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Abstract: The efficiency of reducing the friction force in sliding motion under the influence of forced vibrations of an elastic substrate  
significantly depends on the direction of these vibrations in relation to the sliding direction. This article presents a comparison  
of computational models developed by the authors to estimate the friction force in sliding motion under longitudinal and transverse  
tangential vibrations of the substrate. Fundamental differences between these models are discussed, and the results of comparative  
analyses of the impact of tangential vibrations on the friction force depending on their direction are presented. In the developed models  
describing the friction force, dynamic friction models of Dahl and Dupont and the so-called LuGre model were utilised. The analyses were 
performed as a function of the sliding velocity and two basic parameters of vibration, which are frequency f and amplitude u0. It has been 
shown that under longitudinal vibrations, the key parameter, which determines the occurrence of friction force reduction at a given driving 
velocity vd, is the amplitude va of vibration velocity. However, the level of this reduction cannot be determined unequivocally based on the 
value of this parameter alone since the identical value va can be obtained at different magnitudes of the frequency and amplitude  
of vibrations, and the reduction level is a nonlinear function of these parameters. The results of simulation analyses were verified  
experimentally. 
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1. INTRODUCTION 

The phenomenon of friction force reduction in sliding motion 
was and still is a subject of interest to scientists around the world. 
This stems from its utilitarian significance. However, to date, this 
phenomenon has not been fully researched and described, and 
the published results of experimental tests and simulating ana-
lyses are usually patchy, address narrow ranges of variability of 
the analysed parameters and are often ambiguous and even 
contradictory. 

This phenomenon is used in practice in many branches of 
modern industry. Its most important applications are found in the 
machine tool industry and the oil mining industry. In the machine 
tool industry, it is used to reduce the cutting force in all machining 
processes, including milling, turning, drilling and grinding [1–11]. 
In the oil drilling industry, it is used to reduce the friction force 
between the drill string and the borehole wall and to reduce the 
stick–slip motion [12–20]. 

The mechanism of friction resistance reduction depends on 
the direction of vibrations in relation to both the plane and the 
direction of sliding and is different under vibrations that are normal 
and those that are tangential to the plane of sliding. In the case of 
tangential vibrations, the mechanism of reduction is different 
under longitudinal vibrations – in the direction of sliding, and 
different under transverse vibrations – perpendicular to this direc-
tion.  

It was demonstrated in previous studies [21, 22] utilising the 
so-called dynamic models of friction of Dahl [23, 24] and Dupont 
[25, 26] that in the case of longitudinal tangential vibrations, the 

reduction in frictional forces in sliding motion results from cyclical 
changes in the sign of the relative velocity vector of the contact 
surface of the moving body and the support occurring in each 
vibration cycle, whenever the amplitude of the velocity of these 
vibrations is greater than the sliding velocity. This does not need 
to be associated with the change in the sign of friction force vec-
tor, as it results according to the Coulomb model. In the case of 
transverse vibrations, the change in friction resistance is a conse-
quence of changes in the direction of the friction force and its 
oscillations around the direction of sliding in macroscale, due to 
which this force decomposes into two components, only one of 
which operates along the direction of sliding, that is, in the direc-
tion of the driving force [27–30]. In the case of normal vibrations, 
the view prevails that the reduction in friction resistance in sliding 
motion in the presence of these vibrations results from the change 
in the average distance between contacting surfaces, which re-
duces the normal interactions between the body being moved and 
the support [31, 32, 33].  
This paper presents the outline of computational models devel-
oped by the authors of [21, 22, 29], which are utilised in conduct-
ing simulation analyses of friction force reduction in sliding motion 
by imposing vibrations tangent to the sliding plane on the support 
along which the sliding motion is conducted. These mo-dels are 
based on dynamic equations of motion of the sliding body. To 
describe the friction force, the so-called dynamic friction models of 
Dahl, Dupont and LuGre, in which the compliance characteristics 
of the contact zone of the sliding body and of the support have 
been considered, are utilised. The developed models were used 
to conduct comparative analyses of the level of friction force 
reduction in longitudinal tangential vibrations and transverse 
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tangential vibrations. These analyses were performed as a func-
tion of two principal parameters of vibrations, namely, frequency 
and amplitude, and as a function of the drive velocity. The ob-
tained results were compared with the results of experimental 
investigations.  

2. COMPUTATIONAL MODELS 

To describe changes in the friction force in sliding motion pro-
ceeding on the support subjected to forced vibrations, computa-
tional models developed by the authors and described in detail in 
[21, 22, 29] were utilised, in which the contact area of the body 
being moved and the vibrating support are modelled by a singular, 
deformable, spring-damping substitute element MN (Fig. 1), which 
incorporates the stiffness of the contact zone in the direction of 
sliding and its damping. 

In these models, dynamic friction models were used to de-
scribe the friction force, whose magnitude is a function of the 

elastic deformation s of the contact measured in the sliding plane.  
In the Dahl and Dupont models, the relationship between fric-

tion force FF and elastic deformation s of the contact is described 
by the following relationship: 

𝐹𝐹 = 𝑘𝑡𝑠,  (1) 

while in the LuGre model [34, 35] from the relationship: 

𝐹𝐹 = 𝑘𝑡𝑠 + ℎ𝑡�̇� + ℎ𝑣𝑣𝑟   (2) 

where kt is the contact stiffness coefficient in the tangential direc-

tion, ht is the contact damping coefficient at tangential defor-

mation, kv is the viscous contact damping coefficient and vr is 
the relative movement velocity of the body being moved and 
vibrating support. 

 

Fig. 1. Modelling of the contact zone in developed models: (a) the real contact, (b) shear compliance characteristic of the contact,  
(c) model of contact at sliding motion

The rate ṡ of the increase in the contact elastic deformation in 
the Dahl and Dupont models is described by a general relation-
ship in the following form: 

�̇� =
𝑑𝑠

𝑑𝑡
= 𝑣𝑟 [1 − 𝛾(𝑠, 𝑣𝑟)

𝑘𝑡𝑠

𝜇𝐹𝑁
𝑠𝑔𝑛(𝑣𝑟)]

𝜅

  (3) 

The magnitude of the function 𝛾(𝑠, 𝑣𝑟) in the Dupont model 
depends on the magnitude of the elastic deformation 𝑠 of the 
contact. Relevant relationships are provided in Refs [25, 26]. In 
the Dahl model, on the other hand, the value of this function is 
equal to 1. The method of selecting the exponent 𝜅 is provided in 

Ref [36]. In the developed models, 𝜅 = 1 was adopted. 

In the LuGre model, the rate �̇� of the elastic deformation in-
crease is described by the following relationship: 

�̇� =
𝑑𝑠

𝑑𝑡
= 𝑣𝑟 −

|𝑣𝑟|

𝑔(𝑣𝑟)
𝑠  (4) 

where 

𝑔(𝑣𝑟) =
1

𝑘𝑡
[𝐹𝐶 + (𝐹𝑆 − 𝐹𝐶)𝑒−(𝑣𝑟/𝑣𝑆)2

]  (5) 

where 𝐹𝐶  is the Coulomb friction force, 𝐹𝐶 = 𝜇𝐹𝑁, 𝐹𝑆 is the static 
friction force and 𝑣𝑆 is the Stribeck velocity. 

In the LuGre model, it was assumed that in the absence of 
movement, the following relationship exists between the coeffi-
cient of tangential rigidity 𝑘𝑡 of the contact and the damping coef-

ficient ℎ𝑡:  

ℎ𝑡 = 2√𝑚𝑘𝑡                                                                        (6) 

In the case of motion, the damping factor is also a function of 

relative velocity 𝑣𝑟  and is described by the following relationship: 

ℎ𝑡(𝑣𝑟) = ℎ𝑡𝑒
−(

𝑣𝑟
𝑣𝑒

)
2

  (7) 

Olson, in the calculation examples presented in Ref. [35], as-
sumed that 𝑣𝑒 = 𝑣𝑆.  

In the developed models, it is assumed that the elastic deflec-

tion 𝑠 of the contact at any moment can be presented as the 
effect of displacement of the ends M and N of the elastic element 
MN modelling this contact. It is measured in the plane of sliding 
(Fig. 2) and can be determined by the coordinates of points M and 

N’, where N’ is the projection of point N on the plane of sliding. 
In the case of longitudinal vibrations, the direction of this de-

formation may be opposite to, or in the same direction as, the 
sliding movement (Fig. 3). The change in the direction of elastic 
deformation of the contact is equivalent to the change in the sign 
of the friction force. However, this change does not occur with the 
turn of the vector �⃗�𝑟 of relative motion velocity taking place when 

the amplitude of the vibration velocity 𝑣𝑎 is greater than that of the 

slip velocity �̇�. At the m oment of change in the sign of the relative 
velocity vector �⃗�𝑟 (Fig. 3), the initiation or termination of friction 
force reduction, in the case of longitudinal vibrations, occurs. 

In the case of transverse vibrations, the direction of elastic de-
formation of the contact is variable over time and oscillates around 
the direction of the macroscopic movement of the shifted body. At 

an optional moment, it is defined by the angle  =(t). This direc-
tion is consistent with the direction of relative motion and direction 
of relative velocity �⃗�𝑟 of the shifted body and vibrating support. 

The vector of the friction force 𝐹𝐹  is in the same direction (Fig. 4). 
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Fig. 2. Motion of a body and elastic deformation of the contact zone at tangential vibrations of the support: (a) longitudinal, (b) transverse vibrations 

 
Fig. 3. Change in the value and sign of friction force vector �⃗�𝐹  under longitudinal vibrations of the support  

 
Fig. 4. Change in the direction of friction force vector �⃗�𝐹 under transverse 

vibrations of the support  

The movement of a shifted body on the vibrating support is 
described by the dynamic equations of motion. In the case of 
longitudinal vibrations, it is one equation in the following form: 

𝑚�̈� = 𝐹𝑑 − 𝐹𝐹,  (8) 

while in the case of tangential transverse vibrations, these are the 
two following equations: 

𝑚�̈� = 𝐹𝑑 − 𝐹𝐹 𝑐𝑜𝑠 𝛽  (9) 

𝑚�̈� = 𝐹𝐹 𝑠𝑖𝑛 𝛽  (10) 

where 𝐹𝑑 is the driving force, 𝐹𝐹  is the friction force and 𝑚 is the 
mass of the shifted body. 

The average value �̃�𝐹𝑥 of the friction force in the direction of 
driving force 𝐹𝑑 (along the 0x axis) during a single vibration period 
T corresponds to the value of the driving force necessary to set 
the body in sliding motion and to maintain this motion. Its value 
can be determined from the following relationship:  

𝐹𝑑 = �̃�𝐹𝑥
=

1

𝑛
∑ 𝐹𝐹𝑥

(𝑡 + 𝛥𝑡)𝑛
𝑖=1   (11) 

where 𝑛 is the number of time intervals to which a single vibration 
period T has been divided. 

The aforementioned relationships were used in mathematical 
models for analysis of the influence of longitudinal tangential 
vibrations [21, 22] and transverse tangential vibrations [29] on the 
friction force in sliding motion, which were developed in the 
MATLAB/Simulink environment. After verification, these models 
were used in the simulating analyses. 

3. SIMULATING ANALYSES 

The condition for the occurrence of a reduction in the average 
friction force in the sliding movement during longitudinal tangential 
vibrations is a cyclic change in the sign of the relative velocity 

vector v⃗⃗r of the substrate and shifted body in each vibration peri-
od. For this phenomenon to occur, the amplitude of vibration 
velocity va must be greater than that of the average sliding veloci-

ty, which is equal to the driving velocity vd in this period. The 
following condition must therefore be met: 

𝜓 =
𝑣𝑑

𝑣𝑎
< 1  (12) 

The influence of vibrations on the friction force in sliding mo-
tion can be illustrated in the form of graphs representing changes 

in the driving force 𝐹𝑑, whose average value corresponds to the 

average value �̃�𝐹𝑥
of the friction force in the direction of sliding, as 

a function of the coefficient as defined earlier. The relation-
ships presented in this way are, however, ambiguous because the 
driving force in sliding motion at the vibrating substrate is a non-

linear function of both the sliding velocity (driving velocity 𝑣𝑑) and 
amplitude 𝑣𝑎  of vibration velocity. At the same magnitude of the 

parameter the friction force reduction level may be different, 
depending on the magnitude of 𝑣𝑎  or 𝑣𝑑 . 

This problem is illustrated in Figs. 5 and 6, which present the 

profiles of normalised driving force 𝐹𝑑/𝐹𝐶 , that is, driving force 𝐹𝑑 
compared to Coulomb’s friction force 𝐹𝐶 , as a function of parame-
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ter  for various predetermined sliding velocities 𝑣𝑑  at varying 

amplitudes 𝑣𝑎  of vibration velocity (Fig. 5) and analogous profiles 
at a fixed amplitude 𝑣𝑎  but changing driving velocity 𝑣𝑑  (Fig. 6). 
These diagrams were generated both under longitudinal and 
transverse tangential vibrations. 

It is apparent from these profiles of 𝐹𝑑/𝐹𝐶  how different can 
be the level of the friction force reduction in the sliding motion at 

the same value of the parameter , but at simultaneously different 

driving velocity 𝑣𝑑 , or at the same value of , but a different 
amplitude 𝑣𝑎  of the vibration velocity. 

 
Fig. 5. Profiles of changes in 𝐹𝑑/𝐹𝐶 as a function of parameter at tangential vibrations, at a fixed driving velocity 𝑣𝑑   

and variable amplitude 𝑣𝑎 of vibration velocity: (a) longitudinal vibrations, (b) transverse vibrations 

 
Fig. 6. Profiles of changes in 𝐹𝑑/𝐹𝐶 as a function of parameter at tangential vibrations, at a fixed amplitude 𝑣𝑎 of vibration velocity  

and variable driving velocity 𝑣𝑑 : (a) longitudinal vibrations, (b) transverse vibration

Much more complete information about the influence of vibra-
tions on the friction force in sliding motion is provided by collective 

charts Fd = F̃F = f(va, vd). For example, in Fig. 7, comparative 
diagrams are presented regarding the change in the average 

friction force F̃F as a function of va and vd under longitudinal 
tangential vibrations and transverse tangential vibrations at the 

frequency f = 2000 Hz, with surface pressures exerted by the 

moved body on the support equal to pn = 0.022 N/mm2. The 
presented graphs were generated using computational proce-
dures in which the Dahl model was used to describe the friction 
force. The comparison of these diagrams shows a clear difference 
in the effectiveness of reducing the friction force depending on the 
direction of vibrations. Under transverse vibrations, there are no 
boundary sliding velocities at which the reduction in friction force 
would not take place. In longitudinal vibrations, such threshold 

occurs at va = vd, but after fulfilling the condition va > vd, the 
reduction in the friction force in longitudinal vibrations is clearly 
greater than that in the case of transverse vibration. In the har-

monic motion, described by the following equation:  

u = u0 sin( ω t)                                                                      (13) 

the amplitude of vibration velocity is expressed by the rela-
tionship: 

va = u0ω = 2π u0f                                                       (14) 

It is a function of both vibration amplitude u0 and its frequency 

f. It can be seen that at a given driving velocity vd, the condition 

(12) can be satisfied for different sets of values of parameters u0 

and f, and each of these parameters exerts a nonlinear influence 
on the level of friction force reduction 

Fig. 8 and 9 present examples of simulated results of reduc-
tion in friction force in sliding motion on vibrating support as a 

function of vibration amplitude u0 at fixed frequency f and as a 

function of frequency f at fixed amplitude u0. To facilitate compar-
ison, these graphs were generated for both longitudinal and trans-
verse vibrations of the support.  
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Fig. 7. Dependence of the driving force (average friction force) on the driving velocity 𝑣𝑑  and amplitude of vibration velocity 𝑣𝑎:  

(a) under longitudinal vibrations, (b) under transverse vibrations; 𝑓 = 2000 Hz, 𝑝𝑛 = 0.022 N/mm2.

 
Fig. 8. Change in the driving force 𝐹𝑑 as a function of vibration amplitude 𝑢0 at different frequencies 𝑓: (a) longitudinal vibrations,  

(b) transverse vibrations; 𝑣𝑑  = 1 mm/s, 𝑝𝑛 = 0.022 N/mm2 

 
Fig. 9. Change in the driving force 𝐹𝑑 as a function of the oscillation frequency 𝑓 at a given amplitude 𝑢0: (a) longitudinal vibrations,  

(b) transverse vibrations; 𝑣𝑑  = 1 mm/s, 𝑝𝑛 = 0.022 N/mm2  

 
Fig. 10. Change in the driving force (average friction force) in sliding motion depending on the amplitude u0 and frequency f of vibrations:  

(a) longitudinal vibrations, (b) transverse vibrations; vd = 1 mm/s, pn = 0.022 N/mm2   
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Based on the set of diagrams shown in Figs. 8 and 9, collec-
tive three-dimensional graphs of changes in the average friction 

force as a function of parameters 𝑓 and 𝑢0 were generated. They 
are presented in Fig. 10. It can be seen that with longitudinal 
vibrations, any reduction in the friction force is possible only after 
fulfilling the following condition: 

𝑢𝑜 >
𝑣𝑑

2𝜋𝑓
  (15) 

which results directly from condition (12) and the relationship (14). 
In the case of transverse vibrations, the reduction in the fric-

tion force in sliding motion occurs immediately after vibrations are 
introduced into the contact area of the shifted body and the sup-
port, although at low vibration amplitudes and low frequencies, it 
is at a negligible level. 

 

 
Fig. 11. Mechanical part of the test rig: (a) under longitudinal vibrations, (b) under transverse vibrations; 1 – shifted, upper sample, 2 – bottom sample,  

    3 – vibrating table, 4 – turn table, 5 – vibration actuator, 6 – force gauge, 7 – driver, 8-13 – accelerometers 

 
Fig. 12. Block diagram of the measuring, recording and signal processing system 
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In experiments targeting verification of simulation analyses, 
the changes in driving force, required to set the body in sliding 
motion and to sustain this motion, caused by initiating vibrating 
motion of the support, were measured. The measurements were 
carried out with longitudinal tangential vibration, that is, consistent 
with the direction of sliding (Fig. 11a), and with transverse tangen-
tial vibrations, that is, perpendicular to this direction (Fig. 11b). 
They were carried out for two variants of changes in forced vibra-
tions of the support. 

In the first variant, the variable parameter was the amplitude 
𝑢0 of vibrations at their fixed frequency 𝑓, while in the second 
variant, the variable parameter was the frequency at a fixed ampli-
tude of vibrations. In variant 1, measurements were carried out at 

a vibration frequency of 𝑓 = 2000 Hz. The driving velocity was 𝑣𝑑  

= 1 mm/s, and surface pressure was 𝑝𝑛 = 0.022 N/mm2. In variant 
2, it was assumed that the vibration amplitude has the value 𝑢0= 
0.2 μm. The frequency was varied in the range from 0 Hz to 5000 
Hz. The driving velocity and surface pressures were the same as 
in variant 1. In each measurement round, the driving force meas-
urement was carried out continuously. Measurements started with 
motion on an immobilised support, after which it was set in a 
vibrating motion of gradually increasing frequency (variant 1) or 
amplitude (variant 2). The last measurement was always carried 
out after reimmobilising the substrate. Examples of results are 
presented in Figures 13 and 14. 

 

Fig. 13. Change in the driving force 𝐹𝑑 in relation to the amplitude 𝑢0 of the support vibrations, at a fixed frequency 𝑓: (a) longitudinal vibrations,  

  (b) transverse vibrations; 𝑓 = 2000 Hz, 𝑣𝑑  = 1 mm/s, 𝑝𝑛 = 0.022 N/mm2 

 

Fig. 14. Change in the driving force 𝐹𝑑 in relation to the frequency of vibrations 𝑓 at their fixed amplitude 𝑢0: (a) longitudinal vibrations,  
  (b) transverse vibrations; 𝑢0 = 0.2 μm, 𝑣𝑑  = 1 mm/s, 𝑝𝑛 = 0.022 N/mm2

 
Fig. 15. Comparison of the experimental investigation results and simulating analyses of the friction force reduction depending on the frequency  

   of support vibrations: (a) longitudinal vibrations, (b) transverse vibrations 
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Fig. 16. Comparison of the experimental investigations and simulating analyses of friction force reduction depending on the amplitude of support vibrations: 

(a) longitudinal vibrations, (b) transverse vibrations

It can be seen from Figures 13 and 14 that in the case of 
transverse vibrations, the reduction in the friction force occurred 
immediately after their introduction into the contact area of the 
shifted body and the support, while in the case of longitudinal 
vibrations, it occurred only after fulfilling the condition (12). How-
ever, after exceeding a threshold value, a further increase in the 
frequency of vibrations or their amplitude resulted in a much 
greater reduction in the friction force under longitudinal vibrations. 

Figures 15 and 16 present a comparison of the results of sim-
ulating computations and experimental investigations. Their excel-
lent conformance is noticeable, which proves the correctness  
of the developed models and numerical computational proce-
dures. 

4. SUMMARY  

Very good agreement between the outcome of simulating 
analyses and experimental investigations proves that the compu-
tational models used in numerical analyses are (i) developed 
correctly and (ii) accurately reflect the actual changes in the fric-
tion force occurring in sliding motion upon exerting vibrational 
movements to the support over which such sliding motion is per-
formed. This suggests that these models can be utilised for con-
trolling the friction force in sliding motion through an appropriate 
selection of vibration parameters 𝑢0 and 𝑓 of the support, on 
which such motion takes place. 

Experimental investigations and simulating analyses have 
demonstrated that under longitudinal vibrations, when the thresh-

old value of amplitude 𝑣𝑎  of vibration velocity (𝑣𝑎 = 𝑣𝑑) is ex-
ceeded, the level of friction force reduction in sliding motion in-
creases with increasing vibration amplitude 𝑢0 or their frequency 

𝑓, to much greater extent than under transverse vibrations. How-
ever, up to this threshold value, longitudinal vibrations, in contrast 
to transverse vibrations, have no effect on the level of the friction 
force. 
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