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Earthquake investigations confirm that irregular structures suffer more damage than their
symmetric counterparts. The vibration mode of irregular structures is affected by the cou-
pling of lateral and torsional vibration characteristics. The analysis of the lateral-torsional
coupling effect is mainly limited to unidirectional eccentric structure or single-layer eccentric
design. To fill this gap, this paper presents a parametric study of the whole loading pro-
cess, exploring lateral-torsional coupling vibration characteristics of multi-layer bi-directional
eccentric structures. The performed nonlinear static analysis revealed that the natural fre-
quency of eccentric frames with different layers exhibited a general pattern with a three-stage
evolution from elastic to elastic-plastic stages. Accordingly, three different elastic-plastic de-
velopment stages of parametric analysis were defined. The effects of the uncoupled torsion-to-
-lateral frequency ratios Ω and stiffness eccentricities on the translation-torsion coupled vi-
bration characteristics in the above three stages were simulated via self-compiled programs
on the MATLAB platform. The results obtained show that the range of Ω controlling the
vibration characteristics was related to the eccentricities. Therefore, it was proposed to
set different limit values of Ω in designing and analyzing the structures with different bi-
directional eccentric degrees. At Ω = 1.1 ∼ 1.2, the coupling effect between bi-directional
eccentricities led to transformation between the first- and second-order vibration modes,
while the direction with the lowest lateral stiffness could not be directly judged as the
structure first-order principal vibration direction. In the third stage, when the bi-directional
eccentricities reached or even exceeded 0.3, the second and third modes transformed into
each other.

Keywords: eccentric structure, translation-torsion coupled, vibration characteristics, eccen-
tricity, uncoupled torsion to lateral frequency ratio

1. Introduction

With the rapid development of modern architecture and more stringent customers’ requirements
for functionality of their buildings, an increasing number of buildings with non-traditional lay-
outs has appeared. The enhancement of building functions and diversification of building forms
determine the irregularity in structural configuration, leading to various eccentricities (Raheem
et al., 2018a,b; Sneha and Durgaprasad, 2022). Under the seismic action, the eccentric structures
show translation-torsion coupled effects to some degree because of the non-coincidence between
the floor mass center and rigidity center as well as the non-collinearity between the structure
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inertia force and the induced resistance. Many seismic damage results demonstrate that appar-
ent torsional failures easily occurred in the structures, especially eccentric ones, which accounts
for a significant share of earthquake-induced damage (Kewalramani and Syed, 2020; Alaa et al.,
2022). Stathopoulos and Anagnostopoulos (2005) established a 3D model of three- and five-story
bi-directional eccentric structures and conducted elastic-plastic time-history analysis under a bi-
-directional seismic action. According to their research, “flexible sides” in multi-layer eccentric
structures exhibited more significant ductility requirements than the “rigid sides”, significantly
different from the analysis results based on the single-layer simplified models (Stathopoulos
and Anagnostopoulos, 2003). Halabian and Birzhandi (2014) investigated seismic responses of
multi-layer bi-directional eccentric frame-shear wall structures with mass, stiffness and mixed
(mass/stiffness) eccentricities in the elastic-plastic stage under the bi-directional earthquake ef-
fect, respectively. They found that the additional ductility requirements to the “flexible sides”
with stiffness eccentricity were lower than the requirements to other types of eccentricity. Com-
parative studies of Stathopoulos and Anagnostopoulos (2003; 2005) and Halabian and Birzhandi
(2014) revealed that different models applied to various eccentricity types might yielded con-
tradictive predictions, i.e., elastic-plastic stage characteristics of single-layer eccentric structures
differed from those of multi-layer ones. Rashidi et al. (2017) carried out a comprehensive 3D
study on the effects of stiffness and strength eccentricities on the torsional behavior of a building
model under unidirectional earthquake impact conditions. Although they proved that the stiff-
ness eccentricity played a minor role in the torsional behavior of ductile systems, that finding
was based only on a single-layer unidirectional eccentric shear wall structure and could not be
directly extended to the multi-layer bi-directional eccentric frame structure. Georgoussis and
Mamou (2018) investigated the effect of mass eccentricities on the seismic torsional response
of medium-height multi-story buildings, focusing on the overall seismic response of the build-
ings. They clarified how the torsional response of a structure was influenced by an arbitrary
spatial combination of mass eccentricities. However, the above study was mainly related to
mass-eccentric systems. In particular, the stiffness eccentricity induced by the biased center of
mass and rigidity mainly controlled the torsional behavior of buildings excited by seismic forces
(Sneha and Durgaprasad, 2022). However, the change of the translation-torsion coupled effect in
the elastic-plastic stage of the multi-story eccentric structure with stiffness eccentricities caused
by the irregular layout of the plane needs to be further explored. Raheem et al. (2018a,b) investi-
gated structural seismic response demands for the class of L-shaped buildings by evaluating the
plan configuration irregularity of re-entrant corners and lateral-torsion coupling effects on the
measured seismic response demands. The results proved that building models with high irregu-
larity were more vulnerable to damage than regular ones due to excessive stress concentration
and lateral-torsional coupling. Besides, Raheem et al. (2018) pointed out that the seismic design
demands largely depended on the computational tools, inherent assumptions, and approxima-
tions adopted in the modeling process, making the introduction and verification of a special
multi-layer eccentric model expedient. Khanal and Chaulagain (2020) evaluated the effect of
plan configuration irregularity of different L-shaped models. They reported that current code
provisions failed to account for the irregularities present within the buildings and had to be
refined. Sneha and Durgaprasad (2022) conducted a parametric study on six kinds of ordinary
asymmetric structures with different numbers of layers and structural walls at various positions
and six types of unusual L-shaped buildings, as well as analyzed variation rules of the torsion
coefficient of plane irregular buildings. Defining the torsion coefficient as the maximum story
drift ratio at one end of the structure to the average displacement drift at two ends, they further
proposed a new definition of the coefficient of torsional irregularity based on floor rotation. In ad-
dition, six models of L-shaped buildings were formulated with a gradual reduction in the plan of
the regular reference building model. However, the eccentricity values of the above models were
relatively scarce, limiting the scope of predicted results. Furthermore, they only analyzed the
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eccentricity effect on the translation-torsion coupled without considering the specific influence
of the uncoupled torsion-to-lateral frequency ratios, thus omitting this important influencing
factor.

The above literature survey outlined the following three deficiencies of available approaches.

Firstly, the parametric patterns of single-layer eccentric structures in the elastic-plastic stage
are not suitable for multi-layer eccentric structures in the same stage, so a multi-layer eccentric
model should be introduced for parametric analysis.

Secondly, the analysis results on multi-layer eccentric structures in the elastic-plastic stage
using various analytical models, eccentric types, parameter calculation methods, or input seis-
mic waves differed. This can be attributed to the fact that the previous studies insufficiently
accounted for the interaction between the biaxial stiffness eccentricity and the uncoupled torsion-
-to-lateral frequency ratios in the elastic-plastic stage of multi-layer bi-directional stiffness ec-
centric structures. Therefore, a systematic reference analysis is needed.

Thirdly, the vibration modes of eccentric structures under study exhibited the coupling of
lateral and torsional vibration characteristics rather than the superposition of purely lateral
or torsional modes. In the elastic stage, the vibration characteristics depend on the mass and
stiffness matrices of the structure, being irrelevant to the external force. After entering the
elastic-plastic stage, the structural lateral and torsional stiffnesses change, leading to changes
in eccentricities, torsional-to-lateral frequency and vibration characteristics. Accordingly, the
translation-torsion coupled effect in the elastic stage is no longer suitable for describing vibration
characteristics in the elastic-plastic stage (Duan et al., 1993). Scholars currently focus on the
time-history dynamic analysis of eccentric structures while ignoring the inner mechanism of
vibration characteristics of multi-layer eccentric structures at different stages of elastic-plastic
development. This gap should be filled by performing parametric analysis of the whole loading
process to investigate the internal mechanism.

In order to mitigate the above three problems, this study envisaged the following three re-
search steps. Firstly, a simplified bi-directional eccentric multi-story building model is proposed,
which can replace the original model in the inelastic analysis, yielding quite accurate results.
Secondly, the nonlinear static analysis of the whole process is performed, proving that natu-
ral frequencies of asymmetrical frame structures with different floors follow a general trend of
three-stage evolution from elastic to elastic-plastic stages. Accordingly, three different stages
of elastic-plastic development are defined. Finally, variation rules of translation-torsion coupled
vibration characteristics with change in uncoupled torsion-to-lateral frequency ratio Ω and bi-
directional eccentricities during the entire loading process from elastic to elastic-plastic stages
are examined in depth. The present research results are considered instrumental in the seismic
design of irregular structures and respective theoretical studies.

2. Analytical model

This study uses a typical three-story bi-directional uniform eccentric frame structure as a case
study for analysis. As shown in Fig. 1, the eccentric structure studied consists of 5×3 spans, the
span in the x-axis direction is 6.9m, and the span in the y-axis direction is 6.3m. The influences
of infill walls are not considered. The floor height is 3.9m. Six frame columns (Kz1 in Fig. 1)
have a cross-sectional size of bx × hy = 0.50m × 0.55m, while the remaining 18 frame columns
have a cross-sectional dimension of 0.40m× 0.45m. The section height and width of the beams
in the x-axis direction are 0.6m and 0.25m, respectively. And the section height and width of
the beams in the y-axis direction are 0.55m and 0.25m, respectively. The section sizes of the
secondary beams are 0.2m× 0.4m. The floor thickness is 0.1m. And the strength of concrete is
C30. According to the code for the load design of building structures (GB 50009-2012, 2012), the
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standard value of the dead load on the floor surface is taken as 2.0 kN/m2. The standard value
of the live load on the floor is subdivided into two areas, in which 3.0 kN/m2 is taken between
axis 4 ∼ 6 and axis C ∼ D, and 2.0 kN/m2 is taken for other parts. The deadweight of the
beam, slab and column are calculated automatically by PKPM design software. According to
the code for seismic design of buildings (GB50011-2010, 2016), the seismic fortification intensity
is 7 degrees 0.2 g. The design group is the second group, the site category is class III, and the
seismic grade is class III. The longitudinal reinforcement is HRB400, and the stirrup is HRB335.
The important factor is equal to 1.0. The bottom of the structural model is consolidated, and
the beam-column joints are rigid.

Fig. 1. A three-story bi-directional uniformly eccentric frame structure

In Fig. 1, CM represents the mass center of each layer, and GC represents the geometric
center of each layer. CS (coordinates (exj , eyj)) represents the position of the stiffness center. It
is called a single-layer eccentric structure when the floor stiffness center does not coincide with
the mass center for a single-layer structure. As in multi-story buildings, the center of rigidity
cannot be exactly defined; the static eccentricity of a multi-layer eccentric structure is calculated
by an approximate method. It is extended from the concept of the eccentricity of a single-layer
eccentric structure, which refers to the first moment center of the stiffness of lateral force resisting
members of a certain layer. It can be calculated by the following formula

exj =
∑ kyjixji
Kyj

eyj =
∑ kxjiyji
Kxj

(2.1)

in which kxji and kyji designate the stiffness of the i-th column of the floor j in the x- and
y-directions, respectively; xji and yji are the x and y coordinates of the i-th column of the
floor j; Kxj =

∑
kxji, Kyj =

∑
kyji represent the total translational stiffness of the floor j in

the x and y directions, respectively. The normalized stiffness eccentricities of the floor j are
defined as bxj = exj/rj , byj = eyj/rj , where rj is the radius of gyration of the mass center of the
floor j.
When considering only the structures with stiffness eccentric induced by the asymmetrical

plane arrangement of columns, it is stipulated that each member shows no change along the ver-
tical direction. The engineering model under analysis is regarded as a multi-layer bi-directional
regular eccentric structure, that is, a regular eccentric structure: the mass center and rigid center
of the floor are on the same vertical axis, respectively; all floors have the same radius of gyra-
tion with respect to the center of mass. Previous studies have shown that (Yang et al., 1988)
this kind of eccentric structure has a stronger torsional response than other types of eccentric
structures. Therefore, this paper takes the regular stiffness eccentric structures as the research
object, and the stiffness eccentricity of each floor is the same. For the structural model shown
in Fig. 1, the total lateral stiffness in the x-direction is Kxj = 1.456 · 10

7 N/m, and the lateral
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stiffness in the y-direction is Kyj = 1.843 · 10
7N/m. And the normalized stiffness eccentricities

are bx1 = bx2 = bx3 = bx = 0.134 and by1 = by2 = by3 = by = 0.208, respectively.

To facilitate the parameter analysis of different Ω or eccentricities, a simplified eccentric
model composed of two-way lateral-resisting members is introduced in this paper. The simplifi-
cation model is a shear-torsional type series rigid plate layer model. The main assumptions are
listed below.

(1) A horizontal steel sheet represents each floor system, and each degree of freedom (DoFs)
of the floor is concentrated at the CM of the floor. Three representative DoFs include two
lateral DoFs along the x- and y-directions and one torsional DoF about the vertical axis.

(2) The mass center of each layer is located at the geometrical center. All mass centers are in
the same line and have identical turning radii.

(3) The masses of various members and the floor are all concentrated at the CM of the floor.

(4) The floor is absolutely rigid in its plane, and its out-of-plane stiffness is ignored. The out-
-of-plane stiffness of various lateral-resisting members and the torsional stiffness and axial
deformations of the members are not considered.

Fig. 2. A simplified model of the frame structure under study

Figure 2 illustrates the following simplifications of the frame structure under study. By
merging the frame in the j-th layer along the x-axis direction in the original structure toward two
sides, frame A and frame B can be formed, with a lateral stiffness of Kxja and Kxjb, respectively,
which are responsible for providing the lateral stiffness along the x-axis direction. By combining
the frame in the j-th layer along the y-axis direction in the original structure towards two sides,
frame C and frame D can be formed, with a lateral stiffness of Kyjc and Kyjd, respectively,
providing the lateral stiffness along the y-axis direction. Frames A and B are at a distance b
from the x-axis, while frames C and D are at a distance a from the y-axis. According to the
fact that the j-th layer of the simplified system and the j-th layer of the original system have
equal total stiffness in the x and y directions, the torsional stiffness to the center of mass, and
equal two-way eccentricities, the calculation formula of the simplified model can be deduced.
More detail can be found elsewhere (Kuang et al., 2018).

3. Analysis method

3.1. Nonlinear static analysis

The restoring-force model used in our paper is based on the member. The relation between the
force acting on the lateral-resisting member and the displacement follows the bi-linear restoring
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Fig. 3. The bi-linear restoring force model for each member

force model, as shown in Fig. 3. It is assumed that K1 denotes the member stiffness in the
elastic stage, K2 represents the member stiffness after the yield and is approximately 10% of
the stiffness before they yield, ∆y denotes the column yield displacement, and Vy represents the
member yield shear. Their calculation formulae are written as (He and Ou, 2007)

Vy =
2My
Hn

∆y =
1

(1− η)h0

H2fy
6Es

(3.1)

in which H and Hn are the height and clear height of the column, respectively; h0 represents
the valid height of the column section; fy denotes the design value of the tensile strength of
tensile steel; Es is the elastic modulus of the tensile steel; andMy and η are the yield moment of
the member section and the height coefficient of the concrete compressive region, respectively.
My and η can be calculated by simplified formulas derived from the material stress-strain curves
(Gao, 1988). The stress-strain of steel and concrete are illustrated in Fig. 4. σy and εy are
the yield stress and yield strain of the steel, respectively; fc represents the design value of the
axial compressive strength of concrete; ε0 denotes the compressive strain of concrete when its
compressive stress reaches fc; εcu is the ultimate compressive strain of concrete.

Fig. 4. The stress-strain relationship: (a) of steel, (b) of concrete

For the structural model analyzed in this paper, the yield displacement in the x- and
y-directions of the members marked as Kz1 in Fig. 1 are 14.136 · 10

−3m and 12.611 · 10−3m,
respectively. Furthermore, the yield displacements in the x- and y-directions of the remaining
members are 19.133 · 10−3m and 16.671 · 10−3m, respectively.
The M-language programming in MATLAB software implements nonlinear static analysis of

the whole process. The inverted-triangle external static load is gradually applied to the structural
mass center along the x-axis direction. The nonlinear problem is solved with the load increment



Parametric analysis of the whole loading process of translation-torsion... 485

method. Under the m-level load increment, the total structural equilibrium equation can be
written as

[Km−1∆δm = ∆Pm m = 1, . . . ,M (3.2)

where Km−1 is the structural stiffness matrix recombined based on the member displace-
ment and restoring force model after (m − 1) steps, ∆δm = [∆x1m,∆x2m,∆x3m,∆y1m,
∆y2m,∆y3m,∆θ1m,∆θ2m,∆θ3m] is the incremental displacement vector of layer of each floor
under the m-th load increment, and ∆Pm = [∆P1m,∆P2m,∆P3m, 0, 0, 0, 0, 0, 0] is the m-th load
increment vector of the structure, and ∆Pjm can be calculated as

∆Pjm =
wjhj∑3
j=1wjhj

∆Vbm j = 1, 2, 3 (3.3)

where ∆Pjm designates the increment of the lateral load of the floor j under the m-th load
increment; wj is the representative value of gravity load of the floor j; hj is the height of the
floor j; ∆Vbm refers to the increment of the base shear under the m-th load increment.

During the first loading step calculation, the structure initial stiffness matrix is set as the
stiffness matrix K0. The initial stiffness matrix of the asymmetric plane structure can be estab-
lished by the direct stiffness method (Chopra, 2006; Jiang and Kuang, 2016).

For the three-layer numerical example analyzed in this paper, the displacement of each layer
of the floor after m-th steps can be written as

δm = [x1m, x2m, x3m, y1m, y2m, y3m, θ1m, θ2m, θ3m] = δ0 +
m∑

n=1

δn (3.4)

where δ0 denotes the initial displacement vector of the structure.

The displacement of each member can be calculated according to the displacement of each
layer and the coordinate of each column. The displacement of the i-th column in the j-th layer
after the m-th step can be calculated as

ujim = xjm − θjmyji vjim = yjm + θjmxji j = 1, 2, 3 (3.5)

where xji and yji represent the x- and y-direction coordinates of the i-th column in the j-th
layer, respectively.

The case study is analyzed with software programming according to the above step. The
member stiffness is adjusted based on the member restoring force model and the calculated
displacement after each step. In this way, the non-synchronization of member displacement
caused by floor torsion is considered in the entire analysis process. The loading stops until the
interlaminar displacement angle of the layer reaches 1/50 of the value regulated in the Code for
Seismic Design of Buildings (GB50011-2010, 2016).

3.2. Definitions of analysis stages

Figure 5 displays variation curves of the first three orders of the natural vibration frequency
during the gradual loading process obtained using the original and corresponding simplified
models with the loading coefficient α. The latter is defined as the ratio of all applied loads after
each load step to the total load on the system. The maximum value of α = 1. As shown in Fig. 5,
the first three orders of the natural vibration frequency obtained via the above two models are in
good consistency during the whole loading process. They differ only slightly in the lateral force
yield process, which further confirms reliability of the simplified model in replacing the original
model for a series of parametric analyses in the elastic-plastic stage.
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Fig. 5. The natural frequency versus the loading coefficient α

Figure 5 illustrates that the natural frequency drops little by little from the elastic to elastic-
-plastic stage and shows prominent three-stage variation characteristics: a horizontal linear stage,
a significant falling stage, approximately an oblique line, and a slight variation stage about a
horizontal line. At α > 0.92, the structure can be seriously fractured. This stage is ignored in
the present parametric analysis. All members do not yield in the first stage, and the stiffness
matrix does not change, so the frequency remains unchanged. In the second stage, the frequency
varies the most, and this stage has the most significant impact on the vibration characteristics
of the structure. According to the features of this change, the frequency in the second stage is
simplified into an oblique straight line that changes linearly with α by using the least square
method. This simplification is also convenient for parameter analysis. The frequency change in
the third stage is similar to a horizontal straight line. To simplify the analysis, the average value
is taken as the representative of this stage. To further validate the variation tendency of the
natural vibration frequency of the multi-layer eccentric frame structure, the representative five
and seven layers in the structure are also selected for further analysis. The model parameters and
frequency variation curves of the five-layer eccentric frame structure and seven-layer eccentric
frame structure can be found elsewhere (Kuang et al., 2018). The frequency variation rules of
the five and seven layers of the frame are similar to the three layers of the eccentric frame during
the loading process, which can be subdivided into three stages. The frequency variations in the
three stages can also be described by formulas

f1−1 = fe f1−2 = kα+ s f1−3 = fe3 (3.6)

where fe is the first-order natural frequency in the elastic stage of the structure; k and s are,
respectively, the monomial coefficient and a constant term of the linear variation of the frequency
in the second stage; and fe3 is the third-stage frequency whose is equal to the average frequency
of this stage.
As regards the three-layer eccentric frame structure in this study, the frequency variations

[Hz] in the three stages can be described as follows

f31−1 = 2.569 for α ¬ 0.664
f31−2 = −9.134α + 8.633 for 0.664 < α ¬ 0.833
f31−3 = 1.028 for 0.833 < α ¬ 0.916

(3.7)

where f31−1, f31−2 and f31−3 are the three-stage frequencies of the first-order frequency after
simplified processing.
Figure 6 displays the variation rules of three-stage frequencies of the first-order frequency

after simplified processing and the original frequency. Based on the variation characteristics of
different stages, three stable stages of the parametric analysis are defined in this study. It can
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also be seen from Fig. 6 that any point in the stage can represent the frequency values of the first
and third stage. Since the second stage is an oblique straight line, the value in any point can be
used as a representative one, while the values in other points can be obtained based on the linear
relation. The point near the center should be selected to be more representative. In the whole
analysis process, the displacements of the members perpendicular to the x-axis direction do not
exceed the yield displacement, suggesting that the member is in the elastic stage. Therefore,
only the condition of the lateral load-resisting members being in the elastic stage is analyzed in
this study. Based on the interlaminar stiffness corresponding to each analyzed point in each layer
at each stage and the other parameters of the eccentric structures at this stage, the stiffness
matrix and the equation of motion at each stage could be determined by substituting the above
parameters into the structure stiffness matrix to determine dynamic characteristics and perform
the parametric analysis in different stages.

Fig. 6. The first natural frequency versus the loading coefficient α

3.3. Calculation of mode direction factors

Each mode of an eccentric structure is the mode coupled with translation and torsion. The
main vibration mode of the translation-torsion coupled vibration mode can be determined by
mode direction factors (JGJ 3-2010, 2010). For the i-th vibration mode of the eccentric structure,
DXi and DYi are defined as the mode direction factors of lateral mode shapes in the x-direction
and y-direction, respectively. And Dθi denotes the directional torsional factor. At DXi > 0.5
or DYi > 0.5, it is the lateral vibration mode, while at Dθi > 0.5, it is the torsional vibration
mode. DXi, DYi and Dθi can be expressed as

DXi =
n∑

j=1

mjx
2
ji DYi =

n∑

j=1

mjy
2
ji Dθi =

n∑

j=1

mjr
2
j θ
2
ji

DXi +DYi +Dθi = 1

(3.8)

Table 1 shows the first three mode direction factors of asymmetrical multi-story buildings
researched herein. The first vibration mode of the eccentric structure studied here is the lateral
vibration mode along the x-axis direction, accompanied by lateral motion along the y-axis di-
rection and torsion. The second mode is the lateral vibration mode along the y-axis direction,
accompanied by lateral motion along the x-axis direction and torsion. The third mode is the
torsional vibration mode, accompanied by lateral movement in two horizontal directions. In the
below parametric analysis, Ω and the stiffness eccentricities are introduced as two main param-
eters. Ω is defined as the ratio of the first-order pure torsional frequency to the first-order pure
lateral frequency along the x-direction of the equivalent symmetric system. The effects of Ω and
the normalized stiffness eccentricities (bx and by) on the mode direction factors are evaluated.
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Table 1. DXi, DYi and Dθi of the first three order modes

Mode 1 2 3

DXi 0.81 0.17 0.03

DYi 0.08 0.68 0.23

Dθi 0.11 0.15 0.74

3.4. Verification of the simplified model

To further validate the accuracy and reliability of the proposed simplified model in the
dynamic characteristic analysis, a corresponding 3D refined model for the three-story eccentric
structure with its plane layout as in Fig. 1 is established. The beam element of BEAM188,
which can define the cross-sectional dimension, is applied to simulate the frame beams and
columns, and the shell element of SHELL63 is used to simulate the floor slab. The related
structural parameters of the three-story eccentric structure are the same as those in Section 2.
A detailed modeling process description can be found elsewhere (Kuang et al., 2018). The first
three vibration periods of the refined and simplified models are shown in Table 2, and the first
three mode shapes of the refined model are shown in Fig. 7.

Fig. 7. The first three mode shapes of the refined mode: (a) first mode, (b) second mode, (c) third mode

Comparing the calculation results of the two models in Table 2, it can be seen that the
relative error between the third-order natural frequency of the simplified model and the first
three-order natural frequency of the refined model is within 5%, which verifies the rationality
of the simplified model and also shows that the analysis using the simplified model is accurate
and reliable. It can be seen from Fig. 7 that the first three main vibration modes of the refined
model are the lateral vibration mode along the x-axis direction, lateral vibration mode along
the y-axis direction, and torsional vibration modes, which are consistent with the results of
the corresponding simplified model in Section 3.3. For the simplified model of the three-layer
eccentric structure, the total degree of freedom is nine, and the number of vibration modes is
nine. The mass participation coefficients of the vibration mode of the first three modes in the
x-direction are 72.25, 16.65, and 2.51%, respectively. Their sum is 91.4%, meeting the require-
ments of exceeding 90%. Therefore, this paper mainly analyzes the vibration characteristics of
the first three modes.

Table 2. Comparison of the vibration periods of the refined and simplified models

Mode
Vibration periods [s] Relative

error
[%]

Participation mass coefficient of
vibration mode [%] (simplified model)

3D refined Simplified in in torsional
model model x-direction y-direction direction

1 0.394 0.389 1.28 72.25 8.38 10.77

2 0.366 0.358 2.23 16.65 61.39 13.36

3 0.305 0.291 4.81 2.51 21.63 67.27
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4. Parametric analysis of translation-torsion coupled vibration characteristics

According to the literature survey (Li and Yin, 1988), by = 0.1 ∼ 0.4, bx = 0.2 ∼ 0.4 and
Ω = 1.0 ∼ 1.8.

4.1. Effect of Ω on the vibration characteristics

Figure 8 displays the variation of the vibration mode direction factors with Ω in the first
stage at bx = by = 0.2. With an increased Ω, values of DX1, DY2 and Dθ3 exceed 0.5, while
Dθ1, DX2 and DY3 drop below 0.5. At Ω < 1.1, the first mode is the torsional vibration mode,
and the second and third vibration modes are lateral vibrations in the two horizontal directions.
As Ω increases, the first three vibration modes change to the lateral vibration mode along
the x-axis direction, the lateral vibration mode along the y-axis direction, and the torsional
mode, respectively. This mode transition occurs when Ω is approximately 1.1. The coupling
effect between the torsional and lateral modes becomes weaker with the increase of Ω; therefore,
the torsional mode is more challenging to be excited, and the structural response will also be
mainly translation. The first-order mode shape is close to the equivalent symmetric system first-
-order purely lateral vibration mode. Therefore, a larger Ω value should be taken in the actual
design. As Ω increases from 1.1 to 1.2, DX1 grows by 41.22%; as Ω further increases from 1.2
to 1.4, DX1 increases by 25.71%. When Ω exceeds 1.4, the change of DX1 becomes more stable.
According to many calculation results, the value of Ω plays a vital role in the first three orders
of the translation-torsion coupled vibration mode at Ω = 1 ∼ 1.4. For bx  0.3 and Ω > 1.6,
the mean variation amplitude of the frequency is only 1.51%, being almost unaffected by Ω.
The range of Ω that plays a key role is within 1 ∼ 1.6. It is suggested that the limiting value
of Ω should be set as different values when designing and analyzing structures with different
eccentric degrees.

Fig. 8. Variation of the directional factor versus Ω in the first stage: (a) first mode, (b) second mode,
(c) third mode

When the value of DX1 in the second stage approaches 1 (as shown in Fig. 9), DY2 and
Dθ3 exceed 0.5, while values of Dθ2 and DY3 are below 0.5. The first-order mode shape ap-
proaches the purely lateral vibration mode along the x-axis direction, accompanied by a weak-
ened translation-torsion coupled effect. The effect of Ω on the first-order vibration mode becomes
weakened. With an increase of Ω, the second vibration mode changes from torsion to translation
in the y-direction. And the third-order vibration mode change to the torsional mode. With the
increasing external load, the lateral-resisting members along the load direction gradually yield,
thereby reducing the total lateral stiffness in this direction. However, full torsional capacity is
not weakened much at this stage. Therefore, the first vibration mode of the structure at this
stage is mainly lateral motion along the x-direction.
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Fig. 9. Variation of the directional factor versus Ω in the second stage: (a) first mode, (b) second mode,
(c) third mode

Figure 10 shows the variation trends in the third stage. As Ω further increases, DX1 ap-
proximately equals 1, Dθ2 and DY3 are less than 0.5, and the corresponding DY2 and Dθ3
exceed 0.5. The value of Ω corresponding to transformation of the vibration mode is larger than
the value in the second stage. At this stage, most of the members along the load direction enter
the yield, so the lateral stiffness in this direction decreases significantly. Compared with the sec-
ond stage, the torsional stiffness of the structure also reduces to varying degrees. The first-order
vibration mode is approach to purely lateral mode along the load direction and, simultaneously,
the translation-torsion coupled effect becomes weak. When the torsional stiffness is minor, the
second and third modes are torsional and lateral modes along the y-direction, respectively. At
a significant torsional stiffness (Ω > 1.2), the second-and third-order vibration modes turn to
the lateral mode along the y-axis direction and the torsional vibration mode, respectively. It
is worth mentioning that the differences in the directional factors of the primary mode in the
second and third modes decrease, and the translation-torsion coupled effects are enhanced.

Fig. 10. Variation of the directional factor versus Ω in the third stage: (a) first mode, (b) second mode,
(c) third mode

4.2. Effects of bx and by on the vibration characteristics

The variation curves of DXi, DYi and Dθi in the first stage versus bx and by at Ω = 1.2
are evaluated in Fig. 11. It is evident from Fig. 11 that when bx = 0.2, the increase of by does
not change the primary mode of each mode. At by = 0.1, bx  0.3 or by = 0.2, bx = 0.4, the
first-order vibration mode changes from the lateral mode along the x-direction to that along the
y-axis direction. Further, with an increase in by (by  0.3), the first-order vibration mode changes
to lateral mode along the x-axis direction, and the lateral mode directional factors increase.
Through calculation via the model at Ω = 1.1, the mutual interaction between bi-directional
eccentricities transforms the first- and second-order vibration modes. After the transformation,
the translation-torsion coupled effect between the first two vibration modes is enhanced when
the value of bx becomes larger. It turns out that when Ω = 1.1 ∼ 1.2, under the interaction of
bi-directional eccentricities, the first- and second-order vibration modes change each other.
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Fig. 11. Variation of the directional factor versus by in the first stage: (a) first mode, (b) second mode,
(c) third mode

The influences of bx and by on the vibration characteristics in the second stage are given in
Fig. 12. It is evident from Fig. 12 that the first three vibration modes are the lateral modes along
the x- and y-directions, and the torsional mode, respectively. Compared with the conditions in
the first stage, DX1 increases relatively; the mode directional factors of the second vibration
mode change gently with bx and by, and Dθ3 changes slightly. The directional mode factors
still change with the shift in bi-directional eccentricities. However, this change is insufficient to
change the principal vibration directions of each mode. The members in the load direction yield
continuously, making the structure lateral stiffness decrease gradually. Hence, lateral motion
of the first-order vibration mode increases along the x-axis direction. Meanwhile, the torsional
stiffness drops slightly, and the torsional factor in the third-order vibration model varies slightly.
The effects of bi-directional eccentricities on the vibration mode are gradually weakened.

Fig. 12. Variation of the directional factor versus by in the second stage: (a) first mode,
(b) second mode, (c) third mode

Fig. 13. Variation of the directional factor versus by in the third stage: (a) first mode, (b) second mode,
(c) third mode

Figure 13 displays the variation trends in the third stage. The change of the mode direc-
tion factors with the bi-directional eccentricities is remarkably smooth, suggesting that the
development of elastic-plastic further weakens the effect of the bi-directional eccentricities on
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the vibration characteristics. The first-order vibration is almost purely lateral mode along the
x-axis direction. DY2 and Dθ3 are close to 0.5. As bx and by values reach or even exceed 0.3,
the second-and third-order vibration modes transform into each other. In the third stage, the
lateral stiffness along the x-axis direction is weakened significantly, reducing the overall torsional
stiffness. However, the members in the non-force direction are still in the elastic stage. There-
fore, torsion dominates the second-order vibration mode at large eccentricities. The translation-
-torsion coupled effect between lateral motion along the x-axis and torsion in the first mode is
further reduced. However, the translation-torsion coupled effects between the lateral movement
along the y-axis direction and the torsional ones in the second and third modes are enhanced to
a certain degree.

5. The proposed approach and discussion

Existing literature studies show that mass eccentricity, stiffness eccentricity, uncoupled torsion to
lateral frequency ratios, natural vibration period and strength eccentricity influence the elastic-
-plastic torsional response in multi-story eccentric structures (Halabian and Birzahandi, 2014;
Wu et al., 1999). In particular, the stiffness eccentricity produced due to the center of mass and
rigidity is the main reason for the torsional behavior of a building when it is excited by seismic
forces. The greater the eccentricity between the center of rigidity and mass, the more prominent
the torsional effects (Sneha and Durgaprasad, 2022). The primary purpose of this paper is to
reveal the influence of Ω and bi-directional eccentricities on the dynamic characteristics of the
eccentric structure in different elastic-plastic development stages. According to the research
in this paper, the stiffness and mass center of the structure should coincide in the structural
design, or the stiffness eccentricity should be reduced as much as possible. If the structural plane
is irregularly arranged to meet the functional requirements, it is recommended to increase Ω.
To make the first-order primary vibration mode translational, and the corresponding mode
directional factor not less than 0.9, the recommended limit of Ω is as follows: when bx and by are
less than or equal to 0.2, Ω should be no less than 1.4. At 0.2 < by and by < 0.3, Ω should be no
less than 1.6. In this way, the coupling effect of the first mode will be significantly weakened, and
the first mode is close to the first-order purely lateral mode of the equivalent symmetric system.
Under the external load, the structural response will be closer to the translational response.
Previous studies have shown that the strength eccentricity significantly influences the dis-

placement and ductility requirements of irregular structures under earthquakes (Sadashiva et al.
2012). The yield strength coefficient is used to control the strength distribution between floors in
the Code for Seismic Design of Buildings, but there is no provision for the strength distribution
of members on the same floor; and the limits of vertical stiffness and strength irregularities are
also defined separately (GB50011-2010, 2016). The strength and stiffness of the lateral force re-
sisting members are interdependent, and the strength and stiffness vary together. It is necessary
to examine the effects of strength and stiffness distribution combination on the displacement and
ductility responses in the seismic response study of asymmetric systems. It is also meaningful
to introduce a design guideline for strength/stiffness distributions among lateral force resisting
elements for designers to minimize the torsional component in the seismic response. A related
research can be taken into consideration for future works.

6. Conclusions

The results obtained make it possible to draw the following conclusions:

• It is apparent that the variation curves of the natural vibration frequency of the eccentric
frame structures show a general law of three-stage evolution from an elastic to elastic-
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-plastic state. The three stages are then simplified. In particular, the variation curve of the
natural vibration frequency versus the loading coefficient in the second stage, which plays
a vital role in the present analysis, is fitted into a straight line. On this basis, three stages
are defined in this study to facilitate parametric analysis of the whole loading process for
different elastic-plastic development stages.

• At larger values of Ω, the coupling effect between the torsional and lateral vibration modes
is weaker, the torsion mode is more challenging to be excited, and the first-order vibration
mode is closer to the first-order purely lateral mode of the equivalent symmetric system.
To make the first-order main vibration mode translational and keep the corresponding
directional mode factor above 0.9, the recommended limit of Ω is as follows: if bx and by
do not exceed 0.2, Ω should be no less than 1.4. At 0.2 < by < 0.3, Ω should be no less
than 1.6.

• In the first stage, at Ω = 1.1 ∼ 1.2, the coupling effect between bi-directional eccentricities
leads to transformation between the first- and second-order vibration modes. At that
moment, the direction with the lowest lateral stiffness could not be directly judged as the
structure first-order principal vibration direction.

• In the second stage, the enlarging of bx and by do not change the principal vibration modes
of various orders. The effects of eccentricities on the translation-torsion coupled vibration
characteristics and the translation-torsion coupled effect in the first mode are reduced. In
the third stage, as bx and by values reach or even exceed 0.3, the second- and third-order
vibration modes transform into each other. The translation-torsion coupled effects between
lateral motion along the non-force direction and the torsional ones in the second and third
modes are enhanced to a certain degree.
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