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Abstract: In this article, the author gives an interesting and relatively simple construction of a
hyperbola which is determined by its asymptotes and a random point. In the case of equilateral
hyperbola this construction can also be implemented when the hyperbola is given with an
imaginary axis and the vertex, and in the general case by an imaginary axis, the center of
concentric circles and a random real number n>0. The proposed method can also be
implemented in the case of the hyperbola given by its vertices and a point. The construction of
the subsequent points of hyperbola was deduced from the properties of straight line
transformation ( as degenerate of a conic) by means of the pencil of concentric circles.
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1 Introduction

In the work [1] the transformation of pairs of straight lines (parallel/intersecting) by means of
a pencil of concentric circles implemented for the construction of equilateral triangles whose
vertices belong, respectively, to three given lines. And in the paper [2] from thus determined
transformation of a circle an original and relatively simple construction of a parabola was
deduced with the following elements: a vertex, an axis and a random point.

In this paper the author subsequently proposes an original and relatively simple
construction of a hyperbola of successive points inferred from the properties of straight line (
as a degenerate conic) transformation with a pencil of concentric circles.

The first part of paper contains the definition of a transformation and the proof of a
theorem declaring that the image of the straight line in this transformation is a pencil of
concentric and coaxial hyperbolas (for which the given straight line is an imaginary axis).

The second part of this article gives the algorithms of construction of successive points
of the hyperbola determined by the following elements: a) asymptotes and any point, b)
imaginary axis, the center of concentric circles and any real number n>0 and n#o0, c) vertices
and a random point, and in the case of the equilateral hyperbola, d) an imaginary axis and
vertex.

2 Transformation of straight line
Let us assume a degenerated conic reduced to a double straight line a=b and also the point O
(not belonging to it) on the plane of drawing, as the center of the pencil of concentric circles.
Let us assume that this line is the axis of ordinate y of the orthogonal coordinate system
whose axis of abscissa x includes point O (Fig.1) In thus determined reference system M(x,y),
the equations of the straight line a=b=y and the circles 0;(O,R;) are in the shape of:
x=0and (1)
(x—ef +y =R} @)
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Figure 1

The common points Xj(x,y) (as well as those symmetrical to them with respect to axis
x) of the straight line (1) and the circles (2) were assigned the points Xi X (x’.y"),
respectively belonging to the lines s; parallel to the axis x, whose ordinates y’=y ( in the same
system of reference). The abscissa x’ of these points can be equal to the arbitrary values of
radii R;.

These determinations result in the following formulas of this transformation:

x’=nRj(0<n<w)andy =y 3)
By introducing the relation (3) into the equation (2) instead of y and R;, we obtain:
(x —e)’ =x*/n” —y’?, and after rearrangement: 4)
12

X=e+, /z—z —y"” , and because x=0, we have: (5)

x"
etq—— y”? =0, and after transformation we obtain: (6)

n

Xy2 y|2

i = 1 — it is the equation of pencil of hyperbolas (7)

From the equation (7) for y’ = 0 we receive the abscissa x’= =+ n-e of the vertices A;,
Bi, and for n = 1, the equation (7) takes shape:

12 12
x__y_z =1 —itis the equilateral hyperbola (8)

2
c c

If n = 0 then hyperbola is reduced to the straight line a=b=y and while n = o — to the
axis of abscissa x.

It is the analytic proof of the statement declaring that the image of a straight line (as a
degenerate conic) in thus determined transformation is a pencil of concentric and coaxial
hyperbolas. Knowing the vertices of the hyperbola and the lengths of its axes we can construct

. e
its asymptotes (tgo=—).
ne

It can be pointed out that these asymptotes can also be constructed in the following
way. The semicircle k with the center M and the random radius r intersects axis y at point K.
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Then tangent t at this point to the circle k intersects the line p; at point T;. The segment KT; is
the abscissa x; of the point T;. From the right — angled triangles MA;P; and MKT; it follows
that:

e T .
tga = —= — and hence we receive: 9)

ne X,

X¢ = 1r. (10)

The straight line p; joining the point T; with the abscissa x; = nr with the point M is the
asymptote of the hyperbola.

The relation (10) was used, in the point 3, for the graphical method of construction of
successive points of the hyperbola.

These considerations result in the following conclusion - that non-singular hyperbola
can be determined by its imaginary axis, the center of concentric circles which does not
belong to them and a random real number n>0 and n#oo.

3 Construction of hyperbola
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Figure 2

Using the properties of transformation of the straight line (as a regular conic) with a pencil of
concentric circles and the statement proved in the point 2 and also the deduced corollary now
we can give the algorithms of construction of the successive points of the hyperbola
determined by its given and indispensable elements. The first algorithm gives the construction
of the next points of hyperbola determined by its asymptotes and a random point (Fig.2). The
second algorithm presents the construction of successive points of the equilateral hyperbola
determined by its asymptotes and a random point (Fig.3). In the third algorithm the equilateral
hyperbola is given with its imaginary axis and a vertex (Fig.4). Finally, in the fourth algorithm
the hyperbola is defined (due to the corollary) by its imaginary axis, the center of concentric
circles and any real number n>0 and n#oo (Fig.5).
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Figure 4

Algorithm 1 (given: p and q and also the point H)

« we trace the axes of hyperbola z and u;

o we have Hehl|jz; h nu = {Sy}; Hl|ju; 12||z; IM2| = Ry;

o 0n(Sp,Rp) N z= {0} is the center of concentric circles;

o 0i(O,R)) nu={Si}; Sie si||lz ; xi|| z and tangent to circle 0;(O,R;);

o xiNp={2i}; 2 € vyilu; si Ny = {Xi}— a point of the hyperbola (Fig.2).

Algorithm 2 (given: p_Lq and the point H)

« we trace the axes of hyperbola z and u;

« Heh|z;hnu={Sy};

o on(Sh,Ry=ISyH|) N z = {A, B}, O=A (or O=B) is the center of concentric circles and
at once the vertex of hyperbola;
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« 0i(O,R)) nu={Si}; Siesi|| z ; |SiXj= Ry; Xj is a point of the hyperbola (Fig.3).

Algorithm 3 (given: an imaginary axis u and a vertex A)

o A =0 is the center of concentric circles;
o 0i(O,R)) nu={Si}; Si € s; L u; |SiXj~ R;; X is a point of the hyperbola (Fig.4).

Algorithm 4 (given: an imaginary axis u, the center O and n :%)

e 0i(OR)Nu=1{Si};Sie siLu; Xje sjand |SiXi|=%Ri ;

« Xjis apoint of the hyperbola (Fig.5).
|

O,

Figure 5

Let us still consider the possibility of application of the method described above, of
construction of the successive points of the hyperbola determined by its vertices A and B and
also a random point X (Fig.5). Perpendicular bisector of the segment AB is its imaginary axis
and at once the axis of the ordinate y of the orthogonal system of reference M(x,y), whose axis
of abscissa x includes the vertices (Fig.1).

In the rectangular triangle S;MO (Fig.5) we have

Ri* = ¢’ +y;°, where e = [MO|, and y; is the ordinate of the given point X;. (11)
From the relation (10) we have

X X. . . .
e =—* and R; =—', where X, and x; are the abscissas of the given points A and X;,
n n

respectively. (12)
Introducing the relation (12) into the equation (11) instead of e and R;, after
transformation we obtain:
2
n=_|x." - Xa (given: xj, X, and y; and X;{>X,). (13)

1

i

For example, for x; =5, x, = 3 and yi = 4, n = 1 ( equilateral hyperbola, O=A or O=B
1.e. e=3) and for y;=8, 1’1:% , =6 and for y;=12, n=%, ¢=9. Whereas for x;=2.2, x,=1.3 and
yi=2.5,n=0.71 and e=1.8.
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Knowing an imaginary axis of the hyperbola, the center of concentric circles, if n=1,
then we realize the construction of successive points of this hyperbola according to the third
algorithm, and while n#1 we follow the procedures of the fourth algorithm.
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KONSTRUKCJA HIPERBOLI

W prezentowanym artykule podano oryginalng i stosunkowo prosta konstrukcj¢ hiperboli
okreslonej jej niezbednymi elementami. Konstrukcj¢ kolejnych punktéw hiperboli
wyprowadzono z wlasciwosci przeksztatcenia prostej, jako stozkowej zdegenerowanej, za
pomoca pegku koncentrycznych okregow.

Pierwsza czg$¢ artykulu zawiera definicj¢ przeksztalcenia, analityczny dowdd
twierdzenia orzekajacego, iz obrazem prostej w tym przeksztatceniu jest pek wspotsrodkowych
i wspdtosiowych hiperbol, dla ktdrego przeksztalcana prosta jest wspdlna osia urojong oraz
wyprowadzony wniosek, ze hiperbola moze by¢ réwniez okreslona osig urojona, $rodkiem
koncentrycznych okregdéw oraz dowolng licza n== 0 i n#o.

W drugiej czgsci pracy podano algorytmy konstrukcji biezacych punktéw hiperboli
zadanej: a) jej asymptotami i dowolnym punktem, b) osia urojona, Srodkiem koncentrycznych
okregéw i dowolng liczba n, ¢) wierzchotkami i dowolnym punktem, a w przypadku hiperboli
réwnobocznej d) osia urojona i wierzchotkiem.



