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Complex Fibonacci (¢, p)-numbers

Abstract In this paper a new complex Fibonacci Qp,. matrix for complex Fibonacci
(¢, p)-numbers, where p is a positive integer and c is a non zero complex number,
is introduced. Thereby, we discuss various properties of Qp . matrix, coding and
decoding method followed from the @ . matrix.
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1. Introduction. The Fibonacci numbers are defined by the recurrence
relation:

F,=F,_ 1+ F,_o for n>2 (1)

with initial terms Fy = 1, F1 = 1. The Fibonacci numbers, F),, and golden
mean,

. F, 1++5
7= lim =
n—oo F,_q 2
have applications in cryptography (v. ( ), ( ),
( )), information and coding theory (v. ( ,
)), sciences and arts ( ) ( )
(2006).
The complex Fibonacci numbers ( ) are defined by the
recurrence relation:
Ey=F; (+F,_ 5 for n>2 (2)

with initial terms Fjy = 7, F}" = 1 4+ ¢ where ¢ is the imaginary unit which
satisfies i = —1 and they are connected with Fibonacci numbers by the
following way

FY=F,+iF,.
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( ) introduced complex Fibonacci p numbers by the following re-
currence relation:

Fyn)=Fy(n=1)+F(n—p—1) (3)
with n > p + 1 and initial terms
Fp*(O) = i,F;(l) = F;(2) == Fp*(p) =14z

In this paper, we introduce complex Fibonacci (¢, p)-numbers by the fol-
lowing recurrence relation:

Fe(n) =cFj (n—=1)+ Fj (n—p—1) (4)
with initial terms
F;’(»c(l) = ai, F;,c<2) = a2, Fz:c(g) =ag, -, FI:c(p + 1) = Gp+1 (5)

where p is positive integer, c¢ is a non zero complex number, n > p + 1 and
ai,az,as,...,apy1 are arbitrary complex numbers.
In this paper, we consider initial terms as

F;c(n)zcn—17n:1,2,3,4’...7p+1. (6)

In this paper, we establish the relations among the code elements for all values
of p where p is a positive integer. The relation among the code matrix elements
for p where p is a positive integer and ¢ = 1, coincides with the relation among
the code matrix elements ( ) and correction ability of this method
increases as p increases but it is independent of c.

2. Some properties of the complex Fibonacci (¢, p)-numbers for
a given initial terms We calculate the complex Fibonacci (¢, p)-numbers
for all values of n. Consider (6) as initial terms then from (4) we have,

F.(p+1) =cFj.(p) + F;.(0),

so F.(0) = 0. Continuing this process by substituting n =p, p—1, -+, 2in
(4) we have,

Fy(-1)=F(-2)=...=F (-p+1)=0.
Now by substituting n = 1 in (4) we have,
F;,c<1) = CF];(,C(O) + Fp*,c(_p)

Therefore, Iy .(—p) = 1. Continuing this process by substituting n = 0, —1,
—2, -+, —p+2in (4) we have,

Fr(-p—1)=Fr(p-2)=...= F(-2p+1)=0.
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Also, by substituting n = —p+1, —p, —p — 1 in (4) we have,

Fy.(=2p) = —c,
F.(=2p—1)=1,
Fr.(—2p—2)=0.

So, we summarized above in the table 1:

Table 1: Complex Fibonacci (¢, p)-numbers, F .(n)

n— |0|-1|..]...|p+tl|-p|-p1l]|..|..|2p+1]|-2p|-2p-1

Fr )| 0] 0[] 0 1[0 [ ~[.] 0 [ <] 1

Thus, we get complex Fibonacci (¢, p)-numbers,

F}ic(n) = CF;,c<n_ 1) +F;,c(n_p_ 1) (7)
for any integer n and p = 0, 1, 2, 3, ... where F}.(n) = A lon =
1,2,3,...,p+1. Fj.(n) numbers are of theoretical interest for discrete math-

ematics and open new perspectives for the development of complex number
theory and information sciences.

3. Complex Fibonacci (), matrix In this paper, we define a new
matrix called complex Fibonacci @ . matrix (8) of order (p+ 1) on the com-
plex Fibonacci (¢, p)-numbers where p is a positive integer and ¢ is a non zero
complex number.

c 1 0 0 0
0 01 0 0
Qe=| . . . .. (8)
0 0 0 0 1
1 00 0 0
Using (6) we can write
F;,C(Q) F;;:c(]') o F;,c(g 7p) F;,c(pr)
Fp,c(2_p) F;,c<1 _p) oo F;,c(3_2p) F;c(2_2p)
Qp.c = . . Coe . . (9)
F;,c(o) F;,(:(_l) F;,c(l _p) F;c(_p)
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THEOREM 3.1 For any integer n, the nth power of the Qp . matriz is equal

Fg,c(n—’_l) F;,c(n) L Fg,c(n_p+2) F:g,c(n_p—’_l)

Fy.n—p+1) Fy.n—-p) . . . . . Fy(n—2p+2) Fr.(n—2p+1)

F;c*(n— 1) Féc(n—Z) e *P’;c(n—p) F};cfn—p— 1)
Fp,c(n) Fp,c(n - ... Fpm(n —p+1) Fp7c(n —p)

where I .(n) is the nth complex Fibonacci (c,p)-numbers.

PROOF When p =1, we have to prove

W ( Fint1)  Fim
QLC‘( . (n) F;cm—l))' (10)

We will prove it by mathematical induction. For n =1
_ (e 1\ _ [ Fi.(2) Fr.(1)
a=(1 )= (FQ A ) O

which is true for n = 1.
Forn=2

2 * *
o (41 ¢\ _ [ Ff.(3) FT.2)
o= (70" 1) = (R ) wo
which is true for n = 2.
Suppose (10) is true for integer n = k, then

Le Fﬁc(k‘i) Ff,c(k; - 1)

Now, we can write

Fr(k+1)  Ff(k) ¢ 1
= (@1 )(Q1e) = ( 1F1*,c(’f) Fﬁcl(k— 1) ) < L0 )
Ft.(k+2) Ff.(k+1)
- < F}c(k+1) 1Fl*,c(/f) > b

Hence by induction, we can write

no_ [ Fre(n+1)  Fr.(n)
he Fl*,c(n) Fik,c(n - 1) .
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When p = 2, we have to prove
Fic(n—l—l) ch(n) Fic(n— 1)
Qg,c = F2*,c<n_ 1) F2*,c(n_2) FZ*,c(n_g) : (11)

We will prove it by mathematical induction. For n =1

c 10 F5,(2) F5.(1)  F5.(0)
Qae=| 0 0 1 f=| F.0) F.(-1) F5.(=2) | by (7)
100 F5,(1) F5.0) Fj.(-1)

which is true for n = 1.

Forn=2
@ el Fi.(3) F52) Fi (1)
Go= 100 |=FE.0 FO FCD | by
¢ 10 Ff.(2) Fi,(1) F5,(0)

which is true for n = 2.
Suppose (11) is true for integer n = k, then

Fy . (k+1) F;c(k‘) F5 . (k—1)

Now, we can write
Fic(k+1) FQ*c(k:) F;c(k: 1

~1)
Pl = (@5)(@Q20) = | F3(k—1) Fi(k—2) Fi.(k-3)

= O 0
O O =
O = O

Fic(k—l-?) Fic(k+l) Fic(k‘)
Fic(k +1) Fic(k) Fic(k - 1)

Hence by induction, we can write

Fz*c(n +1) FQ*C(n) FQ*C(n - 1)
Qg,c = F2*,c(n - ]‘) F2*,c(n - 2) FZ*,c(n - 3)

Therefore, given theorem is true for p = 2.
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Suppose that formula for @ . is true for integer p = k, then QZ’C is equal

Fie(n+1) Feem) . oo Fin—k+2) F.(n—k+1)
F,;C(n—k:—l—l) F,j((n—k) o ngc(n—2k+2) Fk*wc(n—2k+1)
Fi.n—1) Ff, (-2 . . . . . Ff(n—k) Ff (n—k—1)

Fk*’c(n) F,:yc(n—l) . Fk*’c(n—k—l—l) F,:yc(n—k)

Therefore, Q. . is equal

F,:,C(n—&—l) F,;C(n) o F,:yc(n—k:—l—l) F,;C(n—k‘)
Fron—k) Fin—k-1) . . . . . F(n—2k) Ff(n—2k—-1)
Fy(n—1) Fy (n—2) e e Frn—k=1) Ff.(n—Fk-2)
Fy.(n) Fr.n-1) . . . .. Fn—k  Fn—k-1)

This implies that Q) . is also true for integer p = k+1, which ends the proof.m

_ —(p+1 . L )
THEOREM 3.2 Q. = CQZ’CI + Qpe P+ yhere P 1S a positive integer, c is a
non zero compler number and n is any integer.

PRrROOF By Theorem 3.1 we have that ()}, . is equal

Fy.(n+1) Fj.(n) e . . By (n—-p+2) Fy.in—-p+1)
Fy(n—p+1) Fy.(n—p) . . . . . Fr.n—-2p+2) F;.(n—2p+1)
F;;C*(n -1) Féc(n -2) ... ngc(n —p) Fz:cfn —p—1)
vac(n) Fp,c(" - ... prc(n —p+1) prc(n - D)
When p=1

on _ ( Fidn+l)  Fi (o
RN OIS MRS

B cFic(n) —&—ch(n— 1) cFiC(n— 1)+Fﬁc(n—2)
o cFf.(n—1)+ Ff.(n—2) cFf.(n—2)+ Ff.(n—3)




B. Prasad 241

B cFﬁc(n) cFic(n -1)
-\ cFf(n—1) cFf.(n—2)

Fﬁc(n -1) ch(n —2)
" < Ff(n—2) F.(n-3) >

= Qi+ Q1%
When p =2

Qg,c = F2*,c(n - ]‘) FQ*,c(n - 2) F2*,c(n - 3)
Fy.(n)  F3.(n—1) Fj (n—2)

cFQfC(n)+F2*76(n72) cFch(nfl)JrFQ*?c(nf?)) cF2*7c(n72)+F2*76(n74)
= cFﬁC(n—Q) +F£C(n—4) cFQ*’C(n—?)) —|—F2*_’C(n—5) CFQ*(,C(TL—4) +F£C(n—6)
ch*’c(n—l)—i—FQ’ic(n—?)) cFQC(n—2)+Fic(n—4) cFic(n—3)+F2fC(n—5)

cFy.(n) cly.(n—1) cFy.(n—2)
= | cF3.(n—2) cF5.(n—3) cF5.(n—4)
cFch(n -1) cFic(n —2) cFic(n —3)

FQ’:C(n—Q) Fic(n—3) Fic(n—ll)
+ FQ*C(n —4) FQ*C(n —5) FQ*c(n —6)
Fz*’c(n —3) Fﬁc(n —4) Fic(n —5)

_ n—1 n—3
=c 2,c +Q2,c .

Suppose that Q) . = cQ?;l + Q;L;(pﬂ) is true for p = k.

Therefore, Q} . = cszl + QZ;UCH)_ We will show that it is also true for
p=Fk+1.

-1 .
Now, ¢ Z+1,c is equal
ekl .(n) el e(n—1) ek c(n—k) chipe(n—k—=1)
cFii1c(n—k—1) cFgi.(n—k—=2) - cFiy.(n—2k—1) cFgpy.(n—2k—2)

: : : : : (12)
cFie(n—2) el e(n—3) el n—k=2)  cFy . (n—k—3)
cFii1.(n—1) cFii1,..(n—2) e cFpgn—k—=1)  cFiy . (n—k—2)



242 Complez Fibonacci (c,p)-numbers

and Qk+1k+2) is equal
FI:+1,c(n_k_ 1) Fl:+1,c(n_k_2) FI:+1,c(n_2k_ 1) Fk*+1,c(n_2k_2)
Fiy.n—2k-2) Fry, .(n—2k-3) - F,.(n-3k-2) F,.(n—3k-23)
: : - : : (13)
Fiicln—k=3) Fiy.(n—-k—-4) - Fi,.n—-2k-3) Fi.(n—2k—4)
FI:+1,c(n_k_2) FI:+1,c(n_k'_3) Fl:+l,c(n_2k_2) FI:+1,c(n_2k'_3)
Addin tions (12) and (11), ¢ + QD
g equations an we get ¢ k+1 . kbl
Fio(n+1) Fy o(n) o Fl(n—k+1) Fio(n—k)
Fin—k) Fin—k—1) - F(n—2k) Ff.(n—2k—1)
: : . : : = Wrt1,e
FI:,c(n_l) Fl:,c(n_Q) F;:,C(n—k—l) Fls,c(n_k_Q)
Fi o(n) Fen—=1) - Fio(n—k) Fion—k—1)
This end the proof of Theorem 3.2. ™

THEOREM 3.3 For a given positive integer p and for any integer n the deter-
minant of the matriz Q) . is given by Det Qp . = (—=1)P".

PrROOF We have

DetQLC =—1.

Therefore, by matrix theory we have,

DetQ2 c = (_1)5Deth c— 1= (_1)2
DetQs . = (_1)7Det Qo= —-1= (_1)3
DetQ,. = (—1)°DetQs = (-1)*

and DetQp . = (—=1)".

This end of Theorem 3.3. n

THEOREM 3.4 For a given positive integer p and c is a non zero complex
number the determinant of the matriz Q;é 15 given by Det Q;i:Det Qp.c-
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Proof: We know that QP,CQ;é = I where [ is the identity matrix.
Therefore, Det (Qp,cQ,¢)=Det I
= Det @), Det Q;i:Det 1
= Det Q;}::Det Qp,c, since the Det @, . and Det Q;}: are 1 or -1 by the
previous theorem 3.3.

4. Complex Fibonacci @) . coding and decoding method The com-
plex Fibonacci @) . matrix allows to develop the applications to the coding
theory. Let us represent the initial message in the form of the nonsingular
square matrix M of order (p 4+ 1) where p is positive integer. We take Qp.c
matrix of order (p+ 1) as a coding matrix and its inverse matrix ( Z,C)_l as
a decoding maftrix . We name a transformation MQy . = E as coding and a
transformation E( Z,c)fl = M as decoding and F is known as code matrix

(2006).

For example, consider the case for p = 1, we represent the initial message

M in the form of nonsingular square matrix of order 2

M:<m1 m2> (14)

m3 M4

where all elements of the matrix are positive integers. i.e. my, meo, ms, mq > 0.
Let us select for any value of n, the Q7 . matrix treated as the coding matrix.
For n = 4 we have

(15)

Q4 B A+3+1 A42¢
Le ™ 3 +2¢ A+1

Then the coding of the message (14) consists of the multiplication by the
initial matrix (15) that is

4 2 3
mi m c4+3c+1 ¢+ 2c

MQ%C = ! 2 3 2
’ ms My c’+ 2c c“+1

_ mict + 3mic? + my + mac® 4 2mac mic® 4 2mic + mac? + mo
T\ mac® + 3mgc® + ms + mycd + 2myc mac® + 2mge + mac® +my

=(“ @)za (16)
€3 €4

where e; = mict+3mic+my +m203—|—2m20, ey = m163+2mlc+m202—|—m2,
es = mact + 3msc® + ms + mac® + 2muyc, eqs = msc® + 2mac + mac? + ma.
The inverse matrix of (15) is given by

2 3
4 -1 c“+1 —c’ —2c¢
@0 =( St w et (17)
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The decoding of the code message E by (16) is

E( 4 ),1: er €9 A+1 —c% —2¢
p,c e3 ey —c3 =2 A+32+1
_ e1® + e —ead® —2e9c —e1c® — 2e1¢ + eact + 3eac? + ey
T\ e3c® +e3—eqc® —2e4c —e3c® — 2esc+ eqct + 3eac® + ey

_(m oma\ _
ms Mg '

The code matrix E is defined by the following formula E'= M@, .. According
to the matrix theory, we have

Det E = Det (MQ,,.) = Det MDet Q.= Det M(=1)"" = (=1)""Det M

5. Relations among the code matrix elements Case 1: For p =1,

Similar to [10], we obtain DR e B R e

where p1,.= @, €1, €2, es3, €4 are given in (16).

Case 2: For p =2, In this case, let the message
m1p M2 M3

M=\ mgy ms mg then the QQC coding of the message M is equal
my  mg 1My

€1 €2 €3
MQS’C = €4 €5 €4 =F.
€7 €8 €9
.. s el €1 ~
Similar to ( ), we obtain g8 = po; 2 = po. and £~ U3 y

€4 ~ . & €4~ 2
s MH2.c5 oy N H2,c and H2c

% N 2,c; % A2 ig,c and Z; ~ /LQ C
where fip . = PH2heHAC ang h = /108 4 8¢3 + 12v/81 + 1263,
In general, like [10], when p = t and n > p+ 1 = ¢t + 1, The generalized

relations among the code matrix elements are
el €2

P =~ t,c; e ~ Ute; t e ;et+1 Ht.c

% leu%,c; %21 %:u%,c; ;2:_,_1 N:UJtc

€t+1 Mt c

where e1, e, €3, -+, €, €;41 are the first row elements of the code matrix £
and pu . is golden (¢, c)-proportion. We also obtain similar type of relations
among the elements of the second row, third row, ---, (¢ + 1)th row of the

code matrix F.
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6. Error detection and correction For the simplest case p = 1 the
correction ability of the method is 93.33% [10]| which exceeds the essentially
all well known correcting codes. The correction ability of the method for p = 2
is 99.80% [10]. In general, for p = ¢t and n > p+ 1 = t 4+ 1 the correction

2
ability of the method is GRS

PSRRI which depends on p but not on ¢. Hence, for

2
large value of p the correction ability of the method is ;E:i# ~1=100%.

7. Conclusion The complex Fibonacci coding and decoding method
is the main application of the complex Fibonacci @), . matrix. There lies a
difference between the classical algebraic coding and complex Fibonacci Qp ¢
coding method. The accuracy of complex Fibonacci @, . coding method is
given below:

(1) This coding and decoding method converts to matrix multiplication.
Nowadays it can be done very quickly by computer for large values of

p-

(2) The correction ability of the method increases as p increases and it is
independent of c.

(3) Complex Fibonacci @) . matrix coincides with Golden Matrix for p = 1,

¢ =1 which develops a new kind of cryptography (cf. ( ).
(4) In future, based on the works of ( ), ( , ,
, ; ), ( ), etc. we hope that the complex Fi-

bonacci @) matrix can also have wide applications in matrix theory,
complex number theory, cryptography and information and coding the-
ory.

Acknowledgments: The author would like to thank the reviewers and editor for their
valuable comments and suggestion for the improvement of this paper.
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Zlozone (c,p)-liczby Fibonacci’ego.
Bandhu Prasad

Streszczenie W artykule przedstawiono nowa macierz zespolong Fibonacciego ozna-
czang Qp,c dla liczb zespolonych Fibonacciego (c,p), gdzie p jest liczba catkowita
dodatnia, a ¢ jest niezerowa liczba zespolona. Omoéwiono rézne wlasnoéci macierzy
Qp,c, oraz sposdb kodowania i dekodowania wynikajacy z macierzy Qp,c.
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