜕𝜒𝜒𝑒𝑒

𝜕𝜕(𝜕𝜕)𝑒𝑒 = [ℎ]𝑒𝑒{𝑇𝑇}𝑒𝑒 + {𝐹𝐹}𝑒𝑒  (18) 
 
 ℎ𝑖𝑖𝑖𝑖

𝑒𝑒 = ∫ {𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖
𝜕𝜕𝜕𝜕

𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 + 𝑟𝑟𝑟𝑟 𝜕𝜕𝑁𝑁𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝑁𝑁𝑗𝑗
𝜕𝜕𝜕𝜕 } 𝑑𝑑𝑟𝑟𝑑𝑑𝑑𝑑 

𝑉𝑉𝑒𝑒   (19) 
 
 𝐹𝐹𝑖𝑖

𝑒𝑒 = ∫ 𝑞𝑞𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 
𝑆𝑆𝑒𝑒 + (∫ [𝑁𝑁]𝛼𝛼𝑁𝑁𝑖𝑖𝑑𝑑𝑑𝑑 

𝑆𝑆𝑒𝑒 ){𝑇𝑇}𝑒𝑒  (20) 
 
 𝜕𝜕𝜒𝜒

𝜕𝜕{𝜕𝜕} = [𝐻𝐻]{𝑇𝑇} + {𝐹𝐹} = 0  (21) 
 
 𝐻𝐻𝑖𝑖𝑖𝑖 = ∑ ℎ𝑖𝑖𝑖𝑖

𝑒𝑒   (22) 
 
 𝐹𝐹𝑖𝑖 = ∑ 𝐹𝐹𝑖𝑖

𝑒𝑒  (23) 
 
 𝑞𝑞 = 𝜇𝜇(𝑇𝑇) × 𝐹𝐹𝑓𝑓 × 𝑣𝑣  (24) 
 

 (24)
Figure 4 shows the dependence of the friction 

coefficient on temperature assumed in the FEM 
analysis. According to the presented dependence, 
in the low temperature range (up to 400 °C) there 
is a constant coefficient of friction μ = 0.1 and 
close to zero μ = 0.01 above the melting point of 
the welded materials.

In the analysis, an elastic-plastic model of the 
materials with strain hardening was assumed. The 
course of the yield strength was assumed as a func-
tion of temperature (Figures 5 and 6). The thermal 
model takes into account heat conduction between 
the welded parts, parts and the machine tool, as well 
as heat exchange (radiation and convection) with the 
environment. In the calculations, the initial tempera-
ture of the welded parts was assumed equal to the 
ambient temperature Ta = 20 °C. Table 4 and Fig-
ure 7 present selected parameters of the RFW 
process for the analysed joint, taking into ac-
count the properties of the joined materials of 
E355 as well as X6CrMo17-1 steel grades. 

In the basic assumption, which involved 
welding both components made of E355 steel, 
the welding time was 4 s. This time resulted from 
the type of material being welded, and therefore 
its properties, and the need to conduct the process 
on an automatic production line. Changing the 
washer material allowed the welding time to be 
reduced by one second, which increased produc-
tion efficiency by 25%. Due to the short welding 
time, a relatively high rotational speed was used.
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Figure 4. Dependence of coefficient of friction on temperature for the fiction pair E355 -X6CrMo17-1

Figure 5. True strain − stress relationship at elevated temperatures of E355 steel

Figure 6. True strain − stress relationship at elevated temperatures of X6CrMo17-1 steel

RESULTS AND DISCUSSION

Temperature distributions in the welded com-
ponents after 1, 1.5, 2 and 3 s were shown in Fig-
ure 8. After 1 s, the temperature increases in both 
joined components. The maximum temperature of 
970 °C occurred in the area of the friction surface. 
Up to 0.5 s, when the pressing force increased, 
the temperature increase in the connection took 
place in the area of the friction surfaces, on the 
inner side (located closer to the axis of rotation).

After 1 s, a symmetrical temperature distribution 
was observed in the tube with respect to the verti-
cal axis passing through point P6. In the washer, 
however, the temperature was still higher on the 
inside than on the outside.

After 1.5 s, the temperature increased to a 
maximum of 1050 °C, which is about 75% of the 
melting point of the considered steel grades. The 
tube continued to show a symmetrical temperature 
distribution with respect to the vertical axis. On the 
other hand, in the washer the temperature reached 
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higher values on the outside. This is due to the di-
rection of the temperature increase and the smaller 
volume of the washer material on the outer side 
in relation to the incoming tube. After 2 s, when 
the rotational speed decreased to 0 rpm, but the 
axial force increased, the temperature levelled out 
in the weld area. After 3 s, the temperature did not 
exceed 410 °C. Except that a higher temperature 
was observed in the tube than in the washer. The 
volume of the washer is smaller than that of the 
tube, the thermal conductivity of X6CrMo17-1 
steel is almost half that of E355 steel.

Analysing Figure 9, it was observed that point 
P1 heats up the fastest. The reason is the fact that 
point P1 is located on the friction surface, in its cen-
ter. After about 0.8 s, the temperature at point P1 sta-
bilized. At the same time, the highest temperature in 

the entire washer volume occurred at this point and 
amounted to about 1050 °C. It was observed after 
1.5 s, i.e. after the end of the friction stage. After ex-
ceeding 1.5 s, i.e. after switching off the rotation, the 
temperature at point P1 decreases.

At the next points P2 and P3, which are located 
on the same Y coordinate that P1 point, but move 
away from the Z axis, into the washer volume, the 
maximum temperature values are lower, 820 and 
655 °C, respectively. The character of the curve at 
point P4 is similar to the curve P1. However, at point 
P4 the temperature increases more slowly than at P1 
and its maximum is equal to 955 °C.

Among the analysed points located in the tube 
(Figure 10), the highest temperature was observed 
at point P6, i.e. located on the friction surface, in 
the middle of its width. The maximum value was 

Figure 7. Parameters of RFW process adopted in numerical model

Table 4. Parameters of RFW process adopted in numerical model 
Rotational speed, rpm Friction force, N Upset force, N Total time, s

14 000 600 1 400 3.0

Figure 8. Temperature distribution in joint area
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1030 °C. The extreme occurred after 1.5 s, i.e. in 
the last step, where the rotational speed was maxi-
mum, so the maximum temperature is 20 °C lower 
than in the washer. This is due to the thermal con-
ductivity of E355 steel, which is almost twice as 
hight as that of X6CrMo17-1 steel and the volume 
of the tube is bigger than that of the washer.

The fastest increase of temperature in relative to 
time was observed at point P9, which is located on 
the friction surface, but on its inner side, where the 
circumferential speed is the smallest. This is due to 
the fact that the contact between the friction surfaces 
appears from the inside of the tube (P9) and increases 
towards the outside (P10). The temperature at this 
point reached a maximum of 844 °C after about 
0.4 s. The temperature then dropped to about 600 °C. 
It stabilized after about 0.5 s, when the downforce 
stabilized at the same time. It is also worth paying 
attention to the temperature course at point P10, 
which, like P6 and P9, is also located on the friction 
surface. The maximum temperature value at P10 is 
similar to P9 and amounts to 864 °C, but its increase 

is definitely slower than at P9. The temperature ex-
treme at this point was reached after 1.4 s.

The work proposes a numerical model for pro-
cess design. The input data to the model was based 
on literature. At the moment, the simulation results 
have not been verified by experimental tests. At a 
further stage of research, experimental verification of 
the model is planned, after the research site is made 
available by an industry partner.

The welding process, and therefore the qual-
ity of the joint, is influenced by the process pa-
rameters (their mutual combination), which de-
pend not only on the type of welded materials, 
but also on the geometry and dimensions of the 
joined components as well as the technological 
requirements. There are many papers presenting 
the numerical modeling of the rotational fric-
tion welding process, taking into account various 
friction models, different boundary conditions 
and different material models. The authors of the 
works present the results of calculations most 
often in the form of temperature and stress field 

Figure 9. The course of temperature as a function of time at points P1–P5 in the washer

Figure 10. The course of temperature as a function of time at points P6–P10 in the tube
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distributions in the joint area for the established 
welding process parameters.

There are no research results in the literature 
on the RFW welding process of components with 
a geometry similar to that presented in this work, 
made of E355 and X6CrMo17-1 steel, carried out 
at such a high rotational speed (14,000 rpm) and 
short total welding time (3 s).The paper [20] pres-
ents the numerical simulations results of rotational 
friction welding bars with a diameter of 25 mm 
made of SUS304 steel. The numerical model of the 
process was verified experimentally for a rotational 
speed of 900 rpm and a pressure of 80 MPa. Based 
on the obtained simulation results of the temperature 
and stress field distribution and the results of strength 
tests, the authors of the research determined the min-
imum welding time (1.5‒2.9 s) necessary to create 
a good-quality joint in the rotational speed range of 
500‒2500 rpm. Additionally, the authors of the study 
[20] showed that the last stage of the process, cor-
responding to the formation of the flash, which is 
formed at constant temperature and stress fields, has 
a negligible impact on the strength of the joints.

The authors of  paper [21] presented the results 
of tests on RFW samples made of SUS304 and 
A286 stainless steels. Based on the welding process 
of pipe elements, models of the friction coefficient 
as a function of the linear friction velocity, pressure 
and temperature were developed. According to the 
authors of the paper, the joint formation time for 
samples made of SUS304 steel was approximately 
5 s and was approximately independent of the rota-
tional speed, while for samples made of A286 steel 
the joint formation time ranges from 5 s to 20 s and 
increases with the rotational speed in the range of 
500 rpm to 2000 rpm/min.

Results of the numerical simulation of the 
friction welding process of pipes with an external 
diameter of 35 mm and a wall thickness of 7 mm 
made of various types of materials, i.e. austenitic 
stainless steel TP347HFG and ferritic stainless 
steel alloy HiPerFer (Hiperfer ferritic alloy) were 
presented in [22]. The authors of the research de-
termined the optimal set of process parameters 
based on the obtained experimental results and 
calculated equivalent stresses, total deformations 
and temperature distribution in the contact area. 
The authors showed that the greatest influence on 
temperature was exerted by pressure and time in 
the friction phase, and to a lesser extent by rota-
tional speed and pressure in the upsetting phase. 
According to the authors, the upsetting pressure 
and rotational speed have a greater impact on 

the amount of deformation. The optimal process 
parameters were access as follows: friction pres-
sure 80 MPa, friction time 5 s, forging pressure 
165 MPa, forging time 5 s, speed 1500 rpm.

CONCLUSIONS

Numerical simulations of the process allow 
the determination of temperature fields. Thanks 
to this, it is possible to solve a number of techno-
logical problems occurring during RFW welding 
processes already at the design stage. Numerical 
calculations also allow to analyse the influence of 
most parameters on the course of the RFW pro-
cess and the quality of joints. A two-dimensional 
axisymmetric numerical model of the RFW pro-
cess of components in the form of a pipe with 
and washer made of E355 steel and X6CrMo17-1 
steel, respectively, was developed. The simula-
tions performed made it possible to determine the 
temperature fields in the cross-section of the con-
nected components. The following conclusions 
can be drawn from the study:
 • the obtained results were influenced by the de-

fined process parameters, the adopted material 
models, the friction model and the value of the 
heat transfer coefficient on the contact surface 
between the welded components,

 • during the RFW process, the uneven tempera-
ture distribution was observed in the cross-
section of the joint area which changes in 
subsequent welding stages with changes of 
the time and other assumed parameters (asym-
metric distribution of temperature fields re-
sults from the difference in thermal properties 
of the base materials and the varied geometry 
of the joined components),

 • for the assumed process parameters: rotational 
speed of 14,000 rpm, friction time of 1.5 s and 
friction force of 600 N, the peak temperature 
occurred in the center of the friction surface 
on the washer surface at the end of the friction 
phase and amounted to 1050 °C,

 • the maximum temperature value observed in 
the joint cross-section throughout the welding 
process was approximately 75% of the melt-
ing point of the considered steel grades,

 • during the upsetting stage, accompanied by the 
increase of force to the upsetting force value of 
1400 N, the gradual decrease in temperature 
was observed, which after the total welding 
time of 3 s was stabilized at a level of 400 °C.
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The results of the temperature analysis are 
one of the most important parameters for the 
implementation of subsequent calculations, 
such as the calculation of structural changes, 
hardness, residual stresses and deformations.
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