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ABSTRACT

Purpose: The paper analyses the strain of reinforced concrete sections of flexural and
eccentrically compressed sections up to and including failure.

Design/methodology/approach: The paper shows that taking into account realistic o-¢
diagrams for concrete, which should be considered curves with descending branches, it is
possible to determine the state of exhaustion of the load-bearing capacity of the section without
the need to introduce the limiting strain ¢, assigned only to the concrete class.

Findings: It was pointed out that the physical law o-¢ describing the behaviour of concrete should
include the range of material weakening, expressed by the falling branch in the physical law.

Research limitations/implications: It was proposed to study the stability of the deformation
process of the compressive zone of concrete and the entire critical section based on Drucker's
postulate and, on such a basis, to infer the nature of reinforced concrete strain states - the state
of exhaustion of load-bearing capacity incipient destruction.

Practical implications: The formulation of the bearing capacity problem is then complete
because there is no need to introduce an apriori limit strain value ¢, to determine the bearing
capacity.

Originality/value: It is shown that it is furthermore possible to distinguish a certain covering
condition, occurring after the load-bearing condition is reached, in which the process of rapid,
avalanche-like destruction begins. The deformation accompanying the state can be considered
as the failure deformation of the reinforced concrete section, ¢,

Keywords: Construction, Bearing capacity and failure of reinforced concrete sections, Material
weakness, Material stability, Drucker's postulate, Safety and health protection
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An important part of the design procedures for reinforced
concrete structures is the proper determination of the load-
carrying capacity of critical sections. The bearing capacity
can be predicted based on two qualitatively different
theoretical formulations.

The basis of the first formulation is the theory of
boundary resistance. Based on it, we look for the condition
that determines the plastic flow of the section using the
equations of limit equilibrium of the section. The essential
assumptions of the analysis are the rigid-perfectly plastic
strain models of concrete and reinforcing steel, in addition
to the assumption of free accumulation of deformation in the
section. The latter assumption is expressed by the hypothesis
of a flat cross-section written in strain rates. The hypothesis
defines the plastic flow mechanism of a reinforced concrete
section. From those assumptions, the stress distribution in
the normal section of a reinforced concrete element was
derived. Theoretically, the result of the rigid-plastic analysis
is an overestimation of the true load-carrying capacity of the
section due to the kinematic nature of the formulation [1-7].
In applications, one usually starts by defining the stress
distribution in the section and makes some modifications to
analyse partial plastic flow mechanisms. The modified
formulation is the basis of the simplified method in the
current standard [8].

The second formulation adopts more realistic models of
material deformation by limiting the deformation capacity of
both reinforcing steel and concrete in compression.
characterised. A bilinear, elastic model with plastic
reinforcement usually characterises the behaviour of
reinforcing steel. It is possible to introduce a limitation on
the deformation of tensile reinforcement. Compressed
concrete is assumed to be physically nonlinear over the
entire deformation range. Two deformation models of
compressive concrete are used.

In the first model, after the average compressive strength
fem and the associated strain &4, the further behaviour of the
compressed concrete is determined by the ideal plastic shelf.
Such a model approximates the physical law by a Madrid
parabola, Figure 1. The plastic shelf must have a limited
length, which expresses the limited deformation capacity of
the compressed concrete. Those capacities are defined by the
limit strain &, related to the outermost layer of the
reinforced concrete section. It can be defined as a criterion
value for determining the load-carrying capacity of a
reinforced concrete section, which was determined based on
experiments.

Without introducing the strain, the load-carrying capacity
of the section cannot be clearly determined theoretically. It
can depend, for example: on the largest plastic strain in the
section. With its increase, it tends asymptotically to the
value of the load capacity determined according to the
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Fig. 1. o-¢ diagrams for concrete: with an ideal plastic shelf or with a falling branch
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approach of the proper theory of limit load capacity based
on the assumption of rigid-plastic behaviour of the material.

An approximation procedure is proposed to determine
the limiting strain €., for different eccentric loading cases.
The relevant value of the strain for different eccentric
compressive forces is interpolated from the values
considered appropriate for the cases of axial
compression (&, = &) and pure bending (&, = 0.0035).
The procedure testifies to the dependence of the ultimate
strain of concrete on the stress state of the reinforced
concrete section. The section capacity thus determined is not
an analytical maximum but a value of the acceptable
supremum type.

In the second deformation model, the deformation
behaviour of concrete € > €., is described by a descending
branch. It expresses the progressive material weakening.
The slope of the branch reflects the development of
deterioration of the concrete structure. If we use a model
with a descending branch in theoretical analyses, it is
possible to determine the theoretical value of strain &,
without the need to determine the value apriori. In such a
way, the formulation of the problem of the bearing capacity
of a reinforced concrete section becomes complete. The
bearing capacity of the section becomes a maximum value.
Reaching the load-carrying capacity means the start of a
destructive process but generally with the character of a
mildly intensifying process. It is also possible to indicate
during the process such a state of deformation and strain of
the section, which can be considered as a state of beginning
of the avalanche process of destruction. The state should be
associated with destructive deformation €. , greater than the
value of the limiting strain &, .

An example of such a complete formulation and solution
of the carrying capacity problem was presented in the work
[9]. However, the problem of destructive deformation was
not analysed there. In the work, the physical law of concrete
was assumed to be a complete parabola of the second degree
with a descending branch. The bending resistance was
determined from the conditional maximum moment. A
theoretical formula was obtained for the value of the
ultimate strain &, inherent bending resistance.

Eou = \/§(\/§_ l)gcl- (1)

Detailed results of the analyses are provided in the
monograph [4].

It will be noted that, by its nature, the magnitude of the
boundary strain is not a magnitude that characterises the
material, but a magnitude that determines the deformation
capacity of the section under a certain state of stress. They
should depend not only on the eccentricity of the force
loading the section but also on the degrees of reinforcement.

The latter factor is not accentuated in interpretations of
experimental results. Investigation of the problem requires
subjecting the loading path of the section to analysis and
tracing it in terms of either stable or unstable evolution of
the stress states. The paper presents a suitable criterion for
studying the stability of the loading process of a reinforced
concrete section. It allows a more complete interpretation of
the load states as the maximum values of the loading forces
and the determination of deformations at which the
avalanche process of failure of the reinforced concrete
section begins.

We analyse the formulation of the problem of bearing
capacity of a reinforced concrete section, in which the
deformation properties of the concrete in compression are
described by a curve with a branch of weakening. We
assume that concrete is characterised by an average
compressive strength f... The study finds that the value
corresponds to the strain &.,, depending on the concrete
class. Until the strength is reached the highest stress in the
loading path, concrete is a stable material in the sense of
Drucker [4,5,10].

do-de > 0. )

Once strength is reached, condition (2) is not satisfied
locally. The deformation response of the concrete becomes
unstable at a point, or layer, of the section. In the case of a
section with a spatially homogeneous stress distribution, a
rapid failure process of a dynamic nature would then begin if
the load on the section is indelible. In cases of stressed
sections with bending moment contribution, the course of the
process to failure will show varying intensity. The occurrence
of local instability at the edge region of the largest
deformations, exceeding, does not necessarily imply a loss
of stability of the entire compressed zone of the concrete, nor
globally of the entire section. The remainder of the section,
with actively stressed concrete according to the ascending
branch of the physical law and reinforcing steel, can
determine the continued stable behaviour of the entire
section. As a measure of the stability of a reinforced concrete
section, take the global quantity resulting from the integral
of condition (2) over the entire heterogeneous section.

X= fAc do -de-dA + ASI . dUSl . d£51 + Asz . dUSZ . dSSZ' (3)

In (3), the active, concrete part of the reinforced concrete
section is denoted by A.. It consists of a compressed zone
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A and a tensile zone A.,. The latter is located below the
neutral axis, above the apex of the normal crack. The
quantities do and de are the differentials of the stress and
strain prevailing in the concrete. The other measure
members (3) refer to tensile and compressive reinforcement,
denoted by quantities with subscripts S/ and S2,
respectively. The first member of the right-hand side of (3)
is a measure of the stability of the actively stressed concrete
zone of the section.

)(szAcda-ds-dA. 4)

The proposed measures expressed in stresses can be
represented in the section stability analysis in internal forces
K and generalised deformations (&g, k). Internal forces K =
(F,F,M,M.) denote, respectively, the total axial cross-
sectional force, the resultant stresses occurring on the active
surface of the concrete A, and the corresponding values of
moments calculated with respect to the central axis of the
concrete section. We can write the following differential
relations for the mentioned forces:

dF = dF, + Z::%Asl' dog;,
dM = dM, + 323 Ag; - (1105 - 85,) - h-dag;  (5)

where: the quantities Js; = (851, 0s,) are dimensionless
coordinates defining the position of the centres of gravity of
the reinforcements Ag; and Ag, with respect to adjacent
edges of the section of height 4.

The components of generalised deformations in the cross-
section of a reinforced concrete element are the relative
elongation &, of the element's central axis and the curvature
Kk of the axis. Generalised strains define the distribution of
strains at the height of the section. We will assume that the
increment of deformations at the height of the section is
consistent with the assumption of a flat section, i.e.

de =dey+dk - z. (6)

Relationship (6) gives the corresponding increments of
strain in the reinforcing steel Ag; and Ag,

ngl = dgo + dK(O.S - 551)]1,
dgsz = dso - dK(OS - 652)1’1. (7)

At the level of generalised magnitudes, sectional forces
and deformations of the element axes, measures of stability
of the entire section and the active zone of the concrete can
be represented as

x =dFdey + dMdk,
Xc = dF,dey + dM_ dk. (®)

By the theoretical carrying capacity of the section, we
will understand such a system of internal forces (F, M),,, for

which, in the process of loading, we find a change in the sign
of the stability measure from positive to negative. The
necessary condition for achieving the load carrying capacity
isy=0.

The occurrence of the theoretical load-bearing condition
is associated with the loss of stability of the reinforced
concrete section in the process of loading. The value of the
corresponding edge strain accompanying the occurrence of
the load-carrying capacity so defined is then the limit value
&y It can be determined from the theoretical analysis of the
problem and need not be taken a'priori as an assumption for
formulating the problem. The value depends mainly on the
assumed weakening law of compressive concrete expressed
by the descending branch of the curve o-¢.

The second of the proposed stability measures y,. makes
it possible to infer the behaviour of the active zone of
stressed concrete during the loading process of a reinforced
concrete section. The phase of the loading process prior to
reaching the load condition, which is characterised by y. >
0 indicates a stable redistribution of stresses in the zone A..
In particular, it may be the compression zone of concrete
A... Reaching the end of the stable behaviour y, =0 is a
theoretical symptom of the exhaustion of the deformation
capacity of the concrete part of the reinforced concrete
section in the loading process. There are situations in which
we simultaneously find y. =y = 0. Such situations
correspond to the cases of sections without excessive
reinforcement, that is, reaching the load capacity according
to full plastic flow mechanisms. In sections reinforced or
reinforced with steel showing the effect of plastic
reinforcement, the loss of stability of the active zone of
concrete will precede the loss of global stability of the
section. Similarly, it will also be the case in cases of small
eccentricity, where the load-bearing capacity is achieved
according to partial plastic flow mechanisms. The resolution
of the mechanism of exhaustion of the load-carrying
capacity of a reinforced concrete section in a particular
loading process and its subsequent subcritical behaviour can
be made on the basis of the analysis of the loading path of
the section.

We assume that the assumption of a flat section
determines the distribution of deformations in the section.
The corresponding stress distribution is derived from the
physical laws of concrete and reinforcing steel. The physical
law for concrete in compression, according to [6,11] is
assumed,
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_ n(k-n)
0 = fom Triepm )

where tagged:

== a=07f3" . fom = fa + 8 (MPa),
k=11 ;me Eom = 22 - (0.1f.)%2 (GPa). (10)

Relationship (9) captures the weakening effect of
concrete as it maps in the {¢, g} coordinate system as a curve
having a descending branch. We will not introduce a
limitation of the range of the relation to the value of ¢,
known a'priori. The value of the strain will be sought by
analysing the stability of the section in terms of the adopted
measure (2). Theoretically, the relation (9, 10) can be
applied in the range up to the complete relaxation of the
concrete, which occurs if the strain in the concrete reaches
the value € = ke,4.

In the environment of deformation & = 0, the adopted
relationship is quasi-linear. We will take advantage of the
fact and assume, moreover, that it can correctly estimate the
behaviour of concrete, also in the range of tensile
deformations limited to scratching. Therefore, we will
assume that the range of the physical law (9) is €., < € <
ke,,. The value of &, can be chosen so that the value of
feem appropriate for the concrete class under consideration
is derived from (9).

We will assume the following data characterising the
concrete: f., = 7,0 MPa, E., = 28,0 GPa, ¢, = 0,002,
Ectm = 0,0001.

We assume that reinforcing steel is a perfectly elastic-
plastic material with elastic modulus Es. We neglect the
plastic strengthening of the steel. The elastic limit is fy, =
350 MPa. Because of the need to consider in the analysis
the strain relief of tensile reinforcement, previously
plasticised, we assume the law of linear strain relief with a
load-specific modulus, Es.

Based on the assumptions made, the loading path of a
reinforced concrete rectangular section subjected to
curvature forcing k of the beam axis was constructed. The
concrete relief law was not formulated because the reliefs
occur in terms of a quasi-linear relationship o-¢ and locate
in the middle part of the section. Also, the descending branch
for tension was not introduced, G(¢) =0. Single
reinforcement of the section with a degree of p=0.01 was
assumed. The results illustrating the loading path are
provided in Figure 2.

At the initial stage of the strain, the instability generated
by the scratching of the section can be seen on it. The
plasticisation of the tensile reinforcement corresponds to the
state marked with the signature YSI. The state initiates

pronounced plastic deformation of the cross-section, which

is made visible by a quasi-plastic shelf. On the shelf, it is

possible to distinguish states:

o loss of stability of the active zone of concrete,

e load capacity — maximum bending moment max M = M,,

o identical to the with loss of stability of the entire section
x=0,

e relieving previously plasticised tensile reinforcement,
Aegy < 0.

When the load-bearing capacity exhaustion state is
reached (max M = M,,), the internal force arm decreases, and
the flexural response of the section decreases. The thickness
of the compressed zone continues to decrease, but the
redistribution of compressive stresses causes the internal
force arm to decrease. Then the thickness of the compressive
zone of the concrete A.. begins to increase, which causes a
further decrease in the arm of forces. At the same time, the
plastic flow of the tensile reinforcement slows down.
Eventually, the increments of plastic deformation in the
reinforcement disappear, and it experiences elastic relief,
Figure 3. It results in an exponential decrease in the section's
resistance to bending. It is reasonable to associate the
beginning of the process with the value of the strain in the
outermost compressive layer of the section and refer to it as
the failure strain &.;.

We will study the behaviour of a reinforced concrete
section doubly reinforced in the process of forcing the
reaction of the section of the kinematic type. The
reinforcement of the section is given by the degrees ps;
=0.0178 and ps» =0.00178. It is assumed that the section is
subjected to an increasing longitudinal force, the variation
of which is determined by a linear function with respect to
the curvature k of the element axis. The consequence of the
assumption is a certain variation in the eccentricity of the
longitudinal force. We are looking for the supremum of the
force. Numerical analyses were performed for two
functions, n; (k)i = 1,2.

In the case of i = 1, we analyse the loading path inherent
in the full mechanism of depletion of the section's load
carrying capacity — the case of a large eccentricity, Figure 4.
On the path, we find a condition corresponding to the
maximum value of the bending moment (max M), at which
the section deforms stably, despite the plastic flow of both
edge reinforcements. A further increase in the longitudinal
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Fig. 2. Results of the test of stability of a bent reinforced concrete section in the process of forcing curvature; a) dependence
m — k, b) changes in strain Aegg, in tensile reinforcement, c¢) changes in the measure of stability y — k, d) changes in the
measure of stability of the active zone of concrete y,. — k
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Fig. 3. Illustration of the elastic relief mechanism of plasticised tensile reinforcement As;
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Fig. 4. Path of eccentric loading of a doubly reinforced section; a) case of large eccentricity —n, (k), b) case of small eccentricity
N, (k)
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force is accompanied by a slight decrease in the value of the
moment due to the redistribution of stresses in the active
zone of the concrete, with the section near the edge showing
weakening. A state of simultaneous loss of stability of the
active zone of concrete and at the same time of the entire
section is reached, y, = y = 0. We will consider the state as
the state of exhaustion of the section's load-bearing capacity.
Then the process of weak instability begins, controlled by
further weakening of the concrete. After the plasticised
tensile reinforcement is relieved, it turns into a process of
avalanche failure. The beginning of the process is
considered the failure of the section.

In the process of force loading n, (x), the mechanism of
partial exhaustion of the load carrying capacity, which is
inherent to a small eccentric, is realised. The loading path is
shown in Figure 4. In the process of loading the section, the
tensile reinforcement deforms elastically. Due to the
development of weakening, the concrete experiences stress
relief. The behaviour of the active zone of the concrete
determines the stability of the process. The state in which it
is reached, y. = 0 should be considered the exhaustion of
load-bearing capacity. The short-lived process of weak
instability ends with the destruction of the section, for which
the measure of the stability of the entire section reaches
x=0.

The failure of critical sections of reinforced concrete
elements is constituted by the material weakening property
of concrete. The paper shows that taking into account
realistic o-¢ diagrams for concrete, which should be
considered curves with descending branches, it is possible to
determine the state of exhaustion of the load-bearing
capacity of the section without the need to introduce the
limiting strain &, assigned only to the concrete class.

The state should be considered the state of loss of
stability of the deformation process of the section, which is
characterised by the stability measure y = 0. It is also
possible to determine the state of onset of avalanche
destruction of the section defined by the strain value in the
outermost layer of the concrete compression zone. In the
paper, the value is defined as the failure strain &.. The
method of determining the value of the ultimate strain and
the destructive strain based on the analysis of the load path
of a reinforced concrete section is presented.

Creative Commons

Wihicumbipemeonenenll © 2023 by the authors. Licensee International OCSCO World Press, Gliwice, Poland. This paper is an

International 4.0

[17 A. Baryika, Effort of the protective structure of the
shelter under the influence of an external fire, Archive
of Mechanical Engineering 68/2 (2021) 183-193. DOI:
https://doi.org/10.24425/ame.2021.137047

[2] A. Barylka, D. Tomaszewicz, Anchorages bonded
system in experimental research and their comparison
with FEM models, Journal of Achievements in Materials
and Manufacturing Engineering 106/2 (2021) 49-55.
DOI: https://doi.org/10.5604/01.3001.0015.2417

[3] A. Barytka, D. Tomaszewicz, Relationship of the
interaction load capacity of anchors on their number and
anchoring system, Archives of Materials Science and
Engineering 112/2 (2021) 55-62.

DOI: https://doi.org/10.5604/01.3001.0015.6286

[4] D. Tomaszewicz, A. Barylka, Influence of measuring
deviations of the components of layered walls on their
durability, Safety Engineering of Anthropogenic
Objects 3 (2020) 155-162.

DOI: https://doi.org/10.37105/iboa.75

[5] P. Bieranowski, A. Barytka, Non-dimensional method
of capacity limit states for the assessment of the safety
level in the structures of large panel buildings, Safety
Engineering of Anthropogenic Objects 1 (2021) 42-47.
DOI: https://doi.org/10.37105/iboa.104

[6] M. Owczarek, A. Barylka, Estimation of thermal
diffusivity of building elements based on temperature
measurement for periodically changing boundary
conditions, Energy Market 5/144 (2019) 55-59.

[7] W.Olszak, Theory of plasticity, PWN, Warszawa, 1961
(in Polish).

[8] J. Deja (ed), Concrete Technologies and Research
Methods, Cement Producers Association, Krakow,
2020 (in Polish).

[9] F. Levi, G. Pizzetti, Creep, plasticity, prestressing,
Dunod, Paris, 1951 (in French).

[10]D.C. Drucker, A Definition of Stable Inelastic Material,
Journal of Applied Mechanics 26/1 (1959) 101-106.
DOI: https://doi.org/10.1115/1.4011929

[11]Comite Euro-Internacional du Beton, CEB-FIP: Model
Code for Concrete Structures, Thomas Telford Services
LTD, London, 1990.

open-access paper distributed under the terms and conditions of the Creative Commons Attribution-
@ ®®@ NonCommercial-NoDerivatives 4.0 International (CC BY-NC-ND 4.0) license
BY NC _ND

(https://creativecommons.org/licenses/by-nc-nd/4.0/deed.en).



https://journalamme.org/resources/html/cms/MAINPAGE
https://journalamme.org/resources/html/cms/MAINPAGE

