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Abstract 
 

The climate-weather change process for the critical infrastructure operating area is considered and its states are 

introduced. The semi-Markov process is used to construct a general probabilistic model of the climate-weather 

change process for the critical infrastructure operating area. To build this model the vector of probabilities of 

the climate-weather change process staying at the initials climate-weather states, the matrix of probabilities of 

the climate-weather change process transitions between the climate-weather states, the matrix of conditional 

distribution functions and the matrix of conditional density functions of the climate-weather change process 

conditional sojourn times at the climate-weather states are defined. To describe the climate-weather change 

process conditional sojourn times at the particular climate-weather states the uniform distribution, the triangular 

distribution, the double trapezium distribution, the quasi-trapezium distribution, the exponential distribution, 

the Weibull distribution, the chimney distribution and the Gamma distribution are suggested and introduced. 

 

1. Introduction 
 

The climate-weather change processes for the real 

critical infrastructures operating areas are very 

complex and it is difficult to analyse these 

infrastructures’ safety additionally with respect to 

changing in time their operation conditions that often 

are essential in this analysis. The complexity of the 

climate-weather change processes and their influence 

on changing in time their operation processes and 

their components’ safety parameters is often difficult 

to fix. Usually, the climate-weather change processes 

have either an explicit or an implicit strong influence 

on the critical infrastructures safety. As a rule, some 

of the extreme weather events define a set of 

different climate-weather states of the critical 

infrastructures in which the systems change their 

operation processes and their components safety 

parameters. A convenient tool for analysing this 

problem is semi-Markov modelling [7]-[10], [13]-

[15], [19] of the climate-weather change processes 

proposed in this paper. 

 

 

 

2. States of climate-weather change process 

To define the climate-weather states in the fixed 

area, we distinguish a, a ϵ N, parameters that 

describe the climate-weather states in this area and 

mark the values they can take by w1, w2,..., wa. 

Further, we assume that the possible values of the i-

th parameter wi, i = 1,2,…, a, can belong to the 

interval < bi, di), i = 1,2,…, a. We divide each of the 

intervals < bi, di), 
i = 1,2,…, a, into ni, ni ϵ N, disjoint 

subintervals 
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Thus, the vector (w1, w2,..., wa) describing the 

climate-weather states can take values from the set of 

the a dimensional space points of the Descartes 

product 

 

   

 

that is composed of the a dimensional space domains 

of the form 

 

     

 

where ji = 1,2,… ni, i = 1,2,…, a. 

The domains of the above form are called the 

climate-weather states of the climate-weather change 

process and numerated from 1 up to the value 

and mark by c1, c2,…, cw. 

The interpretation of the states of the climate-

weather change process in the case a = 2 is given in 

Figure 1. In this case, we have climate-

weather states of the climate-weather change process 

represented in Figure 1 by the squares marked by c1, 

c2,…, cw. 
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Figure 1. Interpretation of the two dimensional climate-weather states of the climate-weather change process 

 

3. Semi-Markov model of climate-weather 

change process 

To model the climate-weather change process for the 

critical infrastructure operating area we assume that 

the climate-weather in this area is taking w, w ϵ N, 

different climate-weather states c1, c2,…, cw. Further, 

we define the climate-weather change process C(t),  

),,0 t with discrete operation states from the 

set {c1, c2,…, cw}. Assuming that the climate-weather 

change process C(t) is a semi-Markov process it can 

be described by: 

– the number of climate-weather states w, w ϵ N, 

– the vector 

 

   [qb(0)]1Xw = [q1(0), q2(0),…, qw(0)]   (3.1) 

 

of the initial probabilities 

 

   qb(0) = P(C(0) = cb), b = 1,2,…, w, 

 

of the climate-weather change process C(t) staying at 

particular climate-weather states cb at the moment 

t = 0; 

 

– the matrix 

 

    

 

of the probabilities of transitions qbl, b, l = 1,2,…, w, 

,lb  of the climate-weather change process C(t) 

from the climate-weather states cb to cl, where by 

formal agreement 

 

   qbb = 0 for b = 1,2,…, w; 

 

– the matrix 
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   (3.3) 

 

of the conditional distribution functions 

 

   Cbl(t) = P(Cbl < t), b, l = 1,2,…, w, 

 

of the conditional sojourn times Cbl at the climate-

weather states cb 
when its next climate-weather state 

is cl, 
b, l = 1,2,…, w, ,lb  where by formal 

agreement 

 

   Cbb(t) = 0 for b = 1,2,…, w. 

 

Further, we introduce the matrix 

 

    

 

of the conditional density functions of the climate-

weather change process C(t) conditional sojourn 

times Cbl 
at the climate-weather states corresponding 

to the conditional distribution functions Cbl(t), where 

 

    for b, l = 1,2,…, w, ,lb   

 

and by formal agreement 

 

   cbb(t) = 0 for b = 1,2,…, w. 

 

4. Conditional sojourn times at climate-

weather states  

We assume that the suitable and typical distributions 

suitable to describe the climate-weather change 

process C(t) conditional sojourn times Cbl, b, l = 

1,2,…, w, ,lb  at the particular climate-weather 

states are [15]: 

– the uniform distribution with a density function  

 

   

 
 

where  

 

– the triangular distribution with a density function 

 

    

 

where  

 

– the double trapezium distribution with a density 

function 

 

    

 

where  

  

 

– the quasi-trapezium distribution with a density 

function 
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– the exponential distribution with a density function 

 

    

 

where  

 

    

 

– the Weibull distribution with a density function 

 

     

                                                                                        

 

where 

 

   
  

 

– the chimney distribution with a density function 

 

    

 

where 

 

      

     

 

– the Gamma distribution with a density function 

 

    

    (4.8) 
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5. Extreme weather hazard states of climate-

weather change process 

To define the climate-weather states in the fixed 

area, we distinguished a, a ϵ N, parameters that 

describe them were distinguished. The values the 

parameters can take were marked by w1, w2,..., wa. 

Further, it was assumed that the possible values of 

the i-th parameter wi, i = 1,2,…, a, can belong to the 

interval < bi, di), i = 1,2,…, a. Each of the intervals  

< bi, di), 
i = 1,2,…, a, were divided ni, ni ϵ N, disjoint 

subintervals 
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These intervals can be called the weather parameter 

wi, i = 1,2,…, a, states. Some of those states of the 

weather parameters can change the critical 

infrastructure operation process and they also can 

have dengerous influence on the critical 

infrastructure safety.  

Thus, each of the states of the weather parameter wi, 

i = 1,2,…, a, that have most negative influence no 

the critical infrastructure operation and safety can be 

called the 1st category extreme weather hazard state 

of the wheather parameter wi, i = 1,2,…, a. 

Further, according to Section 2, the climate-weather 

change process states are defined by the vectors  
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‒ the 0os category extreme weather hazard state of 

the climate-weather change process if none of 

wheather parameters wi, i = 1,2,…, a, are at the 1st 

category extreme weather hazard state. 

Thus, the ath category extreme weather hazard state 

of the climate-weather change process is the most 

denderous for the critical infrastructure operation and 

safety.  

 

6. Conclusions 
 

The probabilistic model of the climate-weather 

change process for critical infrastructure operating 

area which is proposed in this paper is the basis for 

the considerations in the next tasks of the EU-

CIRCLE project. This model, together with the 

critical infrastructure operation process model [3] 

will be used to construct a general joint climate-

weather and operation critical infrastructure model 

and finally to construct the integrated general safety 

probabilistic model of critical infrastructure related 

to its operation process and its operating area 

climate-change process [6]. The methods of 

estimation of this model unknown parameters will be 

given in another project report [4]. 

 

Acknowledgments 
 

The paper presents the results 

developed in the scope of the  

EU-CIRCLE project titled “A pan – 

European framework for strengthening 

Critical Infrastructure resilience to climate change” 

that has received funding from the European  

Union’s Horizon 2020 research and innovation 

programme under grant agreement No 653824. 

http://www.eu-circle.eu/. 

 

References 
 

[1] Barbu, V. & Limnios, N. (2006). Empirical 

estimation for discrete-time semi-Markov 

processes with applications in reliability. Journal 

of Nonparametric Statistics 18, 7-8, 483-498. 

[2] Collet, J. (1996). Some remarks on rare-event 

approximation. IEEE Transactions on Reliability 

45, 106-108. 

[3] EU-CIRCLE Report D2.1-GMU3. (2016). 

Modelling Climate-Weather Change Process 

Including Extreme Weather Hazards. 

[4] EU-CIRCLE Report D2.3-GMU2. (2016). 

Identification Methods and Procedures of 

Climate-Weather Change Process Including 

Extreme Weather Hazards. 

[5] EU-CIRCLE Report D3.3-GMU1. (2016). 

Modelling inside dependences influence on safety 

of multistate ageing systems – Modelling safety of 

multistate ageing systems. 

[6] EU-CIRCLE Report D3.3-GMU12. (2017). 

Integration of the Integrated Model of Critical 

Infrastructure Safety (IMCIS) and the Critical 

Infrastructure Operation Process General Model 

(CIOPGM) into the General Integrated Model of 

Critical Infrastructure Safety (GIMCIS) related to 

operating environment threads (OET) and 

climate-weather extreme hazards (EWH). 

[7] Ferreira, F. & Pacheco, A. (2007). Comparison of 

level-crossing times for Markov and semi-

Markov processes. Statistics and Probability 

Letters 7, 2, 151-157. 

[8] Glynn, P. W. & Haas, P. J. (2006). Laws of large 

numbers and functional central limit theorems for 

generalized semi-Markov processes. Stochastic 

Models 22, 2, 201-231. 

[9] Grabski, F. (2002). Semi-Markov Models of 

Systems Reliability and Operations Analysis. 

System Research Institute, Polish Academy of 

Science (in Polish). 

[10] Habibullah, M. S., Lumanpauw, E., Kolowrocki, 

K. et al. (2009). A computational tool for general 

model of operation processes in industrial systems 

operation processes. Electronic Journal 

Reliability & Risk Analysis: Theory & 

Applications 2, 4, 181-191. 

[11] Helvacioglu, S. & Insel, M. (2008). Expert system 

applications in marine technologies. Ocean 

Engineering 35, 11-12, 1067-1074. 

[12] Jakusik, E., Kołowrocki, K., Kuligowska, E. et al. 

(2016). Modelling climate-weather change 

process including extreme weather hazards for oil 

piping transportation system. Journal of Polish 

Safety and Reliability Association, Summer Safety 

& Reliability Seminars, 7, 3, 31-40. 

[13] Kołowrocki, K. (2004). Reliability of Large 

Systems. Elsevier, ISBN: 0080444296. 

[14] Kołowrocki, K. (2014). Reliability of large and 

complex systems. Elsevier, ISBN: 978080999494. 

[15] Kolowrocki, K. & Soszynska-Budny, J. (2011). 

Reliability and Safety of Complex Technical 

Systems and Processes: Modeling-Identification-

Prediction-Optimization. Springer, ISBN: 

9780857296931. 

[16] Limnios, N. & Oprisan, G. (2005). Semi-Markov 

Processes and Reliability. Birkhauser, Boston. 

[17] Limnios, N., Ouhbi, B. & Sadek, A. (2005). 

Empirical estimator of stationary distribution for 

semi-Markov processes. Communications in 

Statistics-Theory and Methods 34, 4, 987-995. 

[18] Macci, C. (2008). Large deviations for empirical 

estimators of the stationary distribution of a semi-

Markov process with finite state space. 



Krzysztof Kołowrocki, Soszyńska-Budny Joanna 

Modelling climate-weather change process including extreme weather hazards for critical infrastructure 

operating area 

 

 

 

154 

Communications in Statistics-Theory and 

Methods 37, 19, 3077-3089. 

[19] Mercier, S. (2008). Numerical bounds for semi-

Markovian quantities and application to 

reliability. Methodology and Computing in 

Applied Probability 10, 2, 179-198. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


