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THREE-POINT BENDING OF SEVEN LAYER BEAMS -
— THEORETICAL AND EXPERIMENTAL STUDIES

E. MAGNUCKA-BLANDZI', P. PACZOS?, P. WASILEWICZ?, AWYPYCH*

The subject of the analytical and experimental studies therein is of two metal seven-layer beam — plate bands. The
first beam — plate band is composed of a lengthwise trapezoidally corrugated main core and two crosswise
trapezoidally corrugated cores of faces. The second beam — plate band is composed of a crosswise trapezoidally
corrugated main core and two lengthwise trapezoidally corrugated cores of faces. The hypotheses of deformation
of a normal to the middle surface of the beams after bending are formulated. Equations of equilibrium are derived
based on the theorem of minimum total potential energy. Three-point bending of the simply supported beams is
theoretically and experimentally studied. The deflections of the two beams are determined with two methods,
compared and presented.
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1. INTRODUCTION

Layered structures have been the subject of study since the mid-twentieth century. Carrera and
Brischetto [1] and Vinson [11] presented problems of modelling and calculation of the sandwich
structures. Cheon and Kim [2] formulated an equivalent plate model for the corrugated core of
sandwich panels. Kazemahvazi and Zenkert [3] developed an analytical model of corrugated
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composite cores. Kotelko et al [4] presented the problem of estimating the load-carrying capacity of
multi-layer plated structures. Lewinski et al [5], Magnucka-Blandzi and Magnucki [6] presented
a theoretical study of transverse shear modulus of elasticity for thin-walled corrugated cores of
sandwich beams. Magnucka-Blandzi et al [7] presented a mathematical modelling of the shearing
effect for sandwich beams with sinusoidal corrugated cores. Magnucki et al [8] described theoretical
studies of elastic bending and buckling of a steel seven-layer beam with a corrugated main core and
sandwich faces. Paczos et al [9] presented theoretical and experimental studies of five-layer beams.
Seong et al [10] described the bending problem of sandwich plates with bi-directional corrugated
cores. Piekarczyk and Grec [12] described achievements in gluing technique in steel and aluminium
structures. Design rules of adhesive connections and basic methods for their calculations are
mentioned. The most significant examples of the applications of those joints in steel as well as
aluminium structures are presented. Another approach was presented by Ksigzek et al. [13] who
concentrated on objective decisions in the construction. The authors presented a comparison of different

methods used for multi-criteria decision-making.

2. ANALYTICAL MODELLING OF SEVEN-LAYER BEAMS

2.1. THE FIRST BEAM — PLATE BAND

The first beam — plate band (B-1) with a lengthwise trapezoidally corrugated main core and two
crosswise trapezoidally corrugated cores of faces is shown in Fig. 1. The direction of the corrugation
of the main core and the face cores are orthogonal. The beam measurements are as follows: L —length,

b — width, z.1 — depth of the main core, 7.2 — depth of facing cores, # — thicknesses of flat sheets.
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Fig. 1. Scheme of the first beam — plate band (B-1)
The sizes of the trapezoidal corrugations of the main core and facing cores are shown in Fig. 2. The
index i=1 refers to the main core, while the index i=2 refers to the face cores. The length of one pitch

of the corrugation is bo;, the base of the trapezoid is by, and thickness of the corrugated sheet is 7o;.
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Fig. 2. Scheme of trapezoidal corrugations of the main core (i=1) or face cores (i=2)

The analytical model of the beam is formulated with regard to the broken line hypothesis (Fig. 3).
This hypothesis for multi-layer structures is described in detail by Magnucka-Blandzi et al [7] and
Magnucki et al [8].
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w(x)

Fig. 3. Scheme of the deformation of a plane cross-section of the seven-layer beam (B-1)

Displacements with consideration of this hypothesis are as follows:

o the upper sandwich facing

2.1 u(x,z)z—tc{é’%+y/(x)}, for —(%+2x, +x2)Sg’§—7,

e the main corrugated core

aw 1 1
22) u(x,z)=—td§[a—2w(x)} Sfor <<,
o the lower sandwich facing
aw 1 1
(2.3) u(x,z):—tcl{cjgﬂ//(x)}, for 5s§£5+2x1 +x,,

where:
X1=ts/te1, X2=l2/tey — dimensionless parameters, {=z/f.i — dimensionless coordinate, w(x)=ui(x)/ts —

dimensionless displacements, u(x) — displacements in the x direction and w(x) — deflection (Fig. 3).
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Thus, the strains are as follows:

1373

o the upper (the sign “+”)/lower (the sign “-*) sandwich facing

ou d*w  dy ou dw
2.4 & =—=-1, +—|,and y_=—+"—-=0,
( ) x 8x cl[g d)CZ dx J 7,\z 62 + dx
e the main corrugated core
6u d*w dy au dw
2.5 & = — |, and == =2 .
23 i J L A as

The elastic strain energy of the beam — plate band (B-1) is a sum of the energy of particular layers
(2.6) U =y Ul Ul Ut

where:

e the energy of the main corrugated core

2
2.7 Ué(.v =F btLl ! E( d’ Zv d ‘;V dy + 4 dl//] + 26}5;-71) ‘//(x) ,
21" o) Y a ‘,

o the energy of the corrugated cores of facings

2
2.8) U Eb13 xzxozj' C,(;;:,z) d ‘;V chwz d ‘;le// CL -2 (d‘//) ,
Xy 0 dx dx” dx dx
o the energy of the inner and outer sheets
L 2. \? 2 2
(2.9) U =ut ot = Epd [ )| 40| ol vV, 2xl(d—‘//] 3
0 dx dx” dx dx

Thus, the elastic strain energy of the first seven-layer beam (2.6) is in the following form

2 2 2
(2.10)U£B’1):Eybtjl c&’il d’ j” ety dwdy 1 dv ) s v
‘ dx Yodkt de 2% dx ’ t

cl
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where:

ot ) ]
(§ ) _ dimensionless shear

Cv(fif]), C‘Sf;l), Cﬁ;]) — dimensionless parameters of composite structures, G,

modulus of elasticity of the main corrugated core [5], E; — Young’s modulus.

The work of the load

(2.11) W= [ qw(x)ds.

where:

q — intensity of the transverse load.

The system of the equations of equilibrium — two differential equations derived based on the theorem

of minimum potential energy o (U ‘5371) - W): 0, is in the following form

012 cendrocond ) g e @ d ragen ) o,
X X Ot

cl

Three-point bending of the seven-layer beam — plate band (B-1) is shown in Fig. 4.

\— = B - \— = B - >
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Fig. 4. Scheme of the three-point bending of the first beam (B-1)

The system of two differential equations (2.12) is reduced to one differential equation in the following

form
2
[k o)
2.13 - = =—C
@13) dx* (z(,lj () ! E.bt),
cy” dM,
k=2 = - — dimensionless parameters, O(x)=""% — the

C(Bfl)c(Bfl) _ (C(Bfl))z ’ C'? C(B—])C(B—l) _ (C(IH))Z
wy

ww yy wy ww wy

dx

shear force.
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The general solution of the equation (2.13) is in the form

(2.14) w(x)=C sinh(ktlj+c2 cosh(k%]ﬂ//p(x)
cl cl
where:
CB F
C), C, — integration constants, y/, =——%-———— — particular solution.
1y > Vp 8C‘(‘i‘71)G£§71) E,sbtfl

174

d
., =0 and (%)zo the

Taking into account the boundary conditions for the half beam ——

. . o kL . . .
integration constants C, =0 and C, =—cosh 1(](//0 are determined. Then, the dimensionless

cl

displacement (2.14) is in the following form

X af kL
(2.15) (x)_{l_COSh[ktdeOSh Eztd H -

Substituting this function (2.15) and the bending moment M, (x) = Fx/2 for 0<x<L/2 to the first
equation (2.12), and taking into account the boundary conditions for the half beam W(O)ZO and

aw/ dx‘ B

= 0, the maximum deflection is determined, i.e. the deflection in the middle span of the

beam in the following form
C(B—l) 2 3
2.16) w0 = ) dip 31— 2 | K2 (# VR -
2 kL2, )| CRNGEN L) [ 48C TV ED 1,
2.2. THE SECOND BEAM — PLATE BAND
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The second beam — plate band (B-2) with the crosswise trapezoidally corrugated main core and two
lengthwise trapezoidally corrugated cores of faces is shown in Fig. 5. The direction of corrugation of

the main core and the face cores are orthogonal. The sizes of the beam are analogous to the first beam.

face il
cores
: main /
t core 3
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S D W W

v o e 0

z

Fig. 5. Scheme of the second beam — plate band (B-2)

The analytical model of the beam is formulated with regard to the broken line hypothesis (Fig. 6).
Displacements with consideration of this hypothesis are as follows:

e the upper sheet

(2.17) v(y,z)z—td|:§i;v+x2¢(y)}, for —[%-&-Zx, +x2jS§S—(%+xl +x2],

e the upper core of the face

(2.18) v(y,z)——td{é’zll;}—{é'+(;+xlﬂ¢(y)}, for —(%-&—xl +x2j§§§—(é+xlj,

e the main core with two inner sheets

(2.19) v(y,z):—td(%,for—(%+xlj£§£%+xl,
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e the lower core of the face

(2.20) v(y,z) =—t, {CZ}V |:§ 7(% +x, ]:|¢(y)} , for %+ x, £4< %+ X, +x,,

e the lower sheet

dw 1 1
dy—xﬁ(y)},for E+x1 +Xx, S§£5+2x1 +X,,

(2.21) v(y,z)=—tc{§

where:

#(x)=vi(y)/t2 — dimensionless displacements, vi(y) — displacements in the y direction and w(y) — deflection

(Fig. 6).

Fig. 6. Scheme of the deformation of a plane cross-section of the seven-layer beam (B-2)

Thus, the strains are as follows:
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o the upper (the sign “+”)/lower (the sign “— ) sheets

ov
2.22 =—=—t,
( ) gy 5 tc |:§

T3N3

e the upper(the sign “+”)/lower (the sign ) core of the face

(2.23) €, :@:_tcl{g”{gi[l+x,ﬂig},and Ve =%+%:¢(y),

e the main core with two inner sheets

2
£, :@:_tclgﬂ and ¥, :@+@=0

2.24 >
(224) oy a’ ooz dy

The elastic strain energy of the beam — plate band (B-2) is a sum of the energy of particular layers,

the same as for the first beam (2.6), therefore, it takes the following form

2 2 2
(225) U(B—z) —Eat’ j‘ lC(sz) d*w —C({giz) dZW@_FC(B—Z) dl x G(TZ) @ ,
& 57l J 2 ww dy2 we dyz dy wy dy 2z t(.l

where:

C&ﬁ?),Cﬁ’z), C,/(A‘;’z) — dimensionless parameters of composite structures, éij'z) — dimensionless shear

modulus of elasticity of the main corrugated core [5].

The system of the equations of equilibrium — two differential equations based on the theorem of

minimum potential energy 5(U LH) - W)= 0, are in the following forms

2 3 2
226) oD dY_cund M) g con W _Heundb ) aeavl) g

dy* dy  Eat ay’ dy t
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This system of the equations of equilibrium is analogically solved as for the first beam. Thus, for
three-point bending of the seven-layer beam — plate band (B-2) shown in Fig. 7, the deflection in the

middle span of the beam is in the following form

L 2 k] (€Y g Y F LY
227 w(”’z)zm{sz 143 1= Zket tanhl 2& v Lo £
@27) M 2 kL 21, )| x,GI\ L) [48CPPEal 1,

where:

\/ 202y Gl

(B-2)~(B-2) (8-2)
ZCW Cw _(Cw

)2 is dimensionless parameter.

oy

Fig. 7. Scheme of the three-point bending of the second beam (B-2)

3. EXPERIMENTAL TESTS OF THREE-POINT BENDING OF SEVEN-LAYER

BEAMS

3.1. THE FIRST BEAM — PLATE BAND

The view of the first steel beam (B-1) located in the ZWICK test machine is shown in Fig. 8.
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\Vva

Fig. 8. The view of the first beam (B-1) located in the test machine

The scheme of the support of this beam in the test machine is shown in Fig. 9.

Ul ;

deflection sensor WI10 ¥ ’um
1

L=700mm ! L#J

Fig. 9. The scheme of the support of the first beam (B-1) in the test machine

The sizes and Young’s modulus of the first steel beam (B-1) are as follows: L=700 mm, 5=120 mm,
t,=0.6 mm, t.1=t>=11.0 mm, bo1=b02=40.0 mm, b =bp=10.0 mm, fo1=102=0.6 mm, E=2- 10° MPa.
Thus, the analytical linear dependence (2.16) between the deflection and the load-force for the three-

point bending of this beam is in the form w‘(f;l) = F/k{"™ | where the stiffness of the beam
Jelytnab) — 1 862°N. Hence, the load-force F#) = WD gnat),

mm
The experimental dependence (the solid line) between the load-force and the deflection of the three-
point bending of this beam is shown in Fig. 10. Additionally, the analytical linear dependence (the

broken line) for this beam is presented with a view to compare both methods.
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Fig. 10. The experimental and analytical force-deflection curves of the three-point bending (B-1)
The analytical solution for the first beam in the linear dependence form (the broken line) approaches
the experimental curve (the solid line).

Example values of the analytical and experimental dependences F'(wmax) are specified in the Table 1.

Table 1. Example values of deflections and load-forces (Fig. 10)

Wmax [Mm] 0.25 0.50 0.75 1.00 1.152
FEPKN] 0.496 0.963 1.425 1.875 2.145
FEnab [N 0.466 0.931 1.397 1.862 2.145

The relative difference between the analytical F“" and experimental F&?) values of load-forces

is below 5%.

3.2. THE SECOND BEAM — PLATE BAND

The view of the second steel beam (B-2) located in the ZWICK test machine is shown in Fig. 11.
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Fig. 11. The view of the second beam (B-2) located in the test machine

The scheme of the support of this beam in the test machine is shown in Fig. 12.

1

deflection sensor W10 ¥ 3 I
T
a

Fig. 12. The scheme of the support of the second beam (B-2) in the test machine

R

L=660mm

The sizes and Young’s modulus of the second steel beam (B-2) are as follows: L=660 mm,
a=120mm, #=0.6 mm, 7.1 =t2=11.0mm, bo1 =bo2=40.0 mm, bp=bp=10.0mm, 1 =t2=0.6 mm,
E=2-10° MPa. Thus, the analytical linear dependence (2.27) between the deflection and the load-force

of the three-point bending of this beam is in the form w,(f;z) =F/ ké’f’;‘”y’) , where the stiffness of the
beam k') = 1.303 XN Hence, the load-force F(470) = yy(B-2) . planab)
mm

Example values of the analytical and experimental dependences F'(wmax) are specified in the Table 2.

Table 2. Example values of deflections and load-forces (Fig. 13)

Wimax [Mm] 1.00 1.25 1.50 1.75 2.00 2.421
FEP [KN] 1.437 1.779 2.105 2412 2.715 3.154
Fetnabh [N 1.303 1.629 1.955 2.280 2.606 3.154

The relative difference between the analytical F“"") and experimental FE#) values of load-forces
for the second beam is below 10% and it exceeds the value for the first beam.
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The experimental dependence (the solid line) between the load-force and the deflection of the three-

point bending of this beam is shown in Fig. 13. Additionally, the analytical linear dependence (the

broken line) for this beam is presented with a view to compare both methods.

Experimental

force - F [kN]
N

0 = ¢ - I F I & [ & ]
1 15 2 23 3
deflection - w,,, [mm]

Fig. 13. The experimental and analytical force-deflection curves of the three-point bending (B-2)

4. CONCLUSIONS

The analytical and experimental studies of the three-point bending of seven-layer beam — plate bands

led to the following statements:

the formulated analytical models for both beams (B-1) and (B-2) based on the assumed
hypothesis for deformation of the plane cross-sections (Fig. 3 and Fig. 6) is positively verified
by the experiments,

the systems of the equations of equilibrium (2.12) and (2.26) refer to the general bending of
seven-layer beam — plate bands, and also the buckling problems,

analytically calculated stiffness of these two beams provide lower estimations as compared to
experimental results (Fig. 10 and Fig. 13),

the elaborated analytical models for seven-layer beams may be applied to analytical modelling

of thin-walled seven-layer structures.
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Fig. 12. The scheme of the support of the second beam (B-2) in the test machine

Rys. 12. Schemat podparcia belki drugiej (B-2) w maszynie badawczej

Fig. 13. The experimental and analytical force-deflection curves of the three-point bending (B-2)
Rys. 13. Do$wiadczalna i analityczna zalezno$¢ sita-ugigcie dla trzy-punktowego zginania (B-2)
Tab. 1. Example values of deflections and load-forces (Fig. 10)

Tab. 1. Przyktadowe wartosci ugiec i obcigzen-sity (Rys. 10)

Tab. 2. Example values of deflections and load-forces (Fig. 13)

Tab. 2. Przyktadowe wartosci ugi¢é i obcigzen-sity (Rys. 13)
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TRZY-PUNKTOWE ZGINANIE BELEK SIEDMIO-WARSTWOWYCH — BADANIA TEORETYCZNE

1 DOSWIADCZALNE

Stowa kluczowe: rdzenie pofatdowane trapezowo, konstrukcje ortotropowe, pasma ptytowe
STRESZCZENIE:
Przedmiotem pracy sa dwie stalowe cienkoscienne siedmio-warstwowe belki — pasma plytowe z trapezowo
pofatdowanymi dwoma rdzeniami oktadzin oraz rdzeniem gtoéwnym. Obie belki réznig si¢ miedzy soba kierunkami

pofatdowan rdzeni. Belka pierwsza (B-1) (Rys. 1) posiada rdzen gléwny pofaldowany jest wzdtuz jej dlugosci,

a rdzenie oktadzin pofaldowane poprzecznie.

main 7
core i

Rys. 1. Scheme of the first beam — plate band (B-1)

Natomiast belka druga (B-2) (Rys. 2) posiada rdzen gtéwny pofaldowany poprzecznie, a rdzenie oktadzin pofatdowane

wzdhuz jej dtugosci.

face
cores
main
core

X ¥ 7\
2 N

=

Rys. 2. Scheme of the second beam — plate band (B-2)

Kierunki pofatdowania rdzenia gtéwnego w obu belkach sg prostopadte do kierunkdéw pofatdowan rdzeni oktadzin. Rdzen

glowny potaczony jest z rdzeniami oktadzin za posrednictwem cienkich blach-pasm ptaskich. Warstwy zewnetrzne sa

réwniez cienkimi blachami-pasmami ptaskimi. Siedmio-warstwowa struktura tych belek jest wigc niejednorodna.

Wtasciwosei czterech stalowych cienkich blach-pasm sa izotropowe, natomiast wilasciwosci rdzeni postaci

pofatdowanych trapezowo cienkich blach sa ortotropowe, a ich sztywnosci na rozciaganie, zginanie i $cinanie
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w dwoch kierunkach gtéwnych roznia si¢ znacznie. Zatem, klasyczna teoria Eulera-Bernoulliego zginania belek (hipoteza
prostej normalnej) w przypadku przedmiotowych belek — pasm ptytowych nie jest poprawna. Opracowano wigc dla
kazdej belki odpowiednig hipotez¢ deformacji przekroju ptaskiego podczas zginania (Rys. 3 oraz Rys. 6). Latwo
zauwazy¢, ze hipotezy te roéznig si¢ ksztaltem ,linii famanej”, a powodem sa znaczne rdéznice sztywnosci
w kierunkach pofatdowania rdzeni. Na podstawie tych hipotez sformutowano pola przemieszczen dla poszczegdlnych
warstw oraz odksztatcenia. Uwzgledniajac nastgpnie prawo Hooke’a, zapisano energi¢ odksztalcenia sprezystego dla
kazdej belki — pasma plytowego oraz prace obciazenia. Korzystajac z zasady stacjonarnosci catkowitej energii
potencjalnej uktadu wyznaczono rownania roéwnowagi dla kazdej belki oddzielne w postaci dwoch rownan
rézniczkowych zwyczajnych. Uklady tych dwoch réwnan rozwigzano analitycznie dla przypadku trzy-punktowego

zginania i otrzymano zaleznos¢ ugigcie — obcigzenie. Stad, po prostym przeksztatceniu wyznaczono warto$ci sztywnosci

obu belek kﬁ;ﬁ?"“”) oraz kgf';”ly') dla przyjetych — zmierzonych wymiaréw badanych belek. Nastepnie, wykonane
stalowe belki — pasma ptytowe badano do$wiadczalnie w maszynie wytrzymatosciowej. Otrzymano stad zaleznosci
obciazenie — ugiecie F (wmax ) w postaci wykresow dla kazdej belki. W celu poréwnania wynikoéw otrzymanych z obu

metod, naniesiono na wykresy doswiadczalne, otrzymane z maszyny wytrzymatosciowej, wykresy — linie proste
wyznaczone analitycznie (Rys. 10 oraz Rys. 13). Dodatkowo w Tabeli 1 i Tabeli 2 zestawiono dla wybranych wartosci
ugigé odpowiadajace im wartosci obciazen-sit wyznaczonych doswiadczalnie i analitycznie. Stwierdzono zgodno$é
otrzymanych wynikow z obu metod. Roznice migdzy wartosciami sit wyznaczone obiema metodami sg mniejsze od 5%
dla belki pierwszej oraz mniejsze od 10% dla belki drugiej. Ponadto, rozwigzanie analityczne daje dolne oszacowanie
wartosci obcigzen. Wynika stad, ze belki rzeczywiste charakteryzuje wigksza sztywnos¢ niz wynikatoby to z rozwigzania
analitycznego.

Przedstawione w pracy badania analityczne i do$wiadczalne zginania siedmio-warstwowych belek o strukturze
cienkos$ciennej s badaniami podstawowymi. Szczegolne znaczenie maja tu opracowane modele analityczne obu belek.
Przeglad literatury wskazuje na aktualnos¢ tematyki badawczej dotyczacej wytrzymatosci i statecznosci konstrukcji

warstwowych.
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