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Abstract. We investigate the locally defined operators, sometimes called operators with
memory, that map the space C”(A) of continuously differentiable functions in the sense of
Whitney defined on a compact subset A C R”" into the space of continuous functions defined
on the same set A. Using the Whitney Extension Theorem, we give a representation formula
for such operators stating that every local operator K : C°(A) — C°(A) is a generalized
Nemytskii operator generated by some function /2 : A x RN — R.
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1. Introduction

Let X be a topological space, Y, Z be arbitrary nonempty sets and let ¥ =¥ (X,Y)
and ¢ = (X, Z) stand for two classes of functions ¢ : X — Y and ¢ : X — Z,
respectively. An operator K : ¢ — 7 is said to be locally defined (or with memory),
if two functions from the class ¢ coincide on an open subset then the images of the
functions through the operator K are equal on the same open set. A typical example
is the Nemytskii composition operator

H(@)(x) =h(x,0(x)), @c¥ (xeX),

generated by some function £ of two variables. It turns out that in some classes
of functions it is the only operator that has this memory property (see for instance
[1,2]).

However, in the case where the topological space X, the sets Y, Z, and the classes
of functions ¢ and ¢ are more significant ones, this definition of Nemytskii oper-
ator is not sufficient to describe the possible forms of the locally defined operators
K : ¢ — 7.1t was shown by Lichawski et al. [3] that if X is a real compact interval,
Y =Z =R, ¥ is the class C"" (X) of m-times continuously differentiable functions
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and 7 = C° (X), then there exists a function / : X x R"*! — R such that

K(@)(x) =h(%.0(x),0' (1), 0" (), @eC(X), xEX,

An analogous result was proved by Matkowski and Wrébel for Whitney differentiable
functions [4].

The main result of this paper gives a representation formula for operators with
memory of the type K : m C™(A) — C°(A). Here C™(A) denotes the class of

meN
m-times continuously differentiable functions in the Whitney sense. In particular,
taking n =1, and A C R as an interval, we obtain one of the results of [3] stating that
the operator K must be of the form

K((P)(x> - h(x7 (p(x)7 (p/(x)7 - -), ()C S A), ¢ c CN(A)a

where the function 4 : A x RY — R is uniquely determined.

Closely related to the theory of operators with memory is the study of solutions of
nonlinear integral equations of the Hammerstein type and the Volterra-Hammerstein
type having application in many fields of science such as economics or physics where
the memory effects are very important. More details can be found, for example, in the
monographs [5, 6]. It is worth mentioning that the Whitney-differentiable functions
are useful in the issues related to optimization problems [7].

2. Preliminaries

In this paper, the symbols Ny, R denote, respectively, the set of nonnegative inte-
n

n
gers and the set of real numbers. Let Nj := HNO forn € Nand RY := H]R.
i=1 i=1

ForneN, jeNg, j=(ji1,.--,Jn), and x = (x1,...,x,) € R" we put

|J‘:]1++]n, Jli=g1l gl xj;:x{l.‘

n
el o=y [ 37
i=1

Definition 1 ([18], cf.. also [9]). Let A C R" be a nonempty set and let m € Ny.
A family f of functions f/ : A — R for j € Ng,|j| <m,i.e.,

J
R CA

and

We start with the following

f={fleRt:jeN, |jl<m}

is said to be a Whitney jet (or a Whitney m-jet) on A, briefly f € C"(A), if for all
JENG, |j| <m, xo €A, and € > 0 there exists a & > 0 such that for all x,y € A
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the inequalities ||x — xo|| < & and ||y —xo|| < & imply that

- ¥ ey <efemymli
[i]<m—| | )

(Here R* stands for the set of all real functions defined on A)

Definition 2 ([8, p. 65]). Let n € Nand let A C R" be a nonempty set. A family of
functions ' : A — R for j € N, i.e.,

f={f eR*: jeNG}

is said to be a Whimey co-jet on A, briefly f € C”(A), if for all m € Ny a family
f={f eR: jeNg, |j| <m}isa Whitey m-jet on A.

Thus f,g € C”(A) and f = g imply that
f={feR':jeNg}, g={g eR':jeN},
and

fl=g/ forall jeN.

Remark 1. Assume that A C R" is an open set and let f = {f/ € R*: j € Nj}.
Then f € C*(A) if and only if the function f%° is of the class C* on A in the
classical sense and

o glilf(0,..,0)
/= f Jn? ] € Ng
ox|'...ox)

Moreover, if a function f 0,-0) g of the class C* on A and the limits of all par-
tial derivatives of [ at the boundary points of an open set A exist, then the unique
extension of f ©0.-0) 0 the closure of A is considered as a function of class C* in this
closure.

In the above cases, one can identify the function f (0,.,0)

with the whole class f.

Remark 2. Let n € N and let A C R" be a nonempty and compact set. Then
f €C=(A) if and only if for every m € Ny the family f = {f/ € RY: j e NI, |j| < m}
fulfils the following condition
. fiTiy . y
Po- ¥ ey —o (=) s r-yl o0,

. ) il
|i] <m—|j]

where x,y € A, |j| < m.
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Let us recall the following Whitney Extension Theorem which plays a crucial role
in our paper.

Theorem 1 ([8, p. 65]). Let n € N and a closed set A C R" be fixed. If f = {fj €
RA:je NG} is a Whitney co—jet on A, then there exists a function g : R" — R of the
class C* on R" in the classical sense such that

olilg

m()() :fj(X), X GA, ]6 Ng
[EEEE n

3. Main result

LetJ; CR,i=1,...,n, be open intervals. A setJ C R",

n
I=T1%
i=1
the Cartesian product of the intervals J;, will be called an open interval in R".

Now we are in a position to introduce the definition of a locally defined operators
of the type K : C*(A) — C°(A).

Definition 3. Let n € N and a nonempty and closed set A C R" be fixed. An
operator K : C*(A) — C°(A) is said to be locally defined if for every open interval
J C R" and for all ¢,y € C*(A),

®lans = Ylans = K(@)|ans = K(¥)|ans,
where @|any = {@/|any 1 j € NG}
We shall need the following two lemmas.

Lemma 1. Let a nonempty and closed set A C R" be fixed and let K : C*(A) —
C°(A) be a locally defined operator. Then for every xo € A and for all @,y € C*(A),

if
¢/(x0) = ¥/ (x0) forall jeN,

then

K(¢)(x0) = K(¥)(x0)-

By the Whitney Extension Theorem (Theorem 1) and Remark 2, the proof of the
lemma is very similar to the proof of Lemma 1 of [4] and will be omitted .

Lemma 2 ([9, p. 11]). Letn € N, 6 > 0, and a compact set C C R" be fixed. Then
there exists a function g € Cw(R”) and nonnegative reals C, ), ki,-...kn € No,
such that
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1. a function g is nonnegative and

(x) = 0, for (x1,...,x,) €C,
§W = 1, for (xi,...,x,) such that d((xi,...,x,),C)>6;

2. forallky,...,k, € Ngand (xi,...,x,) € R"

k
ol \g « %)
i ady | T S

(Here d((x1,...,x,),C) denotes the distance from x = (xj,...,x,) to C, i.e.,
d((x1,...,%,),C) =inf{||(x1 —c1,...,xn —cn)]| : (c1,...,cn) €EC})
The main result of the present paper reads as follows:

Theorem 2. Let A C R" be a compact set. If an operator K : C*(A) — C°(A) is
locally defined then there exists a unique function h: A x R N s R such that

forall € C*(A) and x = (x1,...,X,) € A.

Proof. To simplify the notations we present the proof in the case n = 2. (In general
case the proof goes along the same lines.)
To construct the function 4 : A x RN — R put

0 :=diamA, C:=clB((0,0),1),

where cl1B((0,0), 1) denotes a closed ball centered at (0,0) and with the radius r = 1
in the Euclidean space and diamA denotes the diameter of the set A.

By Lemma 2, there exists a nonnegative function g; € C*(R?) and the constants
Clky k) > 0; ki,ky € N, such that

(t1x2) = 0, for (x1,x)€C, (1)
gl 1,42) — 1, for (xl’X2) SuCh thatd((Xl,x2)7C> 25

and for all ky,ky € Ny, (x,x2) € R?,

Put
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and
St i) i=max{cq ) h=0,....ii—1; b= —1}, (3)

for iy,ip € No. Fix arbitrarily (z1,22) €A, y(;, i,) € R, i1,i2 € No, and choose A;, ;,) €
(—1,1), iy,ip € Ny, such that forall k; =0,...,i; — 1,k =0,...,i» — 1, the following
inequalities

ki +k i iy —o ) T
(1 +A(11 12)) < <2ll+12S(i1,i2) ‘y(il7i2) ’ gt . k2> (4)
hold true. Let us define the function g; ;,) : R? — R, i1,ir € Ny, by the formula

Y(ir,i i i
ii ,11’.22,) (x1 —21)" (2 —22)28 (A, i) (51 — 21,22 —22)) . (5)

83, ,iz)(xl,xz) =

Then for all (x,x2) € R%, ij,in e Ng,and k; =0,...,i; — 1, kh=0,...,ir— 1, we

have
8k1+k2g(.1 X ki ko k,
7” (x1,x B IO (i — Ko .
ERIERS 2) L L ( )(lz>[(1 1+ ) (2 =k + D)™
: . olith
=k +1 i—ky+ly 4 i+l 8
.(xl _Zl) 1—K1 '(xz —Zz) 2—K2 21(1}171_22) axlll axlzz (k(i] ,iz)(xl —Z21,X2 _ZZ))
y k2 i1 —ki+ ir—ko 41 9 1+l 9'thyg
’ —2)' Alith
=01 ( ><l >( —a) T a) (2] 31 92

- (Aiyiy) (X1 — 21,20 = 22)) '

Hence, by (1), (2) and (3), we get

ki ko
i1 +ip—k1—ko 11+l q L1+ (11 D)
‘ l| i) ‘ Z Z ( > < )6 A (i1,02) 611+lz

=05=

Sy O TR SRV At
‘ l|,12| (i1,i2) 112012;0 IR b (i1,2)

)kl +ko

ak1+k2g(ilyi2)

ki 3 ko
dxy' dx;

(x1,x2)

= | Y(i1,in) ‘S (i1,i2) 5”+12 ik (1 +l(ll i)
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and finally, by (4),
akH—kzg(l,l i) 1 ) .
W(x ,x2) <m, klZO,...,ll—l, k2:0,...,12—1.

Thus we have shown that for arbitrary i1,i> € Ny, the function g;, ;,) defined by (5)
satisfies the inequalities

okitkag . 1
‘ o) S k=0 i1 k=0, 1,
dxy' 0x;
where | - || denotes the supremum norm on C°(R?). It follows that the function
PZ1-,Zz-,y(o,o> Y10y : A — R defined by

PZl,ZzJ(o,o)J(].O),--.(xlvx2) = Z Z g(il,iz)(xth)v (x1,x%2) €A,
i1=0 =0
is of the class C” in the Whitney sense on the set A and (cf. [8, p. 408] and
Remark 1)
ail—HzPZJ 1225Y(0,0)Y(1,0) -+
dx| ox3

(21,22) = V(i) 1,02 € No.
Taking
h(Z] 1225Y(0,0),Y(1,0)5 - - ) = K(PZ1,zz7y(o,o),y(1,0) e ')(Zl 7Z2)7

and applying Lemma 1, we infer that

K(9)(z1,22) =K <[21~,127(P(0‘0)(Z1712)7(1’(1‘0)(11»22)’ " > (z1,22)

=h (znzz, 0% (z1,2),019(z1,22), . ) , (z1,22) €A

for an arbitrary function ¢ € C”(A), which proves the desired representation formula.
Since the uniqueness of / is obvious, the proof is completed. =

Remark 4. Taking in the above theorem n = 1 and for A C R as a closed interval,
one gets Theorem 2 of [3].

4. Conclusions

Applying the Whitney Extension Theorem, we prove that every operator with
memory which acts the space of functions ¢ = {@/ e R*: j e Ng} of the class C*
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in the Whitney sense defined on a closed set A C R" into the space of continuous
functions on A is of the form

K(@)x) = h (x.0° ). 0" (). 0" V(w)....).

generated by some function £ :A X RY — R. This generalizes one of the main results
of [3].
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