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The four-wave-mixing (FWM) noises are modeled when walk-off and intersymbol interference
(ISI) are taken into account for any centrosymmetric constellation shaped signal in orthogonal fre-
quency-division multiplexed (OFDM) with phase-conjugated twin waves (PCTW) scheme. Bit er-
ror rate (BER) and the equivalent Q-factor for any constellation shaped signal are also modeled
when the FWM and amplified spontaneous emission (ASE) noises are taken into account as addi-
tive white Gaussian noise. By using the newly derived semi-analytic models, example calculations
are carried out for 16-ary signal in PCTW OFDM system with four cases classified according to
some proposed constellation shaping schemes adopted or not. A hybrid constellation shaping
scheme consisted of Huffman-coded probabilistic shaping and radius-optimized geometric shaping
is proposed. The performance gain in terms of the equivalent Q-factor is calculated to be about
0.563 dB for 16-ary signal in PCTW OFDM system with the proposed hybrid constellation shaping
scheme over the square conventional 16QAM signal. The performance degradation for such system
due to the effects of ISI on the FWM noise is also evaluated by using the semi-analytic calculation
models.
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1. Introduction

Coherent optical orthogonal frequency-division multiplexed (CO-OFDM) with multi
-level subcarrier modulation is an attractive candidate for highly spectral efficient trans-
mission to meet the increasing demand for data transmission capacity, but CO-OFDM
applied in optical fiber long haul transmission systems is generally susceptible to fiber
nonlinearities owing to high peak to average power ratio (PAPR) [1]. Nonlinear cou-
pling among subcarriers in CO-OFDM systems generates four-wave-mixing (FWM)
tones that act as noise, due to randomness of symbol sequences in subcarriers.
FWM noise was considered to be the main contribution of performance degradation
for such systems [2].
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The impact of fiber nonlinearities on the performance of fiber-optic communication
system can be reduced by using many techniques such as maximum likelihood sequence
estimation (MLSE), digital back propagation (DBP), and model-centric nonlinear
equalizer based on the third-order inverse Volterra theory [3-5]. In order to minimize
the additional hardware or signal processing, a technique called as phase-conjugated
twin waves (PCTW) was proposed [6,7]. The PCTW scheme denotes that the corre-
lated nonlinear distortions can be coherently canceled by linear superposition in the
digital signal processing at the receiver when a signal and its phase-conjugate copy
are transmitted on two orthogonal dimensions, respectively. The PCTW technique can
be implemented in many domains such as polarization, time slot, subcarrier of OFDM
and fiber mode [8-10]. In order to improve the spectral efficiency (SE) which was
halved by the conventional PCTW schemes, the dual-PCTW technique with quadrature
pulse shaping signals is proposed [11]. Fiber nonlinear tolerance can also be improved
by constellation shaping which can be classified as two types. One of them is geometric
shaping (GS) which is realized by adjusting the relative position to increase the min-
imum Euclidean distance between the constellation points [12,13]. The other is prob-
abilistic shaping (PS) which is realized by changing the constellation probability
distribution while maintaining the geometric position [14,15]. 

In order to optimize the performance of large-capacity fiber-optic communication
system, it is mandatory to evaluate the impact of fiber nonlinear effects on fiber optical
system performance [16-18]. It is a huge time-consuming task to evaluate the variance
of FWM noise by directly using a well-known spilt step Fourier (SSF) method because
many random trials must be run in order to get a good estimate of many random factors
such as symbol sequences and initial phases of signals in all subcarriers, so semi-analyt-
ical FWM models should be derived by using some statistical methods [19].

Group-velocity walk-off of symbol pulses between channels can greatly influence
the impact of FWM noise on system performance, especially for large local dispersion
fiber link, so some semi-analytical FWM models including walk-off were proposed
for non-return-to-zero on-off keying (NRZ-OOK) format in [20-22]. For other modu-
lation formats such as differential phase shift keying (DPSK), differential quadrature
-phase-shift keying (DQPSK), 8-level phase-shift keying (D8PSK) and quadrature am-
plitude modulation (QAM), the semi-analytical FWM models including walk-off were
further developed [23-26]. For CO-OFDM systems with different PCTW schemes,
semi-analytic FWM models including walk-off were also developed [27]. For simplic-
ity, the above mentioned semi-analytical FWM models including walk-off have not
included the effects of intersymbol interference (ISI) and cannot be used for constel-
lation shaped signal. The ISI comes from the pulse broadening in transmission which
is mainly caused by dispersion and fiber nonlinear effects. Including ISI and walk-off,
the semi-analytical FWM models are derived in detail in this paper for any constella-
tion shaping signal with self-defined centrosymmetric structure.

Although some Gaussian noise (GN) models including the impacts of fiber non-
linear noises on system performance were proposed for different system scenarios in
the past [28], these GN models cannot be directly used for the PCTW OFDM system
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with any constellation shaping, so semi-analytical models of BER and the equivalent
Q-factor for such system are proposed in this paper when the total noise including
FWM noise is assumed as additive white Gaussian noise. 

Four cases of constellation shaping schemes are defined in this paper. The values
of the equivalent Q-factor for 16-ary PCTW OFDM system with the four cases are eval-
uated and compared by using the newly derived semi-analytical models. It is shown
that Huffman coded probabilistic shaping can be used to greatly improve system per-
formance at the expense of reduced SE regardless of whether geometric shaping is tak-
en into account or not. The improvement of system performance by using the proposed
geometric shaping with unchanged SE is relatively limited regardless of whether prob-
abilistic shaping is taken into account or not. It is shown that the optimal values of
geometric shaping parameters between the two cases with and without Huffman coded
probabilistic shaping are obviously different.

This paper is organized as follows. In Section 2, the centrosymmetric constellation
shaped signal is expressed when the effect of ISI due to pulse broadening in transmis-
sion is taken into account. In Section 3, the 16-ary signal with Huffman-coded probabil-
istic shaping and the radius-optimized geometric shaping is expressed. In Section 4,
the FWM models for PCTW OFDM system with constellation shaping including ISI are
given. In Section 5, the calculation models of BER and the equivalent Q-factor for any
constellation shaped signal are given. In Section 6, the performance gain is calculated
for the proposed constellation shaped 16-ary signal in PCTW OFDM system over the
square conventional 16QAM signal without constellation shaping by using the newly
semi-analytical calculation models. The performance degradation of 16-ary PCTW
OFDM system due to the effects of ISI on the FWM noise is also evaluated for different
cases. We summarize our conclusion in Section 7.

2. Expression of centrosymmetric constellation shaped signal
including ISI

When the randomness of symbol sequence in the i-th subcarrier is taken into account,
the electrical field of optical signal for the subcarrier can be expressed as

(1)

(2)

where A(t, z) is the slowly varying envelope of the electric field, c.c. denotes complex
conjugate, M is the modulation level in this paper, J ' is the maximum relative order of
symbol which interfere with the given reference symbol due to pulse broadening in-
duced by the effects of dispersion and nonlinearities, i'  is the signal constellation order,
j' denotes the j'-th symbol in symbol sequence,  is the complex amplitude of signal
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corresponding to the i'-th signal constellation point in the standard constellation, 
is used to describe the occurrence randomness of the i'-th signal constellation point at
the j'-th OFDM symbol period, LCM is a ratio between the amplitude of the real signal
constellation and that of the standard signal constellation and

(3)

where p ( t – j' T – z /V ) is a function describing the pulse shape of the j'-th symbol,
H ( t –  z /V, z) is a window function, T is the OFDM symbol period, V is the group ve-
locity, and 

(4a)

(4b)

(4c)

(4d)

where Pave is the optical power in each OFDM subcarrier at the launched point of the
whole optical fiber link. It can be inferred that  where m is
a positive integer, and the angle bracket  indicates that a quantity is averaged over
random variables of symbols. For simplicity of calculation, the signal constellation
corresponding to signal complex amplitudes is supposed to be generally centrosym-
metric in this paper, which satisfy

(5a)

(5b)

3. Huffman-coded probabilistic shaping 
and radius-optimized geometric shaping scheme

Probabilistic shaping can be performed according to the Huffman coding rule. The main
Huffman coding process of 16-ary signal is illustrated by Table 1. A geometric shaping
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scheme of the 16-ary signal is proposed, which is called as radius-optimized geometric
shaping in this paper. The polar coordinates of the geometric shaped 16-ary signal in
the standard constellation are shown by Table 2 where ρ and φ are the polar radius and
angle, respectively. In Table 2, ε1, ε2 and ε3 are called as the geometric shaping param-
eters. The radius-optimized geometric shaping scheme of the 16-ary signal can be rel-
atively easily realized by optimizing the values of ε1, ε2 and ε3, while maintaining the
polar angles unchanged. As a comparison, the constellation diagram of square con-
ventional 16QAM signals is given (see Fig. 1).

T a b l e 1. Huffman coding for 16-ary signal (A#: input bit sequences, B#: output bit sequences, and
C#: the corresponding constellation point).

A# 000 001 100 101 0100 0101 0110 0111

B# 0000 0001 0010 0011 0100 0101 0110 0111

C# W0 W1 W2 W3 W4 W5 W6 W7

A# 11000 11001 11010 11011 11100 11101 11110 11111

B# 1000 1001 1010 1011 1100 1101 1110 1111

C# W8 W9 W10 W11 W12 W13 W14 W15

T a b l e 2. The polar coordinates of the proposed radius-optimized geometric shaped 16-ary signal in
the standard constellation, where A = arctan(3), B = arctan(1/3), and ε1, ε2 and ε3 are the geometric shaping
parameters, ρ and φ are the polar radius and angle, respectively.

ρ φ ρ φ

W0 + ε1 5π/4 W12 3 + ε3 5π/4

W1 + ε1 3π/4 W13 3 + ε3 3π/4

W2 + ε1 7π/4 W14 3 + ε3 7π/4

W3 + ε1 π/4 W15 3 + ε3 π/4

W7 + ε2 0 + A W11 + ε2 0 + B

W5 + ε2 π/(2 + A) W9 + ε2 π/2 + B

W4 + ε2 π + A W8 + ε2 π + B

W6 + ε2 3π/(2 + A) W10 + ε2 3π/2 + B

2 2

2 2

2 2

2 2

10 10

10 10

10 10

10 10

W15 W7

W11 W3 

W0 W8 

W4 W12 

W9 W13 

W1 W5 

W6 W2 

W14 W10 

Fig. 1. Constellation diagram of square conventional 16QAM signals.



168 JIANXIN DU et al.
4. General FWM model including ISI for PCTW OFDM system 
with constellation shaping 

The evolution of the degenerate FWM tone, generated at ωi = ωFWM = 2ωk – ωc , is
given by

(6)

(7)

(8a)

(8b)

where γ is the nonlinear coefficient, the subscript or superscript of “D” denotes the de-
generate FWM case, α is the fiber loss, β2 is the fiber dispersion,  is the sub-
carrier separation between subcarrier k and c, the subscript x represents the
component of a quantity corresponding to the x principal axis direction, while the sub-
script y represents the component of a quantity corresponding to the y principal axis
direction. The equation (6) can be easily solved to obtain the degenerate FWM field
at the distance L as

(9)

When the coherent superposition of polarization-domain PCTW scheme at the re-
ceiver is taken into account, we can obtain
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(13)

(14)

(15)

(16)

where sk is a relative number of symbol pulse in k-th subcarrier which is used to de-
scribe the walk-off between channels or subcarriers [17], the integers of Sk (min) and
Sk (max) are the minimum and maximum values of sk , the meaning of rk is similar,

 and  are the random parts of  FWM tone, the expression of  can be
similarly derived,  is the overlap function corresponding to the degen-
erate FWM light when the effects of ISI and walk-off on FWM noise are taken into
account.

(17)

where  is the random part of the optical power of FWM noise, and
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For centrosymmetric signal constellation defined in this paper, we can obtain that

(19)

where δ is the Kronecker delta function, for example,
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(23)

and 

(24a)

(24b)

(24c)

The expression of the optical power of non-degenerate FWM noise can be similarly
derived.

5. Calculation model of BER and the equivalent Q-factor
for any constellation shaping

When the total noise is assumed as additive white Gaussian noise, the Gaussian prob-
ability density functions of the total noise can be derived as follows:
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where 

(28a)

(28b)

(28c)

(28d)

where the superscripts of i, k and j denotes the i-th, k-th and j-th symbol points in the
standard signal constellation, respectively. The variable of d (i, k) refers to the
Euclidean distance between the actually received signal point and the signal constel-
lation point of the j-th symbol when the i-th symbol is transmitted. The function
min(d (i, k), 0 ≤ k ≤ (M – 1)) denotes the minimum value of d (i, k) for different values
of k when 0 ≤ k ≤ (M – 1). The random variables of nI and nQ refers to the in-phase
and quadrature-phase (I-Q) components of total noise. σtotal is the standard deviation
of the total noise. σI and σQ denotes to the in-phase and quadrature-phase (I-Q) com-
ponents of σtotal. The functions of fI (nI) and fQ(nQ) are Gaussian probability density
functions with respect to in-phase and quadrature-phase (I-Q) components of the total
noise. The function of  is the output probability of the j-th symbol constellation
point when the i-th symbol point is transmitted. 

(29a)

(29b)

where the variable of  is the occurrence probability of the i-th symbol point.
 is the number of the same bits when the input bit sequence corresponding to

the i-th symbol point is compared bit-by-bit from left to right bits with that correspond-
ing to the j-th symbol point.  is the number of input bits corresponding to the
i-th symbol point.  is called as the local error bit rate for the input bit sequence
when the ith symbol point is wrongly decided to be the j-th symbol point. As examples,
for 16QAM Huffman coding listed in Table 1, the values of   
and  are respectively calculated to be 2/3, 1/3, 3/5 and 1/4. For simplicity, the
total noises only include two kinds of noises in this paper. One is the FWM noise, and
the other is the amplified spontaneous emission (ASE) noise coming from the cas-
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caded erbium-doped fiber amplifiers (EDFAs). The power of the ASE noise can be ex-
pressed as

(30a)

(30b)

where SASE is the power spectral density (PSD) of ASE, B is bandwidth of optical filter,
nsp is spontaneous emission factor, h is Planck’s constant, and ν is optical frequency.

(31)

The equivalent Q-factor is used to evaluate system performance in this paper, which
can be expressed as

(32)

where the function of erfcinv is the inverse complementary error function. Further,
Qw and Qwo correspond to the values of Q that the impact of FWM noise is taken into
account and not, respectively. In order to quantify the performance degradation due to
FWM noise, a parameter of FQP is given as

(33)

The spectral efficiency (SE) is expressed as

(34)

The optimal value of Pave corresponding to the maximum value of Qw is written
as  The values of Qw and FQP corresponding to  are written as  and 
respectively. In order to evaluate the performance gain in terms of  for case E
over case F, a quantity of  is defined as

(35)

where  and  are the values of  corresponding to the case E and case F,
respectively.

6. Numerical results and discussions 

In the following, some example calculations for the proposed constellation shaped
16-ary signal in OFDM system with polarization-domain PCTW scheme are carried
out by using the semi-analytic calculation models of FWM noise, BER and the equiv-
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alent Q-factor derived in this paper. Some system parameters and conditions in our cal-
culations are given in Table 3. After each span, a EDFA is used to fully compensate
for the loss of optical fibers within the whole span. Four cases of constellation shaping
schemes listed in Table 4 are discussed in this paper. In order to realize the proposed

T a b l e 3. Some system parameters and conditions.

Parameter Value or status Parameter Value or status

Symbol rate 10 Gsym/s OFDM subcarriers 128

Nonlinear coefficient 1.22 W–1km–1 Dispersion 16 ps/nm/km

Attenuation 0.2 dB/km Length per span 100 km

nsp 3 Transmission distance 5000 km

Polarization Dual-polarization Cyclic prefix of OFDM Zero

Probabilistic shaping Huffman coding Geometric shaping Included

Dispersion compensation Digital Nonlinear phase noises Ignored

T a b l e 4. Four cases of constellation shaping schemes.

With radius-optimized 
geometric shaping

Without any geometric shaping

Without Hulfman coding Case A (with Geo, without Hul) Case B (without Geo, without Hul)

With Hulfman coding Case C (with Geo, with Hul) Case D (without Geo, with Hul)

Fig. 2. Qw and FQP  versus Pave for 16-ary signal in PCTW OFDM system with four self-defined cases listed
in Table 4.

Case A (with Geo, without Hul)

Case D (without Geo, with Hul)

Case B (without Geo, without Hul) 

Case C (with Geo, with Hul)
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radius-optimized geometric shaping scheme, the values of ε1, ε2 and ε3 should be op-
timized. When the probabilistic shaping of Huffman coding is simultaneously adopted,
the optimal values of ε1, ε2 and ε3 are calculated to be –0.0481, –0.0440 and –0.0763,
respectively, whereas for the case without any probabilistic shaping, the optimized val-
ues of ε1, ε2 and ε3 are calculated to be –0.056, –0.124 and –0.070, respectively. 

Values of Qw and FQP versus Pave are derived and shown by Fig. 2. The values
of    and SE are given by Table 5 for 16-ary PCTW OFDM system.
The system performance gain can be obtained from Table 5. For example, the value
of  is 3.383 for case B (without Geo, without Hul), whereas it is 3.851 for case C
(with Geo, with Hul), so the value of the performance gain for case C (with Geo, with
Hul) over case B (without Geo, without Hul), written as  is 0.563 dB. Simi-

larly, the performance gains of     and  are
calculated to be 0.082, 0.445, 0.481, 0.363 and 0.118 dB, respectively. From the nu-
merical results obtained above, it can be inferred that Huffman coding can be used to
greatly improve system performance of 16-ary PCTW OFDM system at the expense
of reduced SE whether or not the geometric shaping is used. The improvement of sys-
tem performance by using the radius optimized geometric shaping is relatively limited,
but the SE remains unchanged for it. When the Huffman-coded probabilistic shaping
and radius-optimized geometric shaping are adopted simultaneously, the performance
gain of 16-ary PCTW OFDM system is about 0.563 dB. Figure 3 shows that the deg-

Pave
opt , Qw

max, FQP
opt

T a b l e 5. Numerical results for 16-ary signal in PCTW OFDM system with four cases listed in Table 4.

 [dBm]  [dB] SE [bit/symbol]

Case A (with Geo, without Hul) –19.031 3.476 0.961 4

Case B (without Geo, without Hul) –19.031 3.383 0.905 4

Case C (with Geo, with Hul) –19.393 3.851 0.925 3.75

Case D (without Geo, with Hul) –19.393 3.779 0.922 3.75

Pave
opt Qw

max FQP
opt

Qw
max

RQ C B 
imp ,

RQ C D 
imp , RQ C A 

imp , RQ D B 
imp , RQ D A 

imp RQ A B 
imp

Case C (with Geo, with Hul) Case D (without Geo, with Hul)

Fig. 3. Qw versus Pave for 16-ary signal in PCTW OFDM system with case C (with Geo, with Hul) and
case D (without Geo, with Hul) where the marks of  * and  correspond to the cases of FWM models in-
cluding and not including ISI, respectively.
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radation of system performance due to the impact of ISI on FWM noise is relatively
large when the values of Pave are optimized.

7. Conclusion

Semi-analytic models are developed to calculate the variances of FWM noises for any
probabilistic and geometric shaping centrosymmetric signal in PCTW OFDM system
including walk-off and intersymbol interference. For any constellation shaped signal,
the semi-analytic calculation models of BER and the equivalent Q-factor are derived
also when the total noise is modeled as additive white Gaussian noise. The system per-
formances of 16-ary OFDM system with polarization-domain PCTW scheme for dif-
ferent cases are evaluated when the impacts of the FWM and ASE noises are taken
into accounted by using the newly derived calculation models. Our semi-analytic mod-
els can be further developed for constellation shaped signal in PCTW OFDM system
when other techniques such as trellis coded modulation (TCM) and maximum posterior
probability (MAP) algorithm are adopted simultaneously. The relevant calculations
and discussions will be carried out in the future.
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