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1. INTRODUCTION

In this paper, we consider the following perturbed fourth-order Kirchhoff-type problem

uv + K (()f(Au’(x)2 + B|u(:17)|2)d:z:> (Au” 4+ Bu)

= A (z,u) + pg(z,u) + h(u), x € (0,1), (1.1)
u(0) = u(1l) = u”(0) = u”(1) =0,

where A and B are real constants, A is a positive parameter, p is a non-negative
parameter, K : [0, +oo[— R is a continuous function such that there exist positive
numbers mg and my with mg < K(t) <mq forallt >0, f,g:[0,1] x R — R are two
L?-Carathéodory functions and h : R — R is a Lipschitz continuous function with
the Lipschitz constant L > 0, i.e.,

|h(t1) — h(t2)| < Lt1 — ta|

for every t1,t2 € R, and h(0) = 0.
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The problem (1.1) is related to the stationary problem

L
2 2
p%—(@+£/‘@2dx)@207 (1.2)
ot2 h 2L Ox 0x?
0

for 0 <z < L, ¢t > 0, where u = u(z,t) is the lateral displacement at the space
coordinate x and the time ¢, E the Young modulus, p the mass density, h the
cross-section area, L the length and pg the initial axial tension, proposed by Kirchhoff
[16] as an extension of the classical D’Alembert’s wave equation for free vibrations
of elastic strings. The Kirchhoff’s model takes into account the length changes of
the string produced by transverse vibrations. Some interesting results can be found,
for example in [3,31]. On the other hand, nonlocal boundary value problems model
several physical and biological systems where u describes a process which depend
on the average of itself, as for example, the population density. We refer the reader
to [2,5,12,13,19-24,29, 30] for some related works.

We refer to the recent monograph by Molica Bisci, Radulescu and Servadei [25] for
related problems concerning the variational analysis of solutions of some classes of
nonlocal problems.

It is well known that the static form change of beam or the support of rigid
body can be described by a fourth-order equation, and specially a model to study
travelling waves in suspension bridges can be furnished by the fourth-order equation
of nonlinearity, so studying fourth-order boundary value problems is important to
Physics. In [17], Lazer and McKenna have pointed out that this type of nonlinearity
furnishes a model to study travelling waves in suspension bridges. Due to this, many
researchers have studied the existence and multiplicity of solutions for fourth-order
two-point boundary value problems, we refer the reader to [1,4,8,26]. In [32], Wang
and An using the mountain pass theorem established the existence and multiplicity
of solutions for a fourth-order nonlocal elliptic problem, and in [33] the authors by
using the mountain pass techniques and the truncation method studied the existence
of nontrivial solutions for a class of fourth order elliptic equations of Kirchhoff-type.
In particular, in [11], using variational methods and critical point theory, multiplicity
results of nontrivial and nonnegative solutions for a fourth-order Kirchhoff type elliptic
problem, by combining an algebraic condition on the nonlinear term with the classical
Ambrosetti-Rabinowitz condition was established, while in [14], using variational
methods and critical point theory, the existence of one, two and three solutions for
the problem (1.1), in the case p = 0 were discussed. In [18] Ma studied the existence
of solutions of a nonlinear fourth order equation of Kirchhoff type, under nonlinear
boundary conditions modeling the deformations of beams on elastic supports.

In the present paper, using two kinds of three critical points theorems obtained in
[6,9], the first one due to Bonanno and Marano, and the second one due to Bonanno
and Candito which we recall in the next section (Theorems 2.1 and 2.2), we establish
the existence of least three generalized solutions for the problem (1.1). The treatment
is variational and basic tools are three critical point theorems recently established
by Bonanno at al. and which goes back to the pioneering contributions of Pucci and
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Serrin [27,28]. These theorems have been successfully used to ensure the existence of
at least three solutions for perturbed boundary value problems in the papers [7,10,15].

2. PRELIMINARIES

Our main tools are the following three critical points theorems, the first one due to
Bonanno and Marano, and the second one due to Bonanno and Candito. In the first
one the coercivity of the functional ® — AW is required, in the second one a suitable
sign hypothesis is assumed.

Theorem 2.1 ([9, Theorem 3.6]). Let X be a reflexive real Banach space, ® : X — R
be a coercive continuously Gateaux differentiable and sequentially weakly lower semi-
continuous functional whose Gateaur derivative admits a continuous inverse on X*,
U : X — R be a continuously Gateaux differentiable functional whose Gateaux
derivative is compact such that ®(0) = ¥(0) = 0.
Assume that there exist v > 0 and v € X, with r < ®(v) such that
SUPg(y<r Y(W) _ ¥(7)

(a1) . : @(g)v

(ag) for each X € A, := } $%, m [ the functional ® — AV is coercive.
Then, for each A € A, the functional ® — AV has at least three distinct critical points
in X.

Theorem 2.2 ([6, Corollary 3.1]). Let X be a reflexive real Banach space, ® : X —»
R be a convex, coercive and continuously Gateaux differentiable functional whose
derivative admits a continuous inverse on X*, ¥ : X — R be a continuously Gateaux
differentiable functional whose derivative is compact, such that

1. infx ® = ®(0) = ¥(0) = 0;

2. for each A > 0 and for every ui,us € X which are local minima for the functional
& — AV and such that U(uy) > 0 and ¥(uz) > 0, one has

inf U(su; + (1 —s)ug) > 0.
s€[0,1]

Assume that there are two positive constants r1,r9 and T € X, with 2ry < ®(v) < 72,
such that

(bl) SUPyed—1(]—o0,r[) ‘I’(’U,) < g\:[l(ﬁ) A
1 3 ‘I)(@)’

(bz) SupuE'ibfl(]—oo,mD \I/(u) < E\P(@) ]
9 3 (I)(E)

Then, for each

3 (I)(E) . 1

— —, Inin s 5
2¥(v) SUP a1 (1—co,m ) Y(U) SUPLea—1(—co,rp) V(1)

the functional ® — AV has at least three distinct critical points which lie in
o~1{(] — o0, 72]).

N

A€
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Suppose that
{ A B A B }
max{ —,——,—5 — — ¢ < l.

w2’ gt g2 g4
Set
. A B A B
O = max p,-g,;-g,g

and

0:=+v1-o.
Let X := H?([0,1]) N H}([0,1]) be the Sobolev space endowed with the norm

1 1/2

Jull = | [ (" @F = Al @) + Blu(z) Pz

0

which is equivalent to the usual one and, in particular, for each v € X one has

lulloo < & 5|| ull; (2.1)

(see [8, Proposition 2.1]).

We suppose that the Lipschitz constant L > 0 of the function h satisfies
min{1,mo} > #.

A function w : [0,1] — R is a generalized solution to the problem (1.1) if u €
C3([0,1]), " € AC([0,1]), u(0) = u(1) = 0, u”(0) = w”(1) = 0, and

1
u’ + K / (—Ajd (2)|* + Blu(z)|*)dz | (Au” 4 Bu)
0

= Mz, u(z)) + pg(, u(@)) + h(u(z))

for almost every = € [0,1], and it is a weak solution to the problem (1.1) if v € X and

1
/u”(w)v”(m)daﬁ

/1 (— Al (2))* + Blu(x)|?)dz /1 —Au'( x) + Bu(z)v(x))dx
0 0
—x\/lf(m,u( da:—,u/lg x)dx—/lh(u(x))v(x)dmzo
0 0 0

for every v € X. Each weak solution to the problem (1.1) is a generalized one (see
[8, Proposition 2.2]). If f, g are continuous, then each generalized solution u of
the problem (1.1) is a classical solution.
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Put .
/f x,€)d¢  for all (z,t) € [0,1] xR
0
G(x,t)z/g(x,g)dg for all (z,£) € [0,1] x R
0
t
K(t) = /K(g)dg for all ¢ > 0
0
and

t
H(t):/h(g)dg for all £ € R.
0

Moreover, set

[

GY .= [ sup G(z,t)dx
[t|<o
for every € > 0 and
G, = inf G(z,1)
[0,1]x[0,7]

for every n > 0. If ¢ is sign-changing, then GY > 0 and G, <0. Put

k=275 - A+ 5B)

Then, 0 < k < 1/2 (see [8, p. 1168] ).

3. MAIN RESULTS
In order to introduce our first result, fixing two positive constants 6 and 7 such that

(max{1,m1} + 5520 < (min{1,mo} — 55)6°

5 1 '
k| F(,n)do J supy<o F(z,1)de
%
and taking
AeEA = 2Trk6 (max{l mi}t+ g 252 )n° 27°6% (min{1, mo} — ﬁ)w

b

1
fF(%"ﬂ?)dﬂC Ofsup\t|<9F x t)d.’L‘

o
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set dy 4 given by

min

1
2m26% (min{1,mo} — 5552 )0% — X [ supyy<q F(x, t)dx
J <

g (3.1)
2m20% (max{1,m1} + 2 )n® — kA [ F(w,n)dz
3
B
kG,
and
_ ) .
6A7g o 5>\7g7 su G(z,t)
max 4 0, 3 252 (mi ! — limsupy, pLGUl]
T (mm{l,mo}—m) |t|]—+oo
3 2)

where we read p/0 = +0o0, so that, for instance, 6y 4 = +oo when

sup,, G(x,t
lim sup HPaefo) AT ( )<0,

5 <
[t| =400 t

and G, = G? = 0.

Now we formulate our main results as follows.

Theorem 3.1. Assume that there exist two positive constants 6 and n with 6 < %
such that

(Ay) F(z,t) >0, for each (x,t) € [0, 2]U]2,1] x [0,7];

5
) 8

su F(x,t)dx . J Flarmda
f Pitj<o (z,1) kE(min{l,mo} — #) i

Ay) 2 |
( 2) 62 max{l,m1}+ ﬁ 172
(A3) limsup w <0.

|t| =00 t2 —=

Then, for each A € A and for every L?-Carathéodory function g : [0,1] x R — R
satisfying the condition

. SUPze0,1] G(x,1)
limsup ————————

< 400, 33
[#] =400 t2 e (3:3)

there exists 0,4 > 0 given by (3.2) such that, for each p € [0,0y 4[, the problem (1.1)
admits at least three distinct generalized solutions in X.
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Proof. Let @, ¥ : X — R be defined by

1 1

o) = [ W' @Pdot 3K | [ (A @P + Blu@P)de | - [ Hu@)ds (.9

0 0

and

>|=

U(u) = /F(x,u(:z:))dx+ /G(z,u(z))dx (3.5)
0 0

for every u € X. It is well known that U is a differentiable functional whose differential

at the point u € X is
1 1
:/f(x u(x / x)dx,
0 0

as well as is sequentially weakly upper semicontinuous. Furthermore, ¥’ : X — X*
is a compact operator. Moreover, ® is continuously differentiable whose differential at
the point u € X is

V\t

1 1

& (u) (1) = / W (@) ()de + K / (— Al (2)]2 + Blu()*)de

0 0

x/ x) + Bu(z)v (x))dx—/h(u(x))v(x)dx
0 0

for every v € X, while [14, Proposition 2.4.] gives that ®' admits a continuous inverse
on X*. Furthermore, ® is sequentially weakly lower semicontinuous. Put

L
ro= 277262(min{1, mo} — W)QQ
T
and
G0 (y2 3y if z € [0, 2],

We clearly observe that w € X and, in partlcular,

27242 27242

. L L
(Inln{l,mo}fm)n2 < P(w) < (max{l my}+ 262) 2,
Taking into account 6 < #, we observe that

0<r<®(w).
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The inequality
1, . L )
5 (min{Lmo} = == ) ul® < @(u)
for each u € X in conjunction with (2.1) yields
(] —o0o,r]) = {u e X; ®u) <r}

L 2
{u € X; (mln{l mo} — 71_252)||u|| < r}
C{u € X; |u(z)| <0 for each x € [0,1]},

which follows

1
sup U(u) = / )+ G(x u(zx))]dx
u€P—1(]—o0,r]) ued— 1( —o0,r]) 0

1
/suprtdx—l—uG
J 1110 A

On the other hand, in view of (A1), since 0 < w(z) < n for each x € [0,1], we have

O/G(a: w(z))dx

B inf
F(z,n)dz + & N o, ﬁil[o W]G(x,t)

w) > / Fa,n)ds +

>|=

>

ol ooleo
ol wlo

:/F(Jc,n)daz—i—%Gn.

oolee

Hence,

Ot —

1 F(z, + £G(x, d
ety () SPuet10-c0m) [P 0(@) + 4@ ulw))da

r r

1
OfsuPltISO F(z,t)dz + 4G?

< ;
27262 (min{l, mo} — ﬁ)o?
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and
G(z,w(zx))dx

Ot— =

5

g
3fF(a:,r])da: + &
H

U (w S
O(w) — @(max{Lmﬂ—i—ﬁ)nQ (3.8)

5

3

3fF(:v, n)dx + £G,
£

271—262 (max{l, m1} + ﬁ)?ﬁ )

Y

Since p < dy,4, one has

1
27262 (min{1, mo} — 552)0% — A [ supjy <q F(z,t)dx
J <

12 < GG )
this means
1
[ supjy <o F(x,t)dx + el .
0
< —.
27262 (min{l, mo} — ﬁ)m A
Furthermore,
%
2726% (max{1,m1 } + ;552 )n* — kA [ F(z,n)dx
3
1% < . )
kG,
this means

5

5

[ F(x,n)dz+ £G,

: 1

200 (max{1,m} + 55)n? A
Then,

fF(x, n)dz + £G,
(3.9)

1
gsup|t|§9 F(Z‘, t)dx + %Ge 1 3
< =< .
A 27‘—;52 (max{l, ml} + #)T}

27262(min{1, mo} — 557 )02
Hence from (3.7)—(3.9), we observe that the condition (a;) of Theorem 2.1 is fulfilled

Finally, since 1 < dy 4, we can fix [ > 0 such that

su G(x,t
lim sup —pw€[0,12] (@ <,
[¢]— 00 t
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and
il < (47252 min{21,m0} - L).
Therefore, there exists a function p € L'([0,1]) such that
G(z,t) <It* + p(x) (3.10)

for every z € [0,1] and ¢t € R. Now, fix

(47252 min{1,mo} — L) ul
0<e< 3\ 1

From (As) there exists a function p. € L'([0,1]) such that

F(x,t) < et® + pc(x) (3.11)

for every x € [0,1] and ¢ € R. Taking (2.1) into account, it follows that, for each
u € X,

1
1 . L
D)~ AW(w) > 3 (min1,mo} — ¢z )l - Ae/uQ(x)dx ~Alpelh

0
1
—ul / u()dz — pllp]ls
0
1/ . L A€ l 9
> (= _ _ _ _ —
> (5 (min{Limo} = 55 ) = 257 — goag) ll® = Mol = alell.

and thus
(P(u) — AT (u)) = 400,

im
[[u|] =400

which means the functional ® — AP is coercive, and the condition (ag) of Theorem 2.1
is verified. From (3.7)—(3.9) one also has

D(w) T
U(w)’ supg ()<, ¥(u)

A€

Finally, since the generalized solutions of the problem (1.1) are exactly the solutions of
the equation ®'(u) — AW’ (u) = 0, Theorem 2.1 (with T = w) ensures the conclusion. [

Now, we present a variant of Theorem 3.1 in which no asymptotic condition
on the nonlinear term is requested.
Fix positive constants 67, 6> and 71 such that

2

3 (max{1,m1} + k5
2k [§ Fzn)de
8

L 62 03
: . 1 2
< (mln{l,mo} - ﬁ) min § — ) T
4m6 Jo supji<o, F(x,t)dz 2 [ supjy<p, F(z,t)dx
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and let

X :] 3m262 (max{1,m} + %5z )n*
k [§ F(x,n)dx

2.2, . L . 0% 03
276 (min{1l, mo} — 252 )min § — , T )
4 fo supyy<g, F(z,t)dx 2f0 sup|y<g, F'(2,t)dx

Theorem 3.2. Let f : [0,1] x R — R be a nonnegative L?-Carathéodory function.
Assume that there exist three positive constants 61, 02 and n with

i k(min{1,mo} — =57\
9k B < < ’ 4m2H 0
(2k)2 01 <n <2(maX{1,m1} + ﬁ)) ’

such that the assumption (A1) in Theorem 3.1 holds. Furthermore, suppose that

1
I supjy<p, F(x,t)dz

dng(ac,n)da:
(B1) 0 5

gk(min{l,mo} — E5)

6% 3 max{l,ml}—l— ﬁ 772

1
su F(x,t)dz .
‘({\ p|t|§92 ( ) lk(mln{l,mo} o ﬁ)

03 3 max{l,mi} + ;55 n

Then, for each N € A and for every nonnegative L?-Carathéodory function
g:[0,1] xR = R, there ezists 63 , > 0 given by

(B2)

1
2m26%(min{1, mo} — 552)0% — A [ suppy<q, F(z,t)dx
min { o 0 )

1
7262 (min{1,mo} — 5552 )05 — X [ supjyj<q, F(x, t)dz
J <
|

such that, for each p € [0,5;‘\#[, the problem (1.1) admits at least three distinct
generalized solutions u; for i =1,2,3, such that

0 <wi(z) < b for allz € [0,1], (i=1,2,3).

Proof. Fix A, g and p as in the conclusion and take ® and ¥ as in the proof of
Theorem 3.1. We observe that the regularity assumptions of Theorem 2.2 on ¢ and ¥
are satisfied. Hence, our aim is to verify (b;) and (b2). To this end, choose w as given
in (3.6),

L

ry = 21262 (min{l,mo} - m)oi
7r
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and

L
o 252( . 5
ro = 2125 (mm{Lmo} - W)GT

Therefore, using the condition
k(min{l,mo} — ;557\ 3
2(max{1,m} + 1%52)

(2)* 01 < < ( 0,

one has 2ry < ®(w) < 7. Since p < 63 , and G, = 0, one has

Ct—

SUPyed—1(]—oc0,r[) [F(l‘,u(l‘)) + %G(I7U(I))]dl‘

SUPued -1 (—oo,mp L(W) _
T1 T1

1
fSupmggl F(z,t)dr + %GQI
0

= 27262 (min{l, mo} — 55z )03

%
J F(z,n)dz + £Gn
2 U(w)

3
3
<
2”262 (max{1,mq} + ﬁ)?ﬂ ~ 3P(w)

[SVRI )

<

> =

and

25UP L1 (—oo,ra)) J [F (2, u()) + 5 G (2, u(z))]dz

Ct—=r

2 SUPyed—1(]—co,ra() \Il(u) o
T2 B 2
1
bfsup‘ﬂg(b F(z,t)dz + 4G

S S — L \p2
7262 (min{1, mo} — 552 )03

:
J F(z,n)dz + £Gn
: 2 9 (w)

< — .
2“;52 (max{1,mq} + ﬁ)?ﬁ ~ 3 P(w)

<< <

> =
wl o

Hence, (b1) and (b2) of Theorem 2.2 are verified. Finally, We will prove that ® — AU
satisfies the assumption 2. of Theorem 2.2. Let u; and us be two local minima for
® — A\U. Then u; and ug are critical points for ® — AW, and so, they are weak solutions
for the problem (1.1). Arguing as given in the proof of [14, Lemma 3.4.] one has
ui(x) > 0 and ug(z) > 0 for every = € [0, 1]. Hence, it follows that suj + (1 — s)ug > 0
for all s € [0,1], and that

(Af + pg) (@, sur + (1 = s)uz) > 0,
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and consequently, W(su; + (1 — s)uz) > 0, for every s € [0, 1]. From Theorem 2.2, for
every

A€

3 P(w) . r1 r2/2
——, min 5 N
2 ¥(w) SUP e 1 (—oo,r ) V(W) SUPued—1(—oo,ry)) V(1)

the functional ® — AW has at least three distinct critical points which are the generalized
solutions of the problem (1.1). O

Now, we point out the following existence result, as a consequence of Theorem 3.1.

Theorem 3.3. Let f : R — R be a continuous function. Put F(t) := fot f(&)d¢ for
each t € R. Assume that F(n) > 0 for some n >0 and F(§) > 0 in [0,71] and

lim inf F§(2§) = lim sup Fe)

=) o,
§—0 E—+o0 §2

Then, there is \* > 0 such that for each A > \* and for every L?-Carathéodory function
g:10,1] x R — R satisfying the asymptotical condition (3.3) there exists & , > 0 such

that, for each u € |0, 5;\’9[, the problem

u + K <g(A|u’(x)|2 + B|u(x)2)dx> (Au” 4+ Bu)

3.12
= \f () + g, ) + hu), re@, O
w(0) =u(l) =u"(0) =u"(1) =0
admits at least three generalized solutions.
Proof. Fix
81252 L
A> A= ( 1, 7) 2
7N gy b g )
for some 7 > 0. From the condition
F
lim inf (©) =0,
£—0 &2
there is a sequence {6,,} C]0, +oo[ such that lim,_, 6, = 0 and
su F F ;
lim 2RI, © _ (gen) $. _ g,
n— o0 02 n—00 §9n 0%
where F'(§p, ) = supj¢|<g, F'(§). Therefore, there exists 6 > 0 such that
Wgp FE) o [ EF(n)(min{l,mo} — 55) 27%9° (min{1, mo} — —=—)
52 4(max{1,m1} + ﬁ)rﬂ DY » 1700 47252
and 0 < % Theorem 3.1 follows the result. O
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We here present the following example to illustrate Theorem 3.3.

Example 3.4. Let A=3, B=2, n=2and u =0, and let

0.005 ¢10 ¢ ~0-001¢
1+ e—0.0011¢

f(t) =50¢t° ln(l + 6—0.001t) _

for all t € R, K(t) = m+arctant for all £ > 0 and h(¢) = tanh t for all ¢ € R. Hence we
have, § = /1 — 2, my =2F, L =1and F(t) =5t'%In(1 + e %017 Tt is clear that

= )

lim inf F(©) = lim sup F<§)

=0.
§—0 2 E—+o0 52

So by applying Theorem 3.3, for every

3> e (B )
160 k1ln(1l +e0002)\ 2~ 472 — 12

the problem

ut + <7r + arctan (i(—Su/(l‘)Q + 2|u(x)2)d:c> )(3u” + 2u)

1fe—0.001¢

u(0) = u(1) = u”(0) = u”(1) = 0

= )\(50759 In(1 4 e~ 00018) M) + tanh t, z € (0,1),

has at least three classical solutions.
As an example, we give the following consequence of Theorem 3.2.
Theorem 3.5. Let f: R — R be a nonnegative continuous function such that

lim M

t—0t+ t

1
[ e < (Bl = i) 1o / G
0

:0’

and

max{1,mi} + 72 86 111

Assume that
min{l,mo} — ;% _ 86.111

max{1l,m;} + # 10872

Then, for every

86.111 max{1,m} + 1% (min{l,mo} — 12>
18 0.1 ’

IEGE jf(f)ds

A€
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and for every L2-Carathéodory nonnegative function g : [0,1] x R — R there ewists
63 4 > 0 such that, for each p € 0,63 /[, the problem

W K (@ + o)) ) (- +)
= Af(U)O+ png(x,u) + h(u), z € (0,1),
u(0) = u(l) =u”(0) =u"(1) =0
admits at least three generalized solutions.
Proof. Our aim is to employ Theorem 3.2 by choosing A = —1, B=1, 0y =1 and

. . . 2
n = 0.1. Since, in this case, k = 28166?171 and § = 1, we have

37202 (max{1,m1} + =552 )n°  86.111 max{l,m;} + ;=

H 18 0.1
k [ F(z,n)dx E{ f(€)d¢
%
and
27262 (min{1,mo} — ﬁ)@%  (min{1, mo} I L )n?
T = .
2 [ supyy<q, F(x,t)dx ff(f)d§
0 0
Moreover, since lim;_,q+ @ =0, one has
t
J f(&)dg
lim ° = 0.
t—0+ t2
Then, there exists a positive constant 6; < 120” 8631011 such that
01
d
g’f(ﬁ) 3 3 (mm{1 ,mo} — W 3672 /f \de
h max{1,mi} + ;2 86 111 ’
and
62 1
>

6, 1
J f(€)d¢ 2{f(€)d§
0
Finally, simple computations show that all the assumptions of the Theorem 3.2
are fulfilled, and Theorem 3.2 follows the conclusion. O

Example 3.6. Choose

18000 ¢2 if t <0.1,
f(t):=<{ —18000¢+ 1980 if 0.1 <t <0.11,
0 if t >0.11
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and K(t) = 0.0le™ + 1 for all t > 0 and h(t) = v/t2 + 3 for all t € R. We observe
mg =1, m; = 1.01 and L = 1. By simple calculations we see that all hypothesis of
Theorem 3.5 are satisfied.

Remark 3.7. The same statements of the above given results can be written by
choosing a particular choice of the function K,

K(t) = a1t+ a9 fort e [aaﬂ]a

where ay, as, o and [ are positive numbers. In fact, in this special case we have

¢
~ (a1t + as)? a3
K(t) = ds=-~——="— = fort>0
(t) /[als—i—ag] s 2 2a; ort >0,
0

mo = a1+ as and my = a1 8 + as.

Remark 3.8. As we mentioned in the proof of Theorem 3.2, if f, g are non-negative
functions, the generalized solutions ensured by the previous theorems are non-negative.
In addition, if either f(z,0) # 0 for some x € (0,1) or g(z,0) # 0 for some x € (0,1),
or both are true, the solutions are positive.
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