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1. INTRODUCTION

For linear ordinary differential equations with large parameters, a kind of Stokes
phenomena occur in the asymptotic behaviors of WKB solutions with a change of
the parameters. Such Stokes phenomena are called parametric Stokes phenomena. In
this paper we study the parametric Stokes phenomena for the Gauss hypergeometric
differential equation from the viewpoint of the alien calculus.

The alien derivative is introduced by Ecalle [10] in 1981. Delabaere-Dilinger-Pham
[8] and Delabaere-Pham [9] studied the Stokes automorphisms and alien derivatives
for WKB solutions of Schrédinger equations with polynomial potentials from the
viewpoint of Ecalle’s resurgent function theory. In these articles, Stokes automor-
phisms are described by using the intersection numbers of degenerate Stokes curves
and integration paths for Voros coefficients. In this paper we apply these results to
the Gauss hypergeometric differential equation with large parameters. We also refer
to the works of Sauzin [15,16], where the relation between the Stokes automorphisms
and the alien derivatives is clarified.

Parametric Stokes phenomena for second order linear ordinary differential equa-
tions with irregular singular points are studied in several papers: Takei [17] studied
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then for the Weber equation, Koike and Takei [14] for the Whittaker equation, and
Aoki, Iwaki and Takahashi [1] for the Bessel equation. In these works, parametric
Stokes phenomena are studied by analyzing the degeneration of Stokes curves and
then calculating alien derivatives. In general, a Stokes curve emanates from a turning
point and flows into a turning point or a singular point. A Stokes curve is said to be
degenerate if it flows into a turning point. Then there are two types of degenerate
Stokes curves. A degenerate Stokes curve which emanates from a turning point and
flows into another turning point is called of Weber type, and one which flows into the
same turning point is called of loop type. In [17] and [14], Stokes curves of Weber
type are considered, and in [1] one of loop type is considered. Note that, in [8,9,15]
and [16], the authors treat only the case of Weber type.

The Gauss hypergeometric differential equation has three parameters, and then
there appears two types of degenerate Stokes curves. In our previous works [6] and [19],
we considered degenerate Stokes curves of Weber type, and obtained the parametric
Stokes phenomena by using the Borel sums of the Voros coefficients. In the present
paper, first we consider the same cases as in our previous works, and obtain the
parametric Stokes phenomena in another way — namely by using alien derivatives.
Next we consider the case in which degenerate Stokes curves of loop type appear. Also
in this case, we obtain the parametric Stokes phenomena by using alien derivatives.

In Section 2, we introduce the Gauss hypergeometric differential equation with
large parameters. Then we review the definition of the Voros coeflicients for this equa-
tion, and give their Borel transforms. The parametric Stokes phenomena are described
in Section 3. First we divide the space of the parameters into several subregions such
that the parametric Stokes phenomena occurs at the boundaries. Then we compute
the alien derivatives to obtain the parametric Stokes phenomena. The main results
are given in Theorems 3.2, 3.5, 3.7, 3.9 and 3.10.

2. VOROS COEFFICIENTS AND BOREL TRANSFORMS OF THEM

We consider the following Schréodinger-type equation:
2

d
(- = +n*Q@)¥ =0 (2.1)
with a large parameter > 0. Here we set Q(z) = Qo(z) + n72Q1(z) with
(o — B)%2® + 2(208 — oy — By)z + 7

Qolw) = 4a2(x — 1)
and ) )
rt—x+
N =g e

where «, 8, v are complex parameters. Equation (2.1) is obtained from the Gauss
hypergeometric differential equation:

2

d d
m(l—x)d—;;}—l—(c—(a—l—b—&— 1)x)£—abw:0.
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We put
L
a= -+«
D) 7,
1
b= -
2+ﬂ77,
c=1+m

and eliminate the first-order term by taking
P = 2 (1HM) (1 — g)z(AHatB=mn)y,
as unknown function. Then we have (2.1). In this paper, we call (2.1) the Gauss

hypergeometric differential equation with large parameter 7. By definition, WKB
solutions of (2.1) are the following formal solutions:

1 T
i = exp (i / Soad d:c>,
Sodd
Zo

where z¢ is a fixed point and S,qq denotes the odd-order part in 7 of the formal
solution S(x) = 3°;° | 715, of the Riccati equation

dsS
i + 8% =n*Q(x)

associated with (2.1). (See also [12, §2] for the notation and terminologies.) Eq. (2.1)
has regular singular points by = 0, b = 1 and by = co. A turning point a of (2.1) is,
by definition, a simple zero of Qg (cf. [12, §2]).

We define a Stokes curve emanating from a by

Im/x\/@dxzo.

A Stokes curve flows into a singular point or a turning point (cf. [12, §2]). If turning
points are connected by a Stokes curve, the Stokes geometry of (2.1) is said to be
degenerate. Let £ (j =0,1,2) be the sets defined by the following:

Eo = {(0,8,7) € C* | afiy(a = B)(a = 7)(B = )(a+ 5 —7) =0},
E]- = {(O[MBaV) € (C3 | Rea - RGB : Re(fy - Oé) . Re(,y - 6) = 0}7
Ey = {(a,8,7) € C* | Re(a — B) - Re(+ § — ) - Rey = 0}.
Stokes graph of (2.1) is, by definition, a two-color sphere graph that consists of all

Stokes curves as edges, {ao, a1} as vertices of the first color and {bg, b1, b2} as vertices
of the second color (cf. [3] and [12, §3.2]).
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Theorem 2.1 ([19, Theorem 3.1]). We assume that (a, 8,7) is not contained in Ey.
(i) If two distinct turning points ag and ay are connected by a Stokes curve, then
(o, B,7) belongs to Ey. Conversely, if (a, 8,7) is contained in Ey — Es, the Stokes
geometry of (2.1) has a Stokes curve which connects two distinct turning points ag
and aq.

(ii) If a Stokes curve forms a closed curve with a single turning point as the base
point, then («, B,7) belongs to Ey. Conversely, if (a, 8,7) is contained in Ey — Ej,
the Stokes geometry of (2.1) has a Stokes curve which forms a closed path with a
turning point as the base point.

Let C; (j = 0,1,2) be a contour starting from the singular point b;, going around
a turning point in a counterclockwise direction and going back to b;. We may assume
that the other turning point and singular points are not included in Cj.

Definition 2.2 ([19]). Let V; (j = 0,1,2) be the formal power series in n~! defined
by the following integrals:

1
Vo =Vola, B,v;m) == = /(Sodd —nS_1)dz,

2
Co
1
Vi=Vi(a, f,vim) = 5 /(Sodd —nS_1)dx,
C1
1
Vo = Va(a, B,v;1m) = 3 /(Sodd —nS_1)dz.
Ca
Here the branch of S_1 = \/Qo(z) on C;(j = 0,1,2) is taken as follows: We take

a curve in C — {0,1} connecting the turning points as a branch cut and choose the
branch of S_;(z) so that at the starting point b;, we have

VQo ~ L at z = 0, (2.2)

2x
VQo ~ 0‘22;5__1)7 atz =1, (2.3)
VQo ~ 62;@ at x = oo. (2.4)

We call V; the Voros coefficients of (2.1) with respect to b; (b; = 0,1,2).

Let ¥4+ and d)g ) be the WKB solutions normalized at a turning point a (a = ag
or a = ay) and those normalized at the singular point b; (cf. [7]):

) T
7v/}:i: = exp :t/sodddx ’
dd

‘

(o]

x
x

; 1
v = N i/(Sodd *TIS—l)dl’iﬁ/a Sdz |,

bj
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respectively. For j = 0,1 and 2, Vj(a, 3,7;n) describe the discrepancy between WKB

solutions 4 and 7/’§g ), that is, we have ¢4 as

b = exp(FV;)eY). (2.5)

Since Soqq dor and 1nS_; dx have a simple pole at the singular points b; and residues
at b; coincide (see [12]| for the computation of residues of Soqq), these integrals are
well-defined for every homotopy class of the path of integration. Explicit forms of V;
are given in [5,6,19] (The choices of the branch of S_; on C; are slightly different in
those references.):

Theorem 2.3 ([5, Theorem 2.1]). The Voros coefficients V; have the following forms:

1< B.p' " . 1 1 1

n=2

. _ 1 Bnnl_n 1-n 1 1 1
Vi, B,vim) = §;m {(1 -2 <a”1+ Bn—1 a (y — )1

(7—16)"‘1) i (a+62—7)"‘1}’

Va(a, B,v3m) =

N | =

= B.p" . 1 1 1
S 02 (e e e

+(7—1ﬁ)"‘1> B w—Z)"—l}'

Here B,, are the Bernoulli numbers defined by

o0

te! _ Z &tn.
et —1 n!

n=0

We take the Borel transforms V; g(a, 8,7v;y) (j = 0,1,2) of V;, then we obtain
the following proposition (see [12, §2.1] for the definition of the Borel transform and
[19] for the computation of V; p):

Proposition 2.4 ([19]). The Borel transforms V; g(a, B,7;y) of the Voros coefficients
Vi have the following forms:

Vo,B(a, B,73y) = — i{gl(a;y) +01(B5y) +1(v —y) + g1(v = B59)} + 90(73 9),

Vis(a B 79) = 3 {-01(03) — 01(55) + 911 — asy) + (3 — By}
+g0(a+ 8 —=y),



808

Mika Tanda
1

Vz,B(a,B,v;y)=Z{—91(a;y)+gl(ﬂ;y)+gl(’v—a;y)—gl(v—ﬂ;y)}

—go(ﬂ—a;y)~

Here
go 7y*y expf—l 2 y )
1 1 2
a(t;y) =

+ =
expg—1 expz+1 gy

For a fixed t # 0, go(t;y) and g1(¢;y) are holomorphic at y = 0, and they have
simple poles at y = 2tmmi (m € Z — {0}) as functions of y. The residues of go(;y)
and ¢1(t;y) (j = 0,1) are given as follows

Res go(t;y) =

y=2tmmi

2mmi’

Res gu(tiy) = 0.

y=2tmms

3. PARAMETRIC STOKES PHENOMENA AND THE ALIEN DERIVATIVE
OF THE WKB SOLUTION

Let wy, (h =1,2,3,4) be the sets of the parameter («, 8,7) defined by

w1 = {(a,8,7) € C*| 0 < Rear < Rey < Ref3}

wa = {(a, B,7) € C* | 0 < Rear < Re3 < Rey < Rear + Ref3}
ws = {(a, B,7) € C* | 0 < Rey < Rea < Rep},
wy = {(a, 8,7)

€ C?| 0 < Rey < Rea + Ref3 < Ref},
and let ¢; (j = 0,1,2) be involutions in the space C* of parameters (a, 3,7) defined by
: ( B ’Y) (_O(, _/Ba_fy)a

( ) (’y_ﬁ7fy_a7’y)7
e, B,7) = (B,0,7).
Moreover, an open subset II;, (b =1,2,3,4) in C3 is defined by
Hh = U r(wh).

reG
Here G is the group generated by ¢; (j = 0,1,2). The union of IIj, covers most of C3

U

a, B,7) | Re aRe fReyx

Re(y — @)Re(y — f)Re(ar — B)Re(a + 5 — ) = 0}
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We note that the topological configuration of the Stokes graph is characterized by
its order sequence (ng, n1,n2). Here n; is the number of Stokes curves that flow into

b (j=0,1,2).
Theorem 3.1 (|4, Theorem 3.2]).

the Stokes graph with parameter

(1) If (()é,ﬁ7’7) € Hlv then
(2) If (a, B,7) € Iz, then
(3) If (o, B,7) € 1l3, then
(4) If (o, B,7) € Iy, then 1 =(1,1,4).

We introduce the following notations:

Let 7 = (ng,n1,n2) denote the order sequences of

> DD
|
NN
=N
= = N
i

iy =tite (o, B,7) = (v — oy = B,),

Lty =totz (o 5 v) = (=8 =)

15 =totr (o, B,7y) — (5 ;a0 —, =),

L6 =tot1te : (a, B,7) = (=, 5 ¥ =)
We denote ¢, (wr) by wpm (m=0,1,...,6; h=1,...,4).

3.1. ANALYSIS OF STOKES CURVES OF WEBER TYPE

We derive alien derivatives and parametric Stokes phenomena on the WKB solutions
for the hypergeometric differential equation with a large parameter for the Weber
type. Several formulas describing the parametric Stokes phenomena are proved in [6]
by using Borel sums of the WKB solutions. The same formulas can be derived from the
alien derivatives, and hence, in this section, we obtain another proof of the parametric
Stokes phenomena. The notion of alien derivatives was introduced by J. Ecall [10].
We refer the reader to [15, §2], and [16, p. 78, §28|, for the definition of the alien
derivative. We assume that arguments of a, 8, a — v, 8 —7v, v, a+ 5 —vand a — (3
are mutually distinct.

3.1.1. Analysis on the boundary between w; and ws

We discuss the case where (o, 8,7) is contained the boundary between w; and ws,
that is, Re(y — ) = 0. We assume that Im(S —+) is negative. In this case, we consider
the case where (o, 8,7) = (0.5,1—¢&i,1) € Fy. It follows from (i) of Theorem 2.1 that
we can take (a, 8,7) = (0.5,1 — éi, 1) € E; without loss of generality.

We consider the WKB solutions

1 xr
Vi) = —=——exp (i /Sodd dﬂ?)
Sodd

in a neighborhood of a; (k = 0,1). Here we take the straight line connecting ay, to =
as the path of integration. We expand the WKB solutions 94 j as

Vi = exp (Ny+ k(@ Z%[ n ;
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where

Y+ x(z) = :I:/\/@dx.

Let us show examples of Stokes curves of those two cases in Figures 3.1 and 3.3 and
a degenerate case, namely, one case of the Weber type in Figure 3.2 (cf. [6] and [19]).
Here € > 0 and € > 0 are sufficiently small. Here open circles and closed circles are
the singular points and turning points, respectively. We place the cut as shown by
the wavy lines in Figure 3.h (h = 1,3). In this case, we use the branch of S_; = /Qo
at 0, i.e. we take the branch of S_; as (2.2). Hence, ¢_ is dominant (cf. [6] for the
computation). Let R, R, RLh and Rgh (h = 1,2) denote regions surrounded by
the Stokes curves as shown in Figures 3.1, 3.2 and 3.3.

aq
Q o,
ag
RII RH
w1
Fig. 3.1. («,5,7) Fig. 3.2. (0.5,1 —é&i,1) Fig. 3.3. (0.5,1 — e — &i,1)
=(0.5,1+€—¢€,1) in wy in wa

The WKB solutions 94 r(k = 0,1) (resp. 1/’$ )) are Borel summable in R! (resp.
RI). (See [12] and [13] for the notation and terminologies.) Let us denote the Borel
transform of z/Jf) by w(o)’l (resp. by wf’)jgn). It follows from a result given in [13] that

+,B
the Borel transform wf)él (resp. 77/15?7)]’;1) is free from singularities on the half line

{yeC;y=—/\/@dﬂc+p;p>0}- (3.1)

Moreover, the Borel transform Vj g(a, 58,7; y) of V, is holomorphic at y = 0 and it has
simple poles at y = 2m(y — )i for every non-zero integer m € Z — {0}. Therefore,
the Borel transform of ¢4 ; has singularities at

y = —y+(x)+2m(8 — v)mi

when Re(y — ) = 0 (m € Z). The following description of the alien derivative of
the WKB solutions in the formal model is due to [1] (for the definition of the alien
derivative of the WKB solutions in the convolution model) and [17]:

Apyp =B og (LT1L4) By . (3.2)
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Here B and L, (resp. £_) is the Borel transformation and the Laplace transforma-
tion along a path which avoids the singular points from above (resp. from below),
respectively. We decompose (3.2) as follows:

A'l/}Jr,k = Z Ay:—y+,k+2m([3—'y)ﬂiw+,k

m=1

with

— m m p+!p—! m—
Ay:*y+,k+2m(677)ﬂiw+:k =B (ti - t(— )) L m! tgmfll) o 'tEP By, .,

where t(f) (resp. t(f)) denotes the operator of analytic continuation which does not
pass the n-th singular point y = —y4 1 + 2n(8 — y)7mi from above (resp. below) and
p+ (resp. p_) is the number of times and €, = + (resp. ¢, = —) for 1 <n <m — 1.

Let us consider the alien derivatives Ay o and A, ;. Since the Borel transform
Vo, of Vy is a single-valued analytic function with the simple pole at y = 2m(8—~)mi,
we have

Ay:2mw7v)ﬂi (_VO)

_1 p+!p-! . m—1 1
=F [ Z Smgy:*yﬁ—,l«+2m(5*“/)7”’t£m—1 b tgl) (_VO’B)

m!
ep==%

=B [2m’ Res -
y:2m(,6’77)7”'( 0.5)
(~ym+

2m

(cf. [17]). Hence, the chain rule in the alien calculus leads to

(71)m+1

Ay:2m(B—'y)ﬂ'i(exp(f‘/O)) = €Xp (7‘/0) (33)

Since the Borel transform 1/)53),’31 (resp. ¢(+0’)j31 I) is free from singularities on (3.1), we
obtain '

A (exp(—yr alenp) =0, (3.4)

where k = 0 (resp. 1). Combining (2.5), (3.3) and (3.4), we have

Ay:2m(ﬁ7'y)7ri (eXp<_y+7O (33)77)1/)+,0)
= Ay:Qm(ﬁ—’y)wi (eXp(_y+,0 (x)ﬁ) EXP(—Vo(a, 67 Vs 77)) -(l?)>

_ % (exp(=y+.0(2)m) exp(=Vo(a, 8,7 m)v" )
(-1

= (exp(—=y+,0(x)n)Y40)
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and

(-1

——— (@xp(=yya(@)n)s 1)

Ay:Qm(ﬁ—'y)wi (eXP(—y+,1($)n)¢+,1) = 2

Similarly, we can compute the alien derivatives A, —_, , (z)1om(g—r)mi¥—k Of
¥_ x(z,n). Hence, we obtain the following theorem.

Theorem 3.2. Let ¢+ (z,n) denote the WKB solutions of (2.1) normalized at the
turning point ai (k = 0,1). Let us consider the case where («, 3,7) is contained
within the boundary between wi and wo. The Borel transforms of ¥4 y(x,n) have fized
singular points at

y = —y+rx()+2m(B—v)ri, meLZL

Furthermore, the alien derivatives Ay—_y ., (@)+2m(8—y)xi¥+.k of Y+ x(z,1) (k= 0,1)
satisfies the following relations:

-1 m—+1 )
(By=—ys o(@)+2m(8—y)mi¥+,0) B(T, Y) = i(Twi,o,B(xa y —2m(B — y)mi) (3.5)

for z in R' and

(_1)m+1

om Vi@, y —2m(B —y)mi) (3.6)

(Dyeys s @) +2m(B-ymi¥s.1) B(2,Y) = &

for x in R™.

Next we describe the actions of Stokes automorphisms on the WKB solutions. The
WKB solutions 4 o (resp. ¢4 1) are Borel summable in R, and R, (resp. R, and
RL) (cf. [12] and [13] for the notation and terminologies). Let us denote the Borel
sums of ¢4 o (resp. 141) by ¢, and §L, (resp. by ¢ and ¢L.). In this case, the
Stokes automorphism on the WKB solutions is defined by

oo

G4 = exp [ Z Dy —ys (@) +2m(B—m)mi | P+ k-

m=1

Here & denote the Stokes automorphism associated with the change to w; from wy
(cf. [8,9,14]). Using Theorem 3.2 and the discussion given in [14,17], we have the
following theorem:

Theorem 3.3. When (o, 8,7) moves wy to we and Im(B — ) is negative, the Stokes
automorphisms Sy i, on the WKB solutions 1, (k=0,1):

Gha o = (1 + exp(2mi(y — B)n)) " 2a 0 (3.7)
for x in RL, and RL,, and
Gy = (1 +exp(2mi(y — B)n)) " 2¢pa (3.8)

for x in Rgl and RLE.
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Proof. We obtain

Ay =Y Dymy, p@)r2m(B-ymi¥rk
m=1

B7UA Y=y @) +2m(p—)mith+ k8]

M

m=1
00 _1\ym+1
=2 %B‘l[w+7k,3<w’y = 2m(B = )mi)]
:1
(_1 m—+1

exp (—2m(B — vy)mi)h4

3
l‘

Il
= o= 3
[~]¢

5 log(L + exp (=2(8 — 7)m)) P+,
where B denotes the Borel transform. Then we have

AL
St = (1 +exp (=2(8 — 7)) 2 Yy -
Similarly, we can compute &1_ ;. Hence, we have Theorem 3.3. O

By taking the Borel sums of (3.7) and (3.8), we get the parametric Stokes phe-
nomena of the WKB solutions:

Theorem 3.4. (cf. [6, Theorem 4.4, [19, Thorem 6.3]) Between the Borel sums i},
and 1/JL2 of the WKB solution 14 1 the following relation holds:

qul = (1 + exp(2mi(y — B)n))%wiQ-

Between the Borel sums w}jl and wLIQ of the WKB solution 1 1 the following relation
holds: )
= (L exp(2mi(y = B)n)) 4y,

Hence, we can give the another proof of the parametric Stokes phenomena from
the viewpoint of alien calculus.

3.1.2. Analysis on the boundary between w; and ws

We consider the case where (o, 3,7) is contained within the boundary w; and ws, i.e.,
Re(y — ) = 0. Similarly, we can describe parametric Stokes phenomena in terms of
alien derivatives Ayy o and Aty ;. We assume that Im(a — ) is positive. In this
case, we consider the case where (o, 8,7) = (1 + €i,2,1) € Ey. It follows from (i)
of Theorem 2.1 that we can take («, 3,v) = (1 + éi,2,1) without loss of generality.
Let us show an example of Stokes curves of those two cases in Figures 3.4 and 3.6
and a degenerate case, that is, this case is one of the Weber type in Figure 3.5. We
place the cut as shown by the wavy lines in Figure 3.h (h = 4,6). In this case, we
use the branch of S_; = +/Qq at 1, i.e. we take the branch of S_; as (2.3). Then v _
is dominant (cf. [6] for the computation). Let us denote regions surrounded by the
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Stokes curves as shown in Figures 3.4, 3.5 and 3.6 by R!, R", Rl | REU! (h=1,3).

Wwh?
The WKB solutions 14 ¢ (resp. ¥+ 1) and ¢$ ) are Borel summable in R! (resp. RUT)
(cf. [13]).

aO O o]
ay
111 111
R R,
Fig. 3.4. (o, 8,7) Fig. 3.5. (1+€1,2,1) Fig. 3.6. (14¢+¢€i,2,1) inws

=(1—-€e+¢i,2,1) in wy
1

We denote the Borel transform of ’(/JSE) by z/Ji

1/)5_1)1_231 (resp. ws_l)ém) is free from singularities on (3.1). Moreover, the Borel transform

Vi.B(a, B,7;y) is holomorphic at y = 0 and it has simple poles at y = 2m(y — a)mi

))1:3,1 and w(j’)]; " The Borel transform

for every non-zero integer m € Z — {0}. Therefore, the Borel transform wi)g (resp.
w(j’)j; II) has singularities at
Y= —ys.k(2) +2m(y — a)mi

when Re(y — «) = 0 (m € Z). The following description of the alien derivative is due
to [17]: We consider the alien derivatives Ay o and At 1. Since the Borel transform
Vi, of V} is a single-valued analytic function with the simple pole at y = 2m/(y—a)mi,
we obtain

(_1)m+1
Ay:2m(’y—on)ﬂ'i(_Vvl) = W
Hence, the chain rule in alien calculus leads to
71)m+1
Ay:27n(’y—o¢)7ri(exp(f‘/l)) = T exp(ivl)' (39)

Since the Borel transform 1/15_17)15 (resp. wﬁ})’gl) is free from singularities on (3.1), we
obtain

A (exp(—yr w(@me) =0 (3.10)
(k =0 (resp. 1)). Combining (2.5), (3.9) and (3.10), we have
1 m—+1
Bt-armi (w0 0) = L (exp(-y o))
and
(_1 m—+1

Ay:2m(”/fa)7ri (GXP(—Z/+,1($)77)¢+71) = (eXP(—y+71(33)77)1/)+,1) .

2m
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Similarly, we can compute the alien derivatives A,—_, () rom(y—a)ri¥—k Of
¥_ x(z,n). Then we have the following theorem:

Theorem 3.5. Let 1y (z,n) denote the WKB solutions of (2.1) normalized at the
turning point ai (k = 0,1). Let us consider the case where («, 8,7) is contained
within the boundary between wi and ws. The Borel transforms of ¥4 y(x,n) have fized
singular points at

y = —yrr(z)+2m(y —a)mi, meZ.

Furthermore, the alien derivatives Ay—_y, | (&)12m(y—a)mi¥+.k of Y+ k(z,n) (k= 0,1)
satisfy the following relations:

-1 m—+1 )
(Dy=—yi o(@)+2m(y—a)mi¥+,0)B(T,Y) = i(Tilﬁi,o,B(w,y—?m(’Y—@)m) (3.11)
for z in R' and
71 m—+1 )
(Ay:—yiJ(x)+2m(v—a)7riw+,l)3(xvy) = i(Twi,l,B(x7y72m(’yfa)7m) (312)

for x in R

Next we study the actions of Stokes automorphisms on the WKB solutions. The
WKB solutions )+ o (resp. ¢4+,1) are Borel summable in R, and R, (resp. Rl and
RED) (cf. [12] and [13] for the notation and terminologies). In this case, the Stokes
automorphism on the WKB solutions is defined by

6¢ﬂ:,k = exp [ Z Ay_—y:t k() +2m(y—a)mi dH: ks

m=1

where & denote the Stokes automorphism associated with the change to w; from wg
(cf. [8,9,14]). We use Theorem 3.5 and the discussion given in [14,17]. Then we have
the following theorem:

Theorem 3.6. When (a, 5,7) moves wy to ws and Im(a — ) is positive, the Stokes
automorphisms Sy i on the WKB solutions 4 (k= 0,1):

Sva o = (1 + exp(2mi(a — 7)1)) 29+ 0 (3.13)

for x in R, and R, and

w3’

Sthar = (1+ exp(2mi(a = 7)) s (3.14)
Jor x in ROY and RYL.

Similarly, by taking the Borel sum of (3.13) and (3.14), we can get the parametric
Stokes phenomena of the WKB solutions. Then we can give another proof of the
parametric Stokes phenomena from view point of alien calculus.



816 Mika Tanda

3.1.3. Analysis on the boundary between w; and w4

We consider the case where (a, 8,7) belong to the boundary between wjand wy, i.e.,
Rea = 0. We assume that Ima is negative. In this case, we discuss the case where
(o, B,7) = (—€i,2,1) € E;. It follows from (i) of Theorem 2.1 that we can take
(o, B,7) = (—€i,2,1) without loss of generality. Let us show an example of Stokes
curves of those two cases in Figures 3.7 and 3.9 and a degenerate case, namely, one
of the Weber type in Figure 3.8. We place the cut as shown by the wavy lines in
Figure 3.h (h = 7,9). We use the branch of S_; = /Qg at oo, i.e. we take the
branch of S_; as (2.4). Then ¢4 is dominant (cf. [6] for the computation). We denote
regions surrounded by the Stokes curves as shown in Figures 3.7, 3.8 and 3.9 by R,

R RIS RIL (h=1,4). The WKB solutions 4 o (resp. ¢+1) and wf) are Borel

Wh?

summable in R (resp. RM (cf. [13]).

I 11T
R, R
a
%—<&-L 0 1
aj
ag a0 L —0
Fig. 3.7. (o, 3,7) Fig. 3.8. (—¢i,2,1) Fig. 3.9. (—e—¢,2,1) in wa

= (e—¢€,2,1) in wr

We denote the Borel transform of z/}f) by w(z) M and 1/)(2) M The Borel transform
(/2 2) ! (res w(2 HI) is free from singularities on (3.1). Moreover, the Borel transform
V27 B( , B, ’y y) is holomorphic at y = 0 and it has simple poles at y = 2mami for every
non-zero integer m € Z — {0}. Therefore, the Borel transform ’(/Jf’)f; (resp. 9} @), III) of
14 1 has singularities at

y = —y+k(2) + 2marmi

when Rea = 0 (m € Z). The following description of the alien derivative is due to
[17]): We consider the alien derivatives Ay o and A, ;1 in the case where («, 3,7)
moves from w; to wys. Since the Borel transform Va g of V5 is a single-valued analytic
function with simple pole at y = 2mami, we obtain

(=)™
2m

Ay:2mo¢7ri (_‘/2) —
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(cf. [17]). Hence, the chain rule in alien calculus leads to

(=™
2m

Ny—omari(exp(=V2)) = exp(—V4). (3.15)
Since the Borel transforms w( ) ! and v, 2) HI (resp. 1/)&2)3 and ww B ) are free from
singularities on (3.1), we have

A (exp(—yra@mu?) =0 (3.16)
(k=0 (resp. 1)). Combining (2.5), (3.15) and (3.16), we have

(_1)m

o (exp(=y+,0(®)n)Y+.0)

Ay:27nac71'i (exp(_y+,0 (x)n)er,O) =

and
_1)ym

Gy (exp(=y+,1 ()M Y41) -

In a similar way, we can compute the alien derivative A,—_ | () 12mari¥—k Of
¥_ x(z,n). Then we have the following theorem:

Theorem 3.7. Let 1y (z,n) denote the WKB solutions of (2.1) normalized at the
turning point a, (k = 0,1). Let us consider the case where (o, 8,7) is contained within
the boundary between wy and wy. The Borel transforms of ¥4 k(x,n) have the fived
singular points at

Ay:Qmaﬂi (GXp(—er’l (m)n)wﬂ:,l) =

y = —y+ i(z) + 2mani, meZ.

Furthermore, the alien derivatives Ny—_y, | (o)+2mari¥+k of Y+ x(x,n) (k = 0,1)
satisfy the following relations:

(1

(Ayzfyiyo(a:)%»Zmom'iwi,O)B(mv y) =4 om '(/)j:,O,B(xv Yy— 2mOZ7Ti) (317)
for z in RY and
(Ay:—yi,l(w)-‘eraﬂ'id}i,l)B(Iv y) = :t( 2’12 ¢i,1,3($7 Yy — Qmomz) (318)

for z in RML

Next we discuss the actions of Stokes automorphisms on the WKB solutions. The
WKB solutions 14 ¢ (resp. ¥+ 1) are Borel summable in RLII and RH (resp. RB} and

RID) (cf. [12] and [13] for the notation and terminologies). In this case, the Stokes
automorphism on the WKB solutions is defined by

Swi,k = exp |: Z Ayzfyiﬁk(:v)+2m('yfo¢)ﬂ'i ’(/}+,k:a

m=1

where & denote the Stokes automorphism associated with the change to wy from wy
(cf. [8,9,14]). Using Theorem 3.5 and the discussion given in [14,17], we have the
following theorem.
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Theorem 3.8. When (a, 8,7) moves wy to wy and Ima is negative, the Stokes au-
tomorphisms Gy i, on the WKB solutions i+ i, (k=0,1):

Stbs0 = (1 + exp(—2mian))? s o (3.19)

L Il 11
Jorx in R, and R, , and

Gt = (1+ exp(—2mion)) 21 1 (3.20)
for x in R and R

Similarly, by taking the Borel sum of (3.19) and (3.20), we can get the parametric
Stokes phenomena of the WKB solutions. Then we can give another proof of the
parametric Stokes phenomena from the view point of alien calculus.

Next we discuss alien derivatives when (¢, 5,~) belongs to E; and Stokes auto-
morphisms between wi, and wp,(h =2,3,4;m =0,...,6). Since the potential @ is
invariant under involution ¢,,, the Stokes geometry for («, 8,7) € thm is the same as
that for (o, 8,7) € tp. Applying ¢, to the relations (3.5), (3.6), (3.11), (3.12), (3.17)
and (3.18), we have the formulas of the alien derivatives. Similarly, we give the Stokes
automorphisms between w1, and wp.m,.

3.2. ANALYSIS OF STOKES CURVES OF LOOP TYPE

We give the computations of the alien derivatives for a loop-type. In [1] and [11],
they will give a concrete form of the alien derivative of the WKB solutions of the
general linear second-order differential equation with a large parameter. In this pa-
per, we consider the alien derivatives of the WKB solutions for the Gauss hyperge-
ometre differential equations of the loop-type. We consider the case where (v, 8, 7)is
contained within the boundary between wy and wyi, ie., Re(a+8—7v) = 0. We
assume that Im(a+ 8 — ) is positive. In this case, we consider the case where
(o, B,7) = (—0.5,1.5 + €i,1) € Es. If Re(a + 8 — ) = 0, the Stokes geometry has
a Stokes which is a loop around 1. Hence, we can take (a, 8,7) = (—0.5,1.5 + €i, 1)
without loss of generality. Let us show an example of Stokes curves of a derivative
case, namely, the loop-type in Figure 3.10.

ap a

Fig. 3.10. (a,,7) = (—0.5,1.5+ &, 1)
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In this case, a Stokes curve forms a closed curve with 1 in Figure 3.10. We place
the cut as shown by the wavy lines in Figure 3.10. We use the branch of S_; = v/Qq
at 1, i.e. we take the branch of S_; as (2.3). Hence ¢_ is dominant (cf. [6] for the
computation). We denote a region surrounded by the Stokes curve which forms a

closed curve with 0 by R'Y. The WKB solutions Y+, and wg ) are Borel summable
in RV (cf. [1,11,13]). We denote the Borel transforms of 1, ; and 1/)53) by ¢I+YB and
(1),IvV .
P YB respectively.
The Borel transform w_(i_{)éw is free from singularities on (3.1) (cf. [13]) Moreover,
the Borel transform V; p(o, 8, 7;y) is holomorphic at ¥ = 0 and it has simple poles

at y = 2m(a+ 8 — v)wi for every non-zero integer m € Z — {0}. Therefore, the Borel
transforms of 14 ; has singularities at

Y= —Yi k(®) +2m(a+ B —y)mi

when Re(a + 8 —7) = 0 (m € Z). The following description of the alien derivative
of the loop-type is due to [1]. Since the Borel transform Vi g of V; is a single-valued
analytic function with the simple pole at y = 2m(a + 8 — )i, we have

1
Ay:Qm((x—i—B—'y)ﬂ'i(_VVI) = a

(cf. [17]). Hence, the chain rule in the alien calculus leads to

1
Ay:Qm(a-{-ﬁ—’y)Tri(eXp(*Vvl)) = E eXp(fvvl)' (321)

For the Borel transform 1/)5_17)]’31\/ is free from singularities on (3.1), we have

A (exp(—yra@mul) =o. (3.22)

Combining (2.5), (3.21) and (3.22), we have

exp(—y+,0(2)n)Y+.0) - (3.23)

Similarly, we can compute the alien derivative A,__, | ()42m(ats—r)ri¥—k Of
¥_ i (z,n). Then we have the following theorem:

Theorem 3.9. Let ¢+ 1(x,n) denote the WKB solutions of (2.1) normalized at the
turning point ay. Let us consider the case where (o, 8,7) is contained within the
boundary between wy and wai. The Borel transforms of ¥4 1(x,n) have fized singular
points at

Ay:2m(a+ﬁw)m‘ (exp(=y+,0(®)M)Y4,0) = m (

y=—yr1(x)+2m(a+ B —v)ri, meZ.

Furthermore, the alien derivatives Ny—_y, | (z)+2m(at+p—r)mil+.1 of Y+ 1(z, n) satisfy
the following relations:

1 .
(Ayzfyiyl(m)+2m(a+57'y)wiwi,1)3(ma y) = i%wi,l,B(l‘a y— Qm(a + ﬂ - ’7)7.”)

for z in RV.
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Using the alien derivatives on the WKB solutions, we compute the action of a
Stokes automorphisms on the WKB solutions 1+ of the loop-type. We discuss the
case where (a, 8, 7) moves wy to wy;. We show examples which are enlarged near the
singular point 1 of Stokes curves of those two cases in Figures 3.11 and 3.12. Let us
denote regions surrounded by the Stokes curves as shown in Figures 3.11 and 3.12 by

R({X and RL\L? respectively.

v v
RUJ4 RUJ41
aj
ay

Fig. 3.11. (a,,7)=(—0.4+¢ 1.5+¢,1)cws Fig. 3.12. (—0.6 —¢,1.5+ ¢, 1) € way

By the definition of the alien derivatives Ay 1, we have

o0

61/&71 = exp [ Z Ayzfyiyl(:v)+2m(a+ﬁf~/)7ri '(ljj:}lv

m=1

Here & denote Stokes automorphism associated with the change to wy from wgy
(cf. [8,9,14]).

Theorem 3.10. When («, 8,7) moves wy to wyr and Im(a + 5 — ) is positive, the
Stokes automorphisms G4 1 of the WKB solutions 14 1:

Sy11 = (1+exp(=2(a+f —)mi))P+1. (3.24)
Proof. By the definition of the alien derivatives and the Stokes automorphism, we

have

[
Aw-hl = Z Ayznyr,l(:v)+2m(o¢+,37')/)71'75'(/}-ﬁ-,l

m=1

oo
= Z B! [AyznyF,l(a:)+2m(a+ﬁ7'y)7riw+,1,B]
1

m

LB 50y — 2m{a+ )]

M

m=1
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Z  exp (~2mla -~ 7))

m=1
og(1 — exp (~2(ar+ § — 7)7) e
Similarly, we can compute Ay_ ;. Hence, we have (3.24). O

Finally, we discuss alien derivatives and Stokes automorphisms when («, 57) be-
longs to Ey and moves from wy, to wpm(h =1,2,3,4;m =0,1,...,6), respectively. If
(a, B) is contained Rey = 0 (resp. Re(aw — ) = 0), a Stokes geometry has a loop
around 0 (resp. c0). We can compute them in a similar manner as the computation
of Theorem 3.9 and 3.10 and we have the following theorems:

Theorem 3.11. Let 11 o(x,n) denote the WKB solutions of (2.1) normalized at the
turning point ap(k = 0,1). Let us consider the case where («, 3,7) is contained within
the boundary between wy, and wpym (h=1,2,3,4;m =0,1,...,6) and Rey = 0. The
Borel transforms of ¥+ o(x,n) have the fized singular points at

y = —ys+ x(z) + 2mymi, m € Z.
Furthermore, the alien derivatives Ny—_y, | (z)42myri+k Of Y+ x(z,n) satisfy the
following relations:
1 .
(Ay:—yi,k(m)+2m’y‘n’iwi,k)3(Ia y) = i%wi,k,B(I7 y—- 2m’yﬂ-l)

for x inside of the loop. Let us consider the case where (a, 8,7) is contained within

the boundary between wy, and wpy, (h=1,2,3,4;m =0,1,...,6) and Re(8 —«a) = 0.

The Borel transforms of ¥4 x(x,n) have fized singular points at
y=—y+i(z)+2m(B —a)mi, meZ.

Furthermore, the alien derivatives /Ny—_,,  (@)+2m(3—a)ri¥+,k Of Y+ 1(x,n) satisfy
the following relations:

1 .
(Ay:—yi,k(w)+2m(5—o¢)ﬂ'i¢:ﬁ:,k)B(I7 y) = :FE"/):I:JC,B(Ia Y- 2m’)/7rz)

for x inside of the loop.

Theorem 3.12. When («, 3,7) moves wy, to wpm(h=1,2,3,4,m =0,1,...,6) and
Rey = 0, the Stokes automorphisms Sy . of the WKB solutions {4 j:

Sy = (1 + exp (—2y71)) Y+ k.
When (a, 8,7) moves wp, to wpm(h = 1,2,3,4;m = 0,1,...,6) and Re(8 — a) = 0,
the Stokes automorphisms S j, of the WKB solutions 14 j:

St = —(1+exp (—2(8 — a)7i)) P+ k.
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