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Abstract: Statistical and kinetic methods to model step polymerization of AB
2
 type of monomers (A and B 

!"#$%&'()& '*$+",($#-&.)(*/!0&#)1&2),134&)15,161%&#$%&"71&)1-#",($!7,/!& -,$8,$.&+($51)!,($&()&)1#+",($&",91&
6,"7&#51)#.1!&('&/(-491),:#",($&%1.)11&#)1&%1),51%&'()&!4!"19!&'*-;--,$.&"71&<-()4=>"(+89#41)&#!!*9/",($!?&
i.e.?&'()&"7(!1&6,"7&$(&)1#+",5,"4&+7#$.1!&('&'*$+",($#-&.)(*/!&#$%&#2!1$+1&('&,$")#9(-1+*-#)&-,$8,$.@&A1!*-"!&
('&8,$1",+&!"*%,1!&#)1&#-!(&/)1!1$"1%&'()&/(-491),:#",($&('&B?C=%,#9,$(21$:(,+&#+,%?&#,%1%&6,"7&N,ND=%,,!(/)(=
/4-+#)2(%,,9,%1?&+#)),1%&(*"&#"&)((9&"19/1)#"*)1&,$&EFA&"1!"&"*21!@&<()&)1#+",($&+#)),1%&(*"&,$&%,91"74-!*-=
/7(G,%1?&"71&)1-#",($!7,/&21"611$&+($51)!,($&#$%&",91&,!&61--&%1!+),21%&24&"71&!,9/-1!"&8,$1",+&9(%1-@&H"&6#!&
!"#"1%&"7#"&,$&"71&+#!1&('&)1#+",($&+#)),1%&(*"&,$&%,91"74-'()9#9,%1&"71&)1#+",5,"4&('&"71&!1+($%&#9,$(&.)(*/&
,$&"71&9($(91),+&*$,"!&!119!&"(&21&"1$&",91!&-(61)&"7#$&"7#"&('&"71&;)!"&($1@&
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Polimeryzacja kondensacyjna monomerów AB
2
"/"0'12,'3$452"5"32(67.$-8$"

modeli polireakcji prowadzonej w temperaturze pokojowej 

StreszczenieI&J):1%!"#6,($(&8)K"8,&/):1.-L%&!"#"4!"4+:$4+7&,&8,$1"4+:$4+7&91"(%&9(%1-(6#$,#&!"(/$,(61M&
/(-,91)4:#+M,&9($(91)K6& "4/*&NO

2
& PN& ,&O& )1/)1:1$"*ML&.)*/4& '*$8+4M$10@&Q4/)(6#%:($(& )1-#+M1& RL+:L+1&

!"(/,1S&/):1)1#.(6#$,#&:1&T)1%$,9,&!"(/$,#9,&/(-,91)4:#+M,&%-#&*8R#%K6&)1#.*ML+4+7&:.(%$,1&:&:#R(U1$,#9,&
<-()4D1.(&,&>"(+89#41)#?&"M@&21:&:9,#$&6&)1#8"46$(T+,#+7&.)*/&'*$8+4M$4+7&()#:&$,1(21+$(T+,&6,L:#S&61=
6$L"):+:L!"1+:8(64+7@&J):1%!"#6,($(&64$,8,&2#%#S&8,$1"4+:$4+7&/):12,1.*&/(-,91)4:#+M,&86#!*&B?C=%,#=
9,$(21$:(1!(61.(&6!/(9#.#$1M&N,ND=%,,:(/)(/4-(8#)2(%,,9,%19?&8"K)L&/)(6#%:($(&6&"19/1)#"*):1&/(=
8(M(61M&6&/)(2K68#+7&EFA@&V,$1"48W&2#%#$1M&)1#8+M,?&/)(6#%:($1M&6&%,91"4-(!*-'("-1$8*?&%(2):1&(/,!*M1&
$#M/)(!"!:4&9(%1-&8,$1"4+:$4&/(-,8($%1$!#+M,@&>"6,1)%:($(?&U1&6&/):4/#%8*&)1#8+M,&/)(6#%:($1M&6&%,91"4=
-('()9#9,%:,1?&)1#8"46$(TX&%)*.,1M&.)*/4&#9,$(61M&6&M1%$(!"8#+7&9($(91)4+:$4+7&M1!"&%:,1!,W+,(8)("$,1&
9$,1M!:#?&$,U&)1#8"46$(TX&/,1)6!:1M&:&"4+7&.)*/@&

9%'3$".,:-)'32I& /(-,91)&7,/1))(:.#RW:,($4?&9(%1-& !"#"4!"4+:$4?&9(%1-&8,$1"4+:$4?&8#)2(%,,9,%?&/(:()$#&
!"#R#&!:428(T+,@

Y,.7-4&2)#$+71%&9#+)(9(-1+*-1!&7#51&)1+1$"-4&21+(91&
,9/()"#$"&+(9/($1$"!&('&#%5#$+1%&9#"1),#-!@&N$&,$"1)=
1!"&,$&"71,)&!4$"71!,!&#$%&#//-,+#",($!&!"19!&')(9&5#),(*!&
',1-%!&('&9(%1)$&"1+7$(-(.4@&Z6(&.)(*/!&('&"71!1&/)(%*+"!&
61)1&6,%1-4&!"*%,1%&'()&"71&-#!"&"6(&#$%&#&7#-'&%1+#%1!@&
Z71!1&61)1& %1$%),91)!& #$%& 74/1)2)#$+71%& /(-491)!@&
[1$%),91)!&#)1&/)1/#)1%&,$&)#"71)&"1%,(*!&9#$4=!"#.1%&
().#$,+&!4$"71!,!?&671)1#!&74/1)2)#$+71%&/(-491)!&+#$&
be prepared in a one pot synthesis. Hence, the dendrimers 

consisting of macromolecules of rather regular and uni=
'()9&!")*+"*)1&#)1&.1$1)#--4&9*+7&9()1&1G/1$!,51&"7#$&
the hyperbranched polymers. The latter, on the other 
7#$%?&+($!,!"&('&9#+)(9(-1+*-1!&('&7,.7-4&%,51)!,',1%&2("7&
!,:1&#$%&9(-1+*-#)&!")*+"*)1@&[1!/,"1&('&"7,!&%,!#%5#$"#.1?&
Yates and Hayes [1] named at least 12 different applications 
of hyperbranched polymers in modern technology. 
N-"7(*.7&"71&/,($11),$.&"71()1",+#-&6()8!&($&74/1)=

2)#$+71%& /(-491)!& %#"1& 2#+8& "(& <-()4D!& '*$%#91$"#-&
paper [2, 3] published in 1952, the actual term of hyper=
2)#$+71%&/(-491)!&6#!&+(,$1%&24&V,9&#$%&Q12!"1)&\]^&
$1#)-4&'()"4&41#)!&-#"1)@&>,$+1&"71$&"71)1&6#!&#&9*-","*%1&
of publications on both dendrimers and hyperbranched 
/(-491)!@&N&)15,16&24&O),.,""1&_(,"&2#!1%&($&`C&41#)!&

1)& A:1!:K6& a$,51)!,"4& ('& Z1+7$(-(.4?& [1/#)"91$"& ('& H$%*=
!"),#-&#$%&F#"1),#-!&b719,!")4?&N-@&J(6!"#S+K6&Q#)!:#64&c?&
BC=dCd&A:1!:K6?&J(-#$%@&
*)& N*"7()&'()&+())1!/($%1$+1e&1=9#,-I&71$)48@.#-,$#f/):@1%*@/-
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('& )1!1#)+7& ($& 74/1)2)#$+71%& /(-491)!& m*("1!& (51)&
250 publications [5]. 
H$&"7,!&/#/1)&61&,$"1$%&"(&)15,16&91"7(%!&('&9(%1-,$.&

of formation of hyperbranched polymer limited to those 
prepared by polycondensation of AB

f=̀ &P()&NAOf=̀  [2, 3]) type 
9($(91)!&671)1&N&#$%&O&!"#$%&'()&'*$+",($#-&.)(*/!@&
<-()4& \k?&B^&%1),51%& "71& '(--(6,$.&1G/)1!!,($& '()& "71&

number fraction of molecules of polymerization degree 
x&#!&#&'*$+",($&('&+($51)!,($&n&('&.)(*/!&O&,$&#&9($(=
mer AB

f=`:

 
(fx – 2x + 1)! x!

(fx – x)!
= αx – 1 (1 – α) fx – 2x + 1n

x
 (1)

The size distribution of molecules represented by this 
1m*#",($&,!&51)4&2)(#%?& ,$&'#+"&/)#+",+#--4&%,51).,$.&#!&
"71&+($51)!,($&('&O&.)(*/!?&#//)(#+71!&,"!&7,.71!"&#""#,$=
#2-1&5#-*1&('&`oPf&=& 0̀@&

Since the year ca. 2000, there appeared a number of 
/#/1)!&%15("1%& "(& ',$%,$.&#&m*#$","#",51& )1-#",($!7,/&
21"611$&"71&9(-1+*-#)&61,.7"&('&74/1)2)#$+71%&/(-4=
91)!&/)1/#)1%&24&5#),(*!&"1+7$,m*1!&#$%&+($51)!,($&('&
monomers or their functional groups. Different meth=
(%!&('&9(%1-,$.&61)1&*!1%?&*!*#--4&#%(/"1%&()&%15,!1%&
"(&21&+($!,!"1$"&6,"7&"71&91+7#$,!9&('&/(-491)&'()9#=
tion. 
Y1)1?&61&6,--&+($+1$")#"1&($&9(%1-!&('&74/1)2)#$+71%&

polymerization that proceed according to the classical 
!1-'=/(-4+($%1$!#",($&('&#$&NO

2
&9($(91)@&Z(&(*)&8$(6-=

edge, one of the statistical models presented here, the one 
based on the cascade theory, has not been used for that 
purpose, before. Burchard [6] used the cascade theory 
"(&#$#-4:1&/(-491)!&%1),51%&')(9&!,9,-#)&9($(91)!&('&
NOOD&"4/1?&2*"&7,!&#,9&6#!&"(&!"*%4&!+#""1),$.&217#5,()&
of branched natural polysaccharides. 
H$&"71&!1+($%&/#)"&('&"7,!&)1/()"?&61&,$"1$%&"(&!7(6&"7#"&

the simple models of hyperbranched polycondensation 
#)1&('"1$&!*'',+,1$"-4&#++*)#"1&"(&%1!+),21&.)(6"7&('&/(-4=
91)&9(-1+*-1!?&151$&,$&/)(+1!!1!&671)1&-,$8!&21"611$&
units are formed in chemically complex reactions. To do 
"7,!?&61&6,--&/)1!1$"&!(91&)1!*-"!&('&8,$1",+&!"*%,1!&($&
/(-491),:#",($&('&B?C=%,#9,$(21$:(,+&#+,%&+#)),1%&(*"&#"&
)((9&"19/1)#"*)1&6,"7&N,N’=%,,!(/)(/4-+#)2(%,,9,%1&#!&
#&+#)2(G4-&.)(*/&#+",5#"()@&

SIMPLE CLASSICAL MODELS OF 

HYPERBRANCHED POLYCONDENSATION 

Q1&6,--&+($!,%1)&#&/(-491),:#",($&('&#$&NO
2
 monomer, 

!*+7&#!&"71&/)(+1!!&!7(6$&,$&>+7191&N@&
Z6(&!"#",!",+#-&9(%1-!&('& "71&74/1)2)#$+71%&/(-49=

1),:#",($&-,81&"7#"&!7(6$&,$&>+7191&N&#)1&"(&21&/)1!1$"=
1%@&H$&!"#",!",+#-&9(%1-!?&,"&,!&"71&+($51)!,($&('&'*$+",($#-&
.)(*/!&67,+7&,!&"71&814&,$%1/1$%1$"&/#)#91"1)@&O4&#!=
suming certain probability distribution of finding a func=
tional group to be reacted, the statistical models build up 
the entire molecular size distribution in the reacting sys=
tem. In particular, moments of this distribution can quite 
easily be extracted. 
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In the simplest case one has to assume that the polym=
1),:#",($&/)(+11%!&#++()%,$.&"(&"71&<-()4=>"(+89#41)&\p^&
rules:
qr#--&'*$+",($#-&.)(*/!&('&"71&!#91&8,$%&7#51&1m*#-&

)1#+",5,"4?& ,$%1/1$%1$"-4&('& "71&!,:1&('&9#+)(9(-1+*-1&
67,+7&"714&#)1&#""#+71%&"(e&
qr($-4& ,$"1)9(-1+*-#)& -,$8!&+#$&21&'()91%?& i.e., only 

acyclic macromolecules are formed. 
In real polycondensation systems, especially in the 

/)(+1!!1!& ,$5(-5,$.&9($(91)!&('& '*$+",($#-,"4&7,.71)&
"7#$& "6(?& "71&!1+($%&#!!*9/",($!&+#$$("&21& '*-',--1%?&
but usually the extent of cyclization in polycondensation 
21+(91!&!,.$,',+#$"&#"&+($51)!,($!&+-(!1&"(&"71&.1-&/(,$"&
or, in the case of aromatic AB

2
&9($(91)!?&#"&"71&+($51)=

sion exceeding ca. 90 % [8]. 
A model based on the cascade theory makes use of the 

formalism introduced to polymer science by Gordon [9], 
back in 1962. In the theory applied to polycondensation 
of an AB

2
 monomer let us consider an equilibrium sys=

"19&#"&"71&+($51)!,($&('&N&.)(*/!&1m*#-&"(&p
A
. Clearly, the 

+($51)!,($&('&O&.)(*/!&,!&p
B
 = p

A
/2 for stoichiometry rea=

sons. In the theory, one selects at random one unit from 
the entire system and places it in the zeroth generation 
of the molecular family tree. Suppose the unit selected 
21-($.!& "(&#&/1$"#91)&#!& !7(6$& ,$&<,.@& `@&Z71&*$,"& ,$&
zeroth generation (the root or ancestor) is distinguished 
')(9&"71&"6(&"4/1!&('&*$,"!&P(''!/),$.!0&,$&"71&',)!"&#$%&
7,.71)&.1$1)#",($!@&Z71&(''!/),$.!&('& "4/1&n&7#51&($1&
of its reacted B functional groups (thin line) directed to=
6#)%!&"71&/)1+1%,$.&.1$1)#",($@&Z71&(''!/),$.!&('&"4/1&
s&#)1&-,$81%&"(&/)1+1%,$.&.1$1)#",($&"7)(*.7&,"!&)1#+"1%&
A group (thick line). The yet unreacted functional groups 
bear letters A or B.
Q,"7&"71&#!!*9/",($&%1!+),21%&#2(51?&($1&+#$&6),"1&

%(6$&"71&/)(2#2,-,"4&.1$1)#",$.&'*$+",($!&PJt<0&'()&"71&

number of offsprings for each type of unit. Thus, for the 
)(("&($1&+#$&%1',$1&Jt<&,$&"71&'()9I&

 F
0
(s0&u&P`&=&p

A
 + p

A
sn0P`&=&pB

 + p
B
ss)

2 (2)

671)1I&sn, ss&q&%*994&5#),#2-1!&('&$(&/74!,+#-&91#$=
ing. 

Parameters sn and ss& #)1&+($51$,1$"-4&+($!,%1)1%&#!&
"71&#-.12)#,+&51+"()&s = (sn, ss)

T. Note that F
0
 is simply the 

/)(%*+"&('&Jt<D!&'()&"71&'*$+",($#-&.)(*/!&P'()&1G#9/-1?&
the probability of finding group B reacted is p

B
 and the 

)1!*-",$.&-,$8&-1#%!&"(&#&*$,"&('&"4/1&s&,$&"71&$1G"&.1$1)#=
tion, hence p

B
 is multiplied by ss; the probability of find=

,$.&"71&.)(*/&*$)1#+"1%&,!&`&=&p
B
&6,"7& 0

βs = 1 for no link 
(25,(*!-4&(9,""1%0@&

As can be seen by inspection, for the units in genera=
tion 1 and higher one has: 

 F`n(s0&u&P`&=&pA
 + p

A
sn0P`&=&pB

 + p
B
ss) (3)

'()&#&*$,"&('&"4/1&n?&!,$+1&,"&9#4&7#51&2("7&"4/1!&('&
offsprings, and:

 F`s(s0&u&P`&=&pB
 + p

B
ss)

2 (4)

'()&*$,"!&('&"4/1&s?&67,+7&#)1&/#)1$"!&('&($-4&s&"4/1&('&
(''!/),$.!@&H"&,!&+($51$,1$"&"(&*!1&"71&51+"()&'()9&('&Jt<&
for the first and higher generations:

 







F
1
(s) =

F
1α

(s)

F
1β

(s)
 (5)

E(6?&,$&"71&!"#$%#)%&9#$$1)&\p?&d^?&($1&+#$&+#-+*-#"1&
"71&$*921)&#$%&61,.7"&#51)#.1&/(-491),:#",($&%1.)11!&
*!,$.&"71&'(--(6,$.&'()9*-#!@&Z71&$*921)&#51)#.1&/(=
lymerization degree, P

n
 is: 

 
1

P
n
 =

1 – jTF
0
'/2

 (6)

 
1
1








s =












F
0
' =

∂F
0
/∂s

α

∂F
0
/∂s

β

 (7)

671)1I&jT = (1 1).

Thus, since 













F

0
' =

p
A

2p
B

, by substituting p&v&p
A
 = 2p

B
?&61&

obtain

 
1 – p

1
P
n

=  (8)

Z71&61,.7"& #51)#.1& /(-491),:#",($& %1.)11& ,!& #.#,$&
calculated in the cascade theory in the standard manner 
')(9&"71&1m*#",($&67,+7&'()&NO

2
 monomer has the form: 

 P
W

 = 1 + (F
0
')T[I – F

1
']-1j (9)

671)1I&I – a unit matrix 
10

01






















I = . 

A

B

B
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B

B
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Fig. 1. A pentamer obtained in polycondensation of an AB
2
 mo-

nomer (top) where the unit labeled 0 happened to be selected as 

the root of molecular family tree (bottom)
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Standard calculations yield: 

 
2p

B

p
B

p
A

0








F

1
' =  (10)

 

1 – 2p
B

0

1 – p
A

=






 –p
B

p
B

−1

01 – 2p
B

1 – 2p
A

1








=

[I – F]-1 =

(1 – p
A
)(1 – 2p

B
)

 (11)

hence: 

 
(1 – p)2

1 – p2/2
P
w
=  (12)

N$&#-"1)$#",51&!"#",!",+#-&#//)(#+7&/)(5,%1!&"71&)1+*)=
!,51&91"7(%&2#!1%&($&"71&1-191$"#)4&/)(2#2,-,"4&-#6&#$%&
'()9#-,!9&%151-(/1%&24&F#+(!8(&#$%&F,--1)&\`l?&̀ `̂ @&Z7,!&
#//)(#+7&6#!&*!1%&24&<)1%1"&#$%&Z1!!,1)&\`l^&"(&9(%1-?&
among other systems, also homopolymerization of an 
AB

f
 monomer. In this approach, the fundamental rela=

tion concerning the total probability is used: 

 E(Y) = E(Y|A)p
A
 + E(Y|!)p

!"
(13)

671)1I&E(Y0&q&"71&1G/1+"1%&P#51)#.10&5#-*1&('&)#$%(9&
5#),#2-1&Y, Y|A – the conditional probability of occurring 
Y&/)(5,%1%& "7#"&A& (++*)!&6,"7&/)(2#2,-,"4&p

A
, ! – the 

151$"&+(9/-191$"#)4& "(&A?&(++*)),$.&6,"7&/)(2#2,-,"4&
p
!
?&*!*#--4&1m*#-&"(&`&=&p

A
. 

b#-+*-#",($&('&"71&#51)#.1!&('&/(-491),:#",($&%1.)11!&
for polymerization of AB

2
 monomer is particularly easy. 

Q,"7(*"&.(,$.&,$"(&%1"#,-!?&($1&9#4&!7(6&"7#"&"71&61,.7"&
#51)#.1&/(-491),:#",($&%1.)11&#"&+1)"#,$&+($51)!,($&('&
groups A is [12]: 

 
P
W

 = 1 + E(N
A

out) + 2E(N
B

out)
 (14)

671)1I&E(N
A

out), E(N
B

out) – the expected numbers of units 
linked to a randomly selected unit from the entire sys=
tem, looking out from the unit through reacted function=
al group A and B?&)1!/1+",51-4@&
Y1-/&,$&15#-*#",$.&"71!1&$*921)!&+#$&!1)51&<,.@&k@&Z71&

)#$%(9-4&!1-1+"1%&*$,"!&#)1&-#21-1%&6,"7&$*921)!&#$%&
directions ‘in’ and ‘out’ for the units through B group 
(unit 1) or through A group (unit 2).
Z71& '(--(6,$.& /)(+1%*)1& ('& 15#-*#",$.& E(N

A

out) and 
E(N

B

out) is used [10]. N
A

out equals to N
B

in, if A group reacted 
P6,"7&/)(2#2,-,"4&p

A
), or is 0, if the group remained unre=

#+"1%&P/)(2#2,-,"4&`&=&p
A
). On the other hand, N

B

out equals 
to N

A

in?&,'&.)(*/&O&)1#+"1%&6,"7&N&P/)(2#2,-,"4&p
B
) or equals 

"(&l?&,'&O&61)1&$("&)1#+"1%&P/)(2#2,-,"4&`&=&p
B
). Looking at 

<,.@&k&($1&+#$&!11&"7#"?&+($!,%1),$.&*$,"&`&"7)(*.7&,"!&)1=
#+"1%&O&.)(*/&P"7,$&-,$10&($1&+#$&6),"1I&

 N
B

in = 1 + N
B

out + N
A

out (15)

67,-1&'()&*$,"&k&"7)(*.7&)1#+"1%&N&.)(*/&P"7,+8&-,$10I&

 N
A

in = 1 + 2N
B

out (16)

E(6?&"71&1G/)1!!,($!&%1!+),2,$.&"71&"("#-&/)(2#2,-,"4&
4,1-%&"71&'(--(6,$.&!1"&('&1m*#",($!I&

 E(N
A

out) = p
A
E(N

B

in) + 0(1 – p
A
) = p

A
E(N

B

in) (17)

 E(N
B

in) = 1 + E(N
B

out) + E(N
A

out) (18)

 E(N
B

out) = p
B
E(N

A

in) (19)

 E(N
A

in) = 1 + 2E(N
B

out) (20)

Solution of the set yields:

 
1 – 2p

B

E(N
B
out) = 

p
B  (21)

 
(1 – p

A
)(1 – 2p

B
)

E(N
A
out) = 

p
A
(1 – p

B
)

 (22)

Z71&-#!"&"6(&1m*#",($!&#$%&!*2!","*",($&p = p
A
 = 2p

B
 fi=

$#--4&.,51I

 
(1 – p)2

1 – p2/2
P
W

=  (23)

H"&,!&#-!(&$("&%,'',+*-"&"(&!7(6&"7#"I&

 
1 – p

A

1
P
n

=

1 – p
B

1
=

1 – p

1
=  (24)

Thus, for the simplest case, both statistical methods 
.,51&,%1$",+#-&1G/)1!!,($!&-,$8,$.&+($51)!,($&('&'*$+",($=
#-&.)(*/!&6,"7&#51)#.1!&('&9(-1+*-#)&!,:1&%,!"),2*",($&,$&
polycondensation of an AB

2
 monomer. 

KINETIC MODELS 

H$&"71&8,$1",+&9(%1-!&"71&,$%1/1$%1$"&5#),#2-1&,!&",91?&
$("&+($51)!,($?&-,81&,$&"71&!"#",!",+#-&($1!@&Z71&!,9/-1!"&
kinetic models, i.e.?&"71&9(%1-!&6,"7&!,9,-#)&!,9/-,'4,$.&
assumptions as those applied in the statistical analyses 
61)1&/)1!1$"1%&,$&!151)#-&51)!,($!&\`Bq`C^@&Z714&61)1&#/=

B

A

in

out in

out

1

2

 

Fig. 2. Illustration of the recursive method of evaluating the ave-

rages of polymerization degrees in polycondensation of an AB
2
 

monomer
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/-,1%&"(&!4!"19!&6,"7&"71&!(&+#--1%&+()1&9($(91)?&*!*#--4&
of B

g
 type (g = 1, 2, …) added to AB

f
 monomer in order to 

)1%*+1&%,!/1)!,"4&('&"71&/(-491)&/)(%*+"&\`Cq`p^@&V,$1",+&
9(%1-!&61)1&#-!(&!"*%,1%&,$&+(9/*"1)&!,9*-#",($!&\w?&`w?&
19] usually in attempts to interpret experimental data. 
Z71&+(9/*"1)&!,9*-#",($!&#--(61%&'()&)1-#G,$.&"71&+-#!!,=
cal assumptions, including formation of cyclic structures, 
+7#$.1!&,$&)1#+",5,"4&('&'*$+",($#-&.)(*/!&()&151$&!"1),+&
7,$%)#$+1!@&N&%,!#%5#$"#.1&('&"71!1&#//)(#+71!&,!&"7#"&
they either cannot be generalized [18] or applied to a par=
ticular system [19]. 

Our attempt to implement cyclization in the kinet=
,+&#$#-4!,!&\`]^&6#!&),.7"-4&+),",+,:1%&#!&*$/74!,+#-&\kl^@&
In fact, in all theoretical approaches beside the comput=
1)&!,9*-#",($!?&<-()4D!&+($'1!!,($&\k?&B Î&xH$")#9(-1+*-#)&
condensations are neglected out of despair at the diffi=
+*-"4&('&")1#",$.&"71&/)(2-19&("71)6,!1y&!119!&!",--&5#-,%@&
Q7,-1&%1!+),2,$.&#&8,$1",+&9(%1-&2#!,$.&($&"71&!#91&

classical assumptions as adopted in statistical approach=
1!?&61&,$"1$%&"(&%19($!")#"1&"71&1m*,5#-1$+1&('&"71&"6(&
#-"1)$#",51&91"7(%!&('&9(%1-,$.&('&74/1)2)#$+71%&/(-4=
condensation. 
b($!,%1)&#&/(-491),:#",($&!4!"19& ,$5(-5,$.&#$&NO

2
 

monomer at time t. Let the concentration of an i=91)&#"&
this time be [i^?&+($51$,1$"-4&1G/)1!!1%&#!&"71&$*921)&('&
molecules of this size, independently of their structure, 
%,5,%1%&24&"71&"("#-&$*921)&('&9($(91),+&*$,"!&,$&"71&
system. Note that this definition of the distribution of 
molecular sizes of species implies that the first moment 
of the distribution is necessarily equal to 1:

 i[i] = 1

i = 1

∑
∞

 (25)

z1)("7&9(91$"&,!&"71&)1+,/)(+#-&('&"71&$*921)&#51)#.1&
polymerization degree: 

 [i] 

i = 1

∑
∞

1
=
P
n

 (26)

Each acyclic hyperbranched macromolecule of size i 
has exactly one unreacted A group and i + 1 unreacted B 
.)(*/!@&Y1$+1&"71&)1#+",($&21"611$&i=91)&#$%&j=91)&+#$&
21&6),""1$&#!I

  →AB
i+1

 + AB
j+1

AB
i+j+1

 
(i + j + 2)k

 (27)

671)1I&k&q&"71&)#"1&+($!"#$"&('&)1#+",($&21"611$&'*$+=
tional groups. 
Z71&)#"1&#"&67,+7&#$& i=91)&#//1#)!& ,$&#$%&5#$,!71!&

')(9&"71&!4!"19&,!&%1!+),21%&24&"71&>9(-*+7(6!8,&+(=
#.*-#",($&1m*#",($&\k`̂ ?&67,+7&+#$&21&+($51)"1%&\`B^&,$"(&
the partial (master) differential equation: 

 )()(
τ

+−−







+

∂x

∂G
=

∂

∂G
G G G

0
G

0
GG

x
 (28)

This equation describes the time dependence of the 
entire size distribution in the polymerizing system ex=
pressed by the function: 

 [i]eix∑
∞

i=1

G(τ,x) =  (29)

Z71&",91&*$,"!&7#51&211$&!+#-1%&"(&{&u&kt and the other 
symbols stand for the zeroth and first moments of distri=
2*",($?&)1!/1+",51-4@&

 [i]∑
∞

i=1

G
0
 = G

0
(τ,0) =  (30)

 i[i]∑
∞

i=1

G
x
 = G

x
(τ) = =

x=0∂x

∂G
 (31)

Parameter x&,!&71)1&#&%*994&5#),#2-1&('&$(&/74!,+#-&
91#$,$.?&67,-1&i, the polymerization degree, should not 
21&+($'*!1%&6,"7&,9#.,$#)4&*$,"@&

Solutions of differential equations extracted from the 
9#!"1)&1m*#",($&24&,"!&!*++1!!,51&%,''1)1$",#",($&6,"7&)1=
spect to x?&'(--(61%&24&/*"",$.&x&u&l&4,1-%&"71&'(--(6,$.&
results [13]:
 P

n
 = 2eτ – 1 (32)

 P
W

 = 2e2τ – 1 (33)

 p
A
 ≡ p = 2

eτ – 1

2eτ – 1

 (34)

N&)1#%1)&9#4&6,!7&"(&51),'4&"7#"&"71&)1-#",($!7,/!&21=
"611$&"71&#51)#.1!&('&/(-491),:#",($&%1.)11!&#$%&+($=
51)!,($&p are identical as those obtained using the statis=
tical approaches. 
N%5#$"#.1!&('&"71&8,$1",+&#//)(#+7&(51)&"71&!"#",!",=

+#-&($1!&#)1&"71&'(--(6,$.@&b#-+*-#",($!&'()&!4!"19!&6,"7&
%,''1)1$+1!&,$&)1#+",5,"4&('&,$%,5,%*#-&.)(*/!&,$+-*%,$.&
"71&!*2!","*",($&1''1+"&\`C?&`p^?&#)1&)1-#",51-4&!,9/-1&#$%?&
9()1&,9/()"#$"-4?&($1&9#4&"#81&,$"(&#++(*$"&5#),#",($!&
,$&"71&+(9/(!,",($&('&"71&)1#+",$.&!4!"19@&>*+7&5#),#",($!&
aim at reducing dispersity of the resulting condensation 
/)(%*+"&#$%&9#4&,$5(-51&+#))4,$.&(*"&"71&)1#+",($&!"#)"=
,$.&6,"7&#&+()1&9($(91)?&e.g., B

2
 monomer, and adding 

the AB
2
 monomer in portions [22, 23] or continuously in=

troducing it at different rates [24]. 
g$1&51)!,($& ('& 8,$1",+&9(%1-!&%151-(/1%&24&*!& \`]^&

takes into account the substitution effect for B groups, 
i.e.?&,"&+($!,%1)!&#&!4!"19&671)1&2("7&O&.)(*/!&,$&#&*$,"&
#)1&1m*#--4&)1#+",51?&2*"&6,"7&"71&)1#+",5,"4&('&"71&!1+($%&
group changing after the first one has reacted. The model 
produces a simple set of ordinary differential equations 
for partial moments of size distribution expressed this 
time by the function: 

 [i,j]xi(αy)j

i=1 j=0

∑∑
∞ ∞

H(τ,x,y) =  (35)

671)1I&\i, j] – the concentration of molecules sharing i 
*$,"!&6,"7&2("7&O&.)(*/!&*$)1#+"1%?&#$%&j&*$,"!&6,"7&($1&
B group reacted, again expressed as the number of these 
9(-1+*-1!&%,5,%1%&24&"71&"("#-&('&#--&*$,"!&,$&"71&!4!"19?&
x, y&q&%*994&5#),#2-1!?&n&u&k’/2k – the ratio of rate con=
stants for reaction of the first B group (k) and the second 
one (k’). 
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6.626.636.646.656.666.676.68
δ, ppm

polymer units

monomer units

6.426.446.46
δ, ppm

polymer units

monomer units

6.40

Fig. 3. Enlarged fragments of 1H NMR spectra of room temperature polycondensation reaction mixtures in (the peaks are ascribed 

to resonance signals from protons in position 2,6 in 3,5-diaminobenzoic acid units): a) DMF, b) DMSO

a) b)

Q,"7&$(&!*2!","*",($&1''1+"?&n&u&`ok@&
Z71&!1"&('&()%,$#)4&%,''1)1$",#-&1m*#",($!&6,"7&)1!/1+"&

"(&",91?&!*'',+,1$"&"(&'(--(6&"71&+($51)!,($&('&N&.)(*/!&
has the form [14]: 

 








H1
= –H

1
(H

1
 + H

x
)

H
x
= –H

1
H
x

H
y
= αH

1
(H

x
 + H

y
)

 (36)

671)1I
 H

1
P{0&u&HP{?& ?̀̀ on0& PBp0

 
∂x

∂H
H
x
(τ) =

x=1, y=1/α

 (38)

 
∂y

∂H
H
y
(τ) =

x=1, y=1/α

 (39)

EXPERIMENTAL KINETIC ANALYSIS 

<()&#&/(-4+($%1$!#",($&+#)),1%&(*"&#"& )((9&"19/1)=
#"*)1?& "71&8,$1",+!& ,!&/#)",+*-#)-4& 1#!4& "(& '(--(6&*!,$.&
EFA&!/1+")(!+(/4@&V,$1",+&#$#-4!1!&('& "7,!&8,$%&61)1&
published for many systems, both for aliphatic [25–27] or 
aromatic [28] monomers. 
Q1&7#51&9#%1&!151)#-&8,$1",+&1G/1),91$"!&,$5(-5,$.&

]=2,!P]=74%)(G4/71$4-0/1$"#$(,+&#+,%&#$%&B?C=%,#9,$(=
21$:(,+&#+,%@&<*)"71)9()1?&"71&!4!"19!&6,"7&+()1&9($(=
mers and gradual introduction of AB

2
 monomers to the 

EFA&"*21&671)1&#&+()1&9($(91)&7#%&211$&#-)1#%4&/)1!=
1$"&61)1& #-!(& !"*%,1%@&[1"#,-!& ('& "71& -#!"& 1G/1),91$"!&
6,--&21&/)1!1$"1%& ,$&#& !*2!1m*1$"&/#/1)@&Y1)1?&61& )1=
/()"&($&"71&8,$1",+&#$#-4!,!&('&B?C=%,#9,$(21$:(,+&#+,%&
7(9(/(-4&+($%1$!#",($&,$&%,''1)1$"&!(-51$"!@&H$&"71&1G=
periments, all carried out at 25 °C, calculated amounts of 
!(-51$"&P%

6
=[F>g?&%

7
=[F<?&l@pC&+93), N,N=%,91"74-#9,=

$(/4),%,$,*9&]="(-*1$1&!*-'($#"1&+#"#-4!"&Pp@C&9.0?&#$%&

"71&9($(91)&P]w&9.0&61)1&/-#+1%&,$&#$&EFA&"*21&"(&)1=
cord the first spectrum. Then, N,ND=%,,!(/)(/4-+#)2(%,=
,9,%1&PCp&9.0&6#!&#%%1%&*!,$.&#&9,+)(!4),$.1&#$%&!/1+=
")#&61)1&)1+()%1%&#"&/)1%1"1)9,$1%&",91&,$"1)5#-!@&Z71&
67(-1&1G/1),91$"&"((8&ca. 6 h. The signals from protons 
k?c&,$&"71&#)(9#",+&),$.&('&9($(91)&*$,"!&61)1&*!1%&#!&
%,#.$(!",+&($1!&\kd^@&H$&[F<?&,"&6#!&#&%(*2-1"&#"&c@cc&//9&
P#"&c@]B&//9&,$&[F>g0&67,+7&2)(#%1$1%&#!&"71&)1#+",($&
/)(+11%1%@&Z71&#+"*#-&+($51)!,($&6#!&+#-+*-#"1%&')(9&
reduction of signal intensity from diagnostic protons in 
*$)1#+"1%&9($(91)@&H"&6#!&+#-+*-#"1%&#'"1)&%1+($5(-*"=
,$.&"71&2)(#%1$1%&!,.$#-!@&Z71&%(*2-1"!&)1+()%1%&,$&[F<&
#$%&[F>g&#)1&!7(6$&,$&<,.@&B@&
Z71&)#"1&+*)51&)1+()%1%&,$&[F>g&6#!&!*'',+,1$"-4&61--&

%1!+),21%&24&1m@&PBc0&%1),51%&')(9&"71&!,9/-1!"&8,$1",+&
9(%1-& \`B^&6,"7&{& !*2!","*"1%&2#+8&24&kt?&671)1& t&6#!&
"71&)1#-&",91&('&)1#+",($@&Z71&)1!*-"& ,!&!7(6$&,$&<,.@&]@&
<()&9($(91)&+($+1$")#",($&('&l@]`c&9(-o%93 the appar=
1$"&)#"1&+($!"#$"&+#-+*-#"1%&%,)1+"-4&*!,$.&1m@&PBc0&6#!&
k = (4.30 ± 0.07) · 10–3 1/min.
H$&[F<?&7(6151)?&!,9,-#)&1G/1),91$"&)151#-1%&#&+($=

siderable substitution effect exerted by the reacted ami=
$(&.)(*/@&<()&#&51)4&!,9,-#)&9($(91)&+($+1$")#",($&('&
0.428 mol/dm3, the apparent rate constant calculated di=
)1+"-4&*!,$.&1m@&PBc0&6#!&k = (9.7 ± 0.33) · 10=B 1/min. The 
21!"&)#"1&+*)51?&7(6151)?&+#-+*-#"1%&'()&%,''1)1$"&n&5#-*1!&
')(9&"71&!1"&('&%,''1)1$",#-&1m*#",($!& PBc0&6#!& "7#"& '()&
k = (1.06 ± 0.03) · 10=k&`o9,$&6,"7&n&u&l@lC@&Z71&-#!"&5#-*1&
!*..1!"!&"7#"&"71&!1+($%&#9,$(&.)(*/&)1#+"!&6,"7&+#)=
2(G4-&.)(*/&#"&"71&)#"1&"1$&",91!&-(61)&"7#$&"71&',)!"&($1@&
Certainly, one has to bear in mind the approximations 
,$5(-51%&,$&"7,!&8,$1",+&#$#-4!,!@&g$-4&"71&1''1+"&('&!*2=
stitution of amino groups is taken into account, but not 
"7#"&('&+#)2(G4-&.)(*/!@&<*)"71)9()1?&/(!!,2-1&+4+-,:#=
",($&#$%&("71)&!,%1&)1#+",($!&#)1&%,!)1.#)%1%@&Q1&21-,151?&
though, that the cyclization has a minor effect on the re=
#+",($&#$%?&#!&!7(6$&24&)1+1$"&F($"1=b#)-(&!"*%,1!&\w^?&
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the cyclization reaction in homopolycondensation of the 
#--&#)(9#",+&9($(91)&21+(91!&#//)1+,#2-1&#"&"71&+($51)=
!,($&61--&#2(51&dl&|@&Z71&+($!,!"1$+1&('&"71&9(%1-!&6,"7&
"71&1G/1),91$"&'()&"71&)1#+",($&,$&[F<&,!&61--&,--*!")#"1%&
,$&<,.@&C?&671)1&"71&21!"&-,$1!&+#-+*-#"1%&%,!)1.#)%,$.&"71&
!*2!","*",($&1''1+"&#$%&"7#"&+())1!/($%,$.&"(&n&u&l@lC&#)1&
/-(""1%&#-($.&6,"7&1G/1),91$"#-&)1!*-"!@&
N!&($1&+#$&!11&,$&<,.@&c?&"71&)#"1&('&+($%1$!#",($&)1=

action or, strictly speaking, the apparent rate constant 
is linearly dependent on the concentration of monomer 
#$%&!"#)"!&51)4&+-(!1&"(&(),.,$@&Z7,!&91#$!&"7#"&"71&)((9&
temperature polycondensation is here the first order re=
#+",($&6,"7&)1!/1+"& "(&9($(91)&+($+1$")#",($@&g$&"71&
other hand, despite of rather complex mechanism of poly=
condensation carried out in the presence of carbodiimide 
\BlqBk^?&')(9&"71&/(,$"&('&5,16&('&+($$1+",5,"4&/)(+1!!?&
"71&'()9#",($&('&/(-491)&61--&+($'()9!&"(&51)4&9*+7&
!")#,.7"'()6#)%&!1+($%&()%1)&)1#+",($&21"611$&'*$+",($=
al groups. 

H"& ,!& ,$"1)1!",$.& "7#"?&*$-,81& ,$&[F<?&$(&!*2!","*",($&
1''1+"&6#!&(2!1)51%&'()&"71&!4!"19&,$&[F>g?&#-"7(*.7&
the proximity of amino groups in the monomer might 
!*..1!"&!*+7&#$&1''1+"&"(&21&,$15,"#2-1@&Z71&)1#!($&9,.7"&
be either some superposition of side effects or different 
!(-5#",$.&/(61)&('&"71&"6(&!(-51$"!@&Z71&-#""1)&9#$,'1!"!&
itself by different splitting of 1Y&EFA&!,.$#-!&')(9&/)(=
"($!&k?c&('&9($(91),+&*$,"!&,$&%,''1)1$"&!(-51$"!&P<,.@&B0@&

Ai<iAiEbi>&

\`̂ & j#"1!& b@A@?& Y#41!& Q@I& European Polymer Jour-
nal 2004, 40, 1257. 7""/Ioo%G@%(,@().o`l@`l`coM@1*)=
/(-49M@kll]@lk@llp

\k^& <-()4&J@}@I&Journal of American Chemical Society 1952, 74, 
2718. 7""/Ioo%G@%(,@().o`l@̀ lk`oM#l``B`#llw

\B^& <-()4&J@}@I&xJ),$+,/-1!&('&J(-491)&b719,!")4y?&b()$1--&
a$,5@&J)1!!?&H"7#+#&`dCB@&

\]^& V,9&j@Y@?&Q12!"1)&g@Q@I&Polymer Preprints 1988, 29, 
310; Macromolecules 1992, 25, 5561. 

 http://dx.doi.org/10.1021/ma00047a001
\C^& _(,"&O@I&Journal of Polymer Science A: Polymer Chemistry 

2005, 43, 2679. http://dx.doi.org/10.1002/pola.20821
\c^& O*)+7#)%&Q@I&Macromolecules 1972, 5, 604. 
 http://dx.doi.org/10.1021/ma60029a015
\p^& [*~18&V@?&J),$!&Q@I&Advances in Polymer Science 1969, 

6, 1. 7""/Ioo%G@%(,@().o`l@̀ llpoO<2llC`l]k
\w^& z7#$.&z@?&Q#$.&h@?&Q#$.&z@&et al.: RSC Advances 2014, 

4, 56 625. 7""/Ioo%G@%(,@().o`l@̀ lBdob]AN`lB`BV
[9] Gordon M.: Proceedings of Royal Society (London) 

1962, A 268, 240. 
 http://dx.doi.org/10.1098/rspa.1962.0136
\`l^& F#+(!8(&b@Q@?&F,--1)&[@A@I&Macromolecules 1976, 9, 

199. http://dx.doi.org/10.1021/ma60050a003
\``̂ & F,--1)&[@A@?&F#+(!8(&b@Q@I&Macromolecules 1976, 9, 
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\`k^& <)#%1"&N@?&Z1!!,1)&F@I&Macromolecules 2006, 39, 6238. 
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Fig. 4. The rate curve calculated from NMR test for homopoly-

condensation of 3,5-diaminobenzoic acid in d
6
-DMSO (points) 

and calculated using eq. (34) (line) 
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Fig. 6. The dependence of the apparent rate constant for homopo-

lycondensation of 3,5-diaminobenzoic acid on its concentration 
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Fig. 5. The rate curve calculated from NMR test for homopo-

lycondensation of 3,5-diaminobenzoic acid in d
7
-DMF (po-

ints), calculated using eq. (34) (dashed line) and calculated from 

eq. (36) (solid line) 
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 http://dx.doi.org/10.1021/ma060694h
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