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ON ASSOCIATIVE RATIONAL FUNCTIONS WITH
MULTIPLICATIVE GENERATORS

KATARZYNA DOMANSKA

ABSTRACT
We consider the class of rational functions defined by the formula

F(z,y) = ¢ He(@)e(y)),

where ¢ is a homographic function and we describe associative functions of the above form.

1. MOTIVATION

The functional equation of the form

flz+y)=F(f(z), f(y), =yes

where F' is an associative rational function and S is a group or a semigroup,
is called an addition formula. For the rational two-place real-valued function
F given by

F(z,y) = ¢~ (o(x)e(y)),
where ¢ is a homographic function (such F' is called a function with a
multiplicative generator), the addition formula has the form

hz +vy) = h(x)h(y), z,y€S

where h := @ o f and it is a conditional functional equation if the domain
of ¢ is not equal to R.

It seems worth considering which homographic functions ¢ make F' of
the above form to be associative.

The following functions (with natural domains in question) are the only
associative members of the class F of rational functions of the form
arzy + az(r +y) + as
F(ilf, y) = ’
asTy + a5(x + y) + ag
where a; = 0 for at last one of i € {1,...,6} (see [1]):
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F(x’y):anyraﬁx(;j—/;)iaﬁ?Jrl  WBAO;
o SIS
el = o aat g s pE ) PO
F(x,y)zm . a,BER;
F(:c,y)zom . aeR,B 0.

We examine which functions of the above form have a multiplicative
generator.

The following lemma will be useful in the sequel.
Lemma. Let A,B,C,D € R be given and let AD # BC, C # 0. For ¢
given by
Az +B

A=
it holds

- _ (BC?* - A?D)zy — BD(A—-C)(z +y) — BD(B — D)
¥ 1(¢($)30(y)) - AC(A— C)xy—I—AC(B _ D)(l‘—l-y) + B2C' — AD?

Proof. We have

_ A%zy+ AB(z +y) + B?
~ C2zy+ CD(x +y) + D?

e(x)e(y)

and

—Dz+ B
-1 o

A simple calculation shows that the above equation holds true.
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2. RESULTS

We proceed with a description of the class F of rational functions of the
form
a1zy + az(r +y) + as
aszy + as(x +y) + ag
(where a; = 0 for at last one of i € {1, ...,6}) with multiplicative generators.
The case of I’ being a polynomial is trivial, then in the light of Lemma,
we can consider only such homographies ¢ that A,C # 0 and (B — D)? +
(C— A)? #0.

Theorem 1. The following functions (with natural domains in question)
are the only associative members with multiplicative generators of the class
F

F(:L',y) =

Yy
F = b #0;
(x7y) (a—l)bxy—l—a(%—i—y)—i—% ) a’7 7é )
xy — ab
F = beR b;
(x7y) x—’—y—i—a—"—b ) a’ e 76\”# b
a+bxy+zxz+y
(a® +ab+ b?)zy + (a+b)(z +y) + 1
F =— b#0 b;
(z,4) (a2b + ab?)zy + ab(z + y) o ab#0arh;
b 2b + ab?
F(z,y) = able +y) +a’b+a b4 0,a4b.

Cay+ (a+b)(z +y) + a® + ab+ b2

Proof. Assume that F' is associative and that it has a multiplicative gene-
rator

(z) = Az + B
A= Cr D
where A, B,C, D € R and AD # BC.

From Lemma, we get that
Flay) = (BC? — A2D)2zy — BD(A - C)(z +y) — BD(B — D) )

W)= TAC(A — C)ay + AC(B — D)(x + y) + B2C — AD?

First, assume that B = 0. If D = 0, then AD = BC, which contradicts

the assumption. Hence D # 0. Taking B = 0 in (%), we obtain
—A%Day
—AC(C — A)zy — ACD(x +y) — AD?
Ty

(& -Day+S@+y)+58

F(l‘,y) =
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Consequently, taking

we infer that

LY
F = b .
(x’ y) (CL _ 1)bl’y + a(;E _|_ y) _|_ % ) a’ # 0

Now, let D = 0. If B =0 then AD = BC, which contradicts the assump-
tion. Thus, B # 0. Taking D = 0 in (%), we have

BC?xy
F(x,y) = — 5
AC(A - C)zy+ ABC(x + y) + B2C
2(A-Clay+ &z +y)+ Z

Consequently, taking

we infer that

zy
F = b+#£0.
(@) (a=Dbry+alz+y)+§ b7

In case A = C, we have B # D and, by means of (%), we obtain
Fla,y) = (BC? — A’D)xzy + BD(D — B)
DY = AC(B - D)(x +y) + B2C — AD?
- (B—D)ﬂ:y—i—%(D—B) _ axy—ab
C (B-D)(z+y)+(B2-D%)L  z+y+a+b

. B
with a # b,a = 7,b =

S

In case B = D, we have A # C and again, by means of (x), we infer that

BC? — A2D)xy + BD(C — A)(z +y)
AC(A— O)ay + B2C — AD?
(C?2— A Zay+ (C—A)(z+y) (a+bay+z+y

T A C(C—A)z+y+C—A  1—abay

F(:L’,y) = (

Witha#b,a:%, :%.
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Now, assume that A, B,C,D # 0,A # C,B # D. Let B?C — AD? = 0.
Applying this to (x), we have

(302 - B4CQD)acy + BD (C - B;g) (z +y) + BD(D — B)

D4
F(x’y) - 202 2 202 -
B¢ (%S - c)xy + BC (B D) +y)
PO vy + CDESE (w4 y) + D(D - B)
BC B =D oy + BG(B — D)(z +y)

G(D?+ BD + B¥ay + $(C+ D)z +y)+D

B - BPay + B (v +y)

(g‘; + B B,;§2>xy+ (g + B,ﬁ)@:ﬂ;) +1
(562 + 56 oy + 557
(a®> 4+ ab+b*)zy + (a +b)(x +y) + 1

(ab + ab?)zy + ab(z + y)

where a = %?, b= %. Obviously a # b.

(z+y)

)

At last, assume that BC? — A2D =0and A,B,C,D #0,A # C,B # D.
Applying this in (%), we obtain

PO~ M) +y) + BACB(Z - 1)

AC(A—-C)zy+ ABC(1 — % (x+y)+ B2C — ABQ%
B3

F((IZ,y) -

BC(C — A)(x +y) + BE(C? - A?)

A(C = Aay + §(C? = A2 +y) + F5(CP - A7)
2 3
Bl (z+y)+ #fc)

A
Azy + B(A+O)(x +y) + B3 (A2 + AC + C?)

2 302 3

B B (@ +y) + 25 + 5F
2 2 202
xy+<%’+§)(x+y)+§2+i§+3ﬁ

ab(z + y) + a®b + ab?
xy+ (a+b)(x 4+ y) + a® + ab + b2
with a = %g,b = % It is clear that a # b.
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It is easy to check (see Theorem 2 or Theorem 1 in [1]) that each of the

functions above yields to a rational associative function. Thus, the proof
has been completed. O

Now, we determine homographic functions ¢ which by means of the for-
mula
F(z,y) = ¢ (e(@)e(y)) (%)
lead to associative functions F'.

Theorem 2. For the following homographic functions (with natural do-

mains in question) we obtain by (xx) rational associative functions with a
multiplicative generators:

@)=% -2
v d cx+1

T +a
(p(w)_x—i-b

ar + 1
(x)_g ar + 1
L A VA |
(x)_g T +a
L

where a # b and a,b,c,d € R\ {0} are arbitrary constants.

Proof. 1t is easy to check that each of the functions above is a generator of
the rational associative function. Moreover, they generate

Yy
F.I', = ) aab Oa
(@) (d—l)cxy—l—d(x—i—y)—l—% 7
xy — ab
F = beR b;
(x7y) l‘+y+a+b ) a? E 7a# b)

(a+bzy+z+y
Fla,y) = 1 — abzy

) avb#ova#b;

Fla.y) = (@ +ab+ b))y + (a+b)(x+y) +1

b .
(a2b + ab?)zy + ab(z + y) » ab#0

ab(z +y) + a®b + ab?
F(x,y) — , a,b#0,
@) = S T et Dty + T b B2 7
respectively. Thus, according to Theorem 1, the proof is completed. [
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Notice that for any homography ¢ the following equality is fullfiled:

v e(2)e(y) = ¢~ (@(2)8(y)),
where ¢ = é.

At last, let us observe that

y
F -
(z.y) (@ —1V)bzy +a(z+y) +
is of the form

—~ , a,b#0
b

B axy
Py = o e v ) 1 A=)

in case a # 1 and of the form

with a = (a—ll)b’ 8=

(a—al)b

Ty +
F(x,y) = ——
(z,y) r+y+p
with « = 0,8 = %, otherwise, i.e. a = 1.
The rational function
xy — ab
Fla,y)=———— , a,beR,a#b
@) = oy Tatb 7
can be written in the form
Yy + o
Flx,y) = ——.
(@,y) r+y+p
It is clear that

b
Flay) = SO ETHY
1 — abzy
is of the form

Fla,y) = axry +x+y
Bry + 1
Further,

(a®> 4+ ab+b*)zy + (a +b)(x +y) + 1
F =— b#0 b
(z,9) (a2b + ab?)xy + ab(z + y) o ab#0az
is of the form

1+aB)zy +alz+y)+ 2
F(x’y):( ) ( )+ 5
Bxy+x+y
B=a+0bif a+b+# 0 and of the form
Flz,y) = Ty + «

r+y+p
with o = a%, 8 =0, otherwise, i.e. a +b = 0.

with @ = —a£b

ab
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Finally,

ab(z + y) + a®b + ab?

Flz,y) = —
(z,9) xy + (a+b)(x +y) + a? + ab + b?

, a,b#0,a#b
is of the form
Fla,y) = r+y+pB
’ azy + af(z +y) + o + 1

Witha:—%,ﬁ:a—&—bifa—i—b#oandoftheform
ary +x+y

Bxy + 1
with a=0,08 = a%, otherwise, i.e. a +b = 0.

Associative rational functions with an additive generator are described
in [2].

F(x7y) -
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