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MATHEMATICAL INDUCTION IN PROVING OF THEOREM S
ABOUT NATURAL NUMBERSDIVISIBILITY

Abstract

Introduction and aims: This paper presents the concept of the divisionmaithematical
expressions with natural variable related to thablem of divisibility. The paper shows some
proofs of selected problem. The main aim of thiggras to show a few proofs of theorems about
divisibility of expressions by using the methochwdithematical induction.

Material and methods: In this paper have been solved examples from eiffiersources.
Considered problems contain: only polynomials, suen of powers of different bases (and
constant as a component), the sum of the prodéigtsveers with different bases (and constant as
a component), the sum of the powers and polynomilaés sum of the products of powers and
polynomials, the sum containing the power-ef)( Fibonacci sequence, the expression containing
a power of the power and problems containing pawetivider. In the paper has been used the
method of mathematical induction.

Results: It has been shown 16 proofs of problems by usinghemaatical induction. In some
examples have been used the additional lemmas wbitiplete the main proof.

Conclusion: Using some properties of divisibility theorems dhd theorem about mathematical
induction allow to show proofs which refer to thevisibility by natural number of various
mathematical expressions with natural variable n.
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INDUKCJA MATEMATYCZNA W DOWODZENIU TWIERDZEN
O PODZIELNOSCI LICZB NATURALNYCH

Streszczenie

Wskp i cele: W pracy przedstawiono koncepgjodziatu wyraen matematycznych ze zmignn
naturalry odnoszcych s¢ do problemu podzieldoi a take przedstawiono dowody wybranych
zadai. Giéwnym celem pracy jest pokazanie sposobu demawierdzé o podzielngci wyra-
zen przy zastosowaniu metody indukcji matematyczne,.

Materiat i metody:W pracy rozwjzano przyktady z edychzrodet. Rozwaono zadania zawiera-
jgce: tylko wielomiany, sumy ot o r&nych podstawach (i stalw roli sktadnika), sumy iloczy-
néw potg o r&nych podstawach (i stalw roli sktadnika), sumy peg i wielomianéw, sumy ilo-
czynow paig i wielomiandw, sumy zawietgje potge (-1), cigg Fibonacciego, wyr#nia za-
wierajgce potge polegi oraz zadania zawierage pogge W dzielniku. Zastosowano megod-
dukcji matematycznej.

Wyniki: Przeprowadzono dowody 16 przyktadéw przyciu indukcji matematycznej. W niekt6-
rych przyktadach zastosowano dodatkowo dowody tamaktore uzupetnigj catas¢ dowodu
gtéwnego.

Whiosek: Korzystanie z pewnych wkwasci twierdze: o podzielngci i twierdzenia o indukciji
matematycznej pozwala pokdzdowody, ktore odnogzsie do podzielngci przez liczby natural-
ne r&nych wyraen matematycznych ze zmignmaturalry.

Stowa kluczowelLiczby naturalne, podzieldé, dowdd, indukcja matematyczna.
(Otrzymano: 05.06.2013; Zrecenzowano:15.07.2013kZaptowano: 20.08.2013)
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1. Introduction
1.1. Divisibility of natural numbers

Theorem 1[1]-[5]

If each component of the sum is divisible by a namthe sum is divisible by that number.

Theorem Il [1]-[5]

If the product of one factor is divisible by thenmoer, it is the product of a sharetion by that
number.

1.2. Theprinciple of induction

The principle of induction can be represented leyftlowing theorem [5].
Theorem lIl.
If X is a set of numbers satisfying the followirga conditions:

» 1 belongs to the set X,

» if n belongs to the set X, then n +1 belongs tostieX,

» then the set X contains all natural numbers.

Main idea of induction proofs lies in the groundtbét in the first step the theorem is
true, and that from a truth of theorem for the stejpllows that the theorem is true for the
step n+1.

lllustration often used for this type of problemaigslomino effectimagine that we set the
number of stones used to play dominoes so thatdtaend one behind the other on the short
side.

We need to make sure that pushing one stone ifallibver, and assumes that any amount
of stones set in a row fall over after pushingfttet one.

Fig. 1.lllustration of the principle of mathematical indion by appropriately set dominoes
Fhoto: A.A.Czajkowski

We can now prove the induction step by proving thatnumber increased by one at the
end of the stone also be overturned. The earliesivk evidence of induction was given by
Francesco Maurolico worArithmeticorum libri fuoin 1575. Maurolico proved by induction
that the sum of the first n odd integersig9.
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2. Classification of expressionsdivisible by natural numbers

Below is proposed some distribution of tasks adogrdo construction of mathematical
expressions containing natural variable.

Polynomial
of natural variable

(n+11n) | 6

Sum of powers with
different basis and
coefficient at the end

(10" - 4) | 12

Sum of powers with
different basis

(11n+2 +122n+l) | 133

A 4

A 4

Sum of power products
with different basis and
coefficient at the end

Sum of power products
with different basis

(52n+1+3n+22n-1) I 19

\ 4

Divisibility (5" +213"+1) | 8
of expression
written as a sum
Sum of powers and Sum of power products
polynomial and polynomial

\ 4

101 -10(n+1)+ n | 81 (2™23" +5n-4) | 25

Sum of power and1)"
[10" - (-1)"] |11

\ 4

Number sequences

If R=1FR=1
> Frto =Rt h,
then R, |5

Expressions including Expressions including
power of power power as a divisor

22" -1) | 10 ¢ -1) | 3™2

\ 4

\ 4

Fig. 2. Proposition of some classification for eegsmions divisible by natural numbers
Source: lllustration elaborated by the Authors
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2. Proving theorems by mathematical induction
2.1. Theoremsincluding only polynomials

Theorem 1For each natural numbenl [6, p. 26, problem 22a]:
(n3+11n) | 6. 1)
The symbol “|” can be read as an expres&®divisible by” or*“is divided by”.

Proof
» Checking the truth of the theorem (1) for n = 1:

1¥+111=1+11+12, 12:6. (2)
» Checking the truth of the implication=k k+1.:

(k3+11k) | 6 = [(k+1)3+11(k+1)] |6
A T
ind ind

3)

where the symbolsif and T,g mean the inductive assumption and thesis resgbgtiv
We transform the following expression:

(k+ 1P +11(k+1) =R+ 3K + 3k + 1 + 11k + 11 = fk+ 11k) + 3(K + k + 4). (4)
Let us analyse the obtained expression:

k® + 11k is divisible by 6 from the inductive assumption, ) (5
but 3(K+ k + 4) is divisible by 6 if and only if when®¢ k + 4 is divisible by 2. (6)

Lemma 1 For each natural numbeeql.:
(p2+p+4) | 2. (7)

Proof of the lemma:1

Checking the truth of the lemma (1) for p = 1:
1> +1+4=6, 6]2. (8)
Checking the truth of the implication=g q+1:
(@°+g+4) |2 = [@+1)*+@+1)+4] | 2. (©)
We transform the following expression:
(@+1f+@+1)+4=0+2q+1+q+1+4=(arq+4)+2q+1). (10)
Let us analyse the obtained expression:

q° +q+4 is divisible by 2 from the inductive assumption, (11)
2(g+ 1) isdivisible by 2. (12)

We see that the lemma (1) is true for every natuatber > 1.
» We conclude that theorem (1) is true for every radtaumber r= 1. &
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Theorem 2For each natural numberenl [4, p. 23, problem 1.34.3]:
(n°-n) | 30.

Proof
» Checking the truth of the theorem (2) for n = &l ar= 2:

1°-1=1-1=0, 0|30,
2°-2=32-2=30, 30[30.
» Checking the truth of the implication=k k+1.:

(K°-K) |30 = [(k+1)°-(k+1)] |30
Aind Tind

We transform the following expression:
(k+1P-(k+1) =K +5K + 10 + 10 + 5k + 1- k-1 =
= (KC-k) + 5K + 2I¢ + 21¢ + k) .
Let us analyse the obtained expression:
k>-k is divisible by 30 from the inductive assumption,

but 5(K + 2I¢ + 2 + k) is divisible by 30 if and only if when {k+ 2I¢ + 2I€ + k)
is divisible by 6.

Lemma 2 For each natural numbeeql.:
(p*+2p° +2p° +p) | 6.

Proof of the lemma:2

Checking the truth of the lemma (2) for p = 1:
14 +2m3+202+1=1+2+2+1=6, 6|6.
Checking the truth of the implication=g q+1:
(@*+20°+2q°+q) | 6 = [(q+1)*+2(q+1)*+2(q+1)° +(q+1)] | 6.
We transform the following expression:
(q+1f+2(@+1j+2@+1f+(@+1)=
=o' +49 + 6f + 4q +1 + 24+ 6f+ 6 + 2 + 24+ 4q + 2 + g +1 =
= (o' + 20+ 2o + q) + 224 + 6 + 7q) + 6 .
Let us analyse the obtained expression:
o'+ 20+ 2 + q is divisible by 6 from the inductive assumption,
2(2¢° + 6¢f + 7q) is divisible by 6 if and only if when (3ot 6¢f + 7q) | 3
6 is divisible by 6.

(13)

(14)
(15)

(16)

(17)

18)
(19)

(20)

(21)

(22)

(23)

(24)
(25)
(26)
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Lemma 3 For each natural numbeedL.:
(2q® +60° +70) | 3. (27)

Proof of the lemma:3

Checking the truth of the lemma (3) for q = 1:
203 +60%2+701=2+6+7=15 15| 3. (28)
Checking the truth of the implication # m+1:
em*+6m>+7m) |3 = 2(m+13+6(m+1)%+7(m+1) | 3 (29)

We transform the following expression:
2(m+ 1% + 6(m + 1§ + 7(m + 1) = 2qri+ 6nf + 6m + 2 + 6rAi+12m + 6 + 7m + 7 =

= (2T + 6nf + 7m) + 3(2M + 6m + 3) . )
Let us analyse the obtained expression:
2m® + 6nf + 7m is divisible by 3 from the inductive assumption, (31)
3(2nt + 6m + 3) is divisible by 3. (32)
We see that the lemma (3) is true for every natnuatber ¢ 1.
We see that the lemma (2) is true for every natnuatber > 1.
» We conclude that theorem (2) is true for every radtoumber r= 1. &
Theorem 3For each natural numbernl [3, p. 23, problem 1]:
(n®+3n%+5n+3) | 3. (33)
Proof
» Checking the truth of the theorem (3) for n = 1:
13+30%2+50+3=1+3+5+3=12, 12|3, (34)
» Checking the truth of the implication=k k+1.:
(k3+3k2+5k+3) |3 = [(k+1)3+3(k+1)?+5(k+1)+3] | 3 (35)
Aind Ting
We transform the following expression:
(k+ 1P +3(k + 1 + 5(k+1) +3=R+ 3K+ 3k + 1 + 3k + 6k + 3+ 5k +5 + 3 =
= (IKB+ 3I€ + 5k + 3) + 3(k + 3k+ 3) . (36)
Let us analyse the obtained expression:
k3+ 3l + 5k + 3 is divisible by 3 from the inductive assumption, 7)3
but 3(K + 3k+ 3) is divisible by 3. (38)

» We conclude that theorem (3) is true for every radtoumber r= 1. B
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2.2. Theoremsincluding powerswith different basis

Theorem 4For each natural number=0 [1, p. 71, problem 8.1(4)]:
(11"2 +122"1 ) | 133. (39)

Proof
» Checking the truth of the theorem (4) for n =0:

112 +12 =121+12=133, 133[133. (40)
» Checking the truth of the implication=k k+1.:

We transform the following expression:

1143 +12243 211112 +122 1224 =11011%*2 +1440 2% =

= 110152 + 11221 +1330 2241 = 110142 +122<1) +1331122*L (42)
Let us analyse the obtained expression:
110142 +12°%*Yy  is divisible by 133 from the inductive assumption, (43)
but 13312%*! s divisible by 133. (44)
» We conclude that theorem (4) is true for every radtaumber r= 0. B
Theorem 5For each natural number0 [3, p. 24, problem 1.36.6]:
"+ 42™2 43N (11 (45)
Proof
» Checking the truth of the theorem (5) for n =0:
5'+42+30=5+16+3=22, 22[11. (46)
» Checking the truth of the implication=k k+1.:
(55k+1+45k+2 +35k) |11 — (55k+6 +45k+7 +35k+5) |ll (47)

We transform the following expression:
E5k+6 | 45k+7 | g5k+5 _ p5 Bkl | 45 x5k+2 4 95 5K —
= 312557 +1024@°K*2 + 2433% = (48)
= (57 + 47442 1 39) 4+ 11(28405°K* + 931872 + 2203%).
Let us analyse the obtained expression:
55kl 4 45k+2 4 38k s divisible by 11 from the inductive assumption,  (49)

110(2845°* +93[@°*2 + 2213%%)  is divisible by 11. (50)

» We conclude that theorem (5) is true for every radtoumber r= 0. B
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2.3. Theoremsincluding powerswith different basis and coefficient at the end

Theorem 6For each natural number=?2 [4, p. 24, problem 1.35.2]:

(10" -4) |12 (51)
Proof
» Checking the truth of the theorem (6) for n = 2:

10 -4=100-4=9%=812 96|12. (52)
» Checking the truth of the implication=k k+1.:
(10 -4) |12 = (1071 -2) |12 (53)
We transform the following expression:
10%*1 — 4 =1010K - 4= (10X - 4) + 9110%. (54)
Let us analyse the obtained expression:
10K =4 is divisible by 12 from the inductive assumption, (55)
910 s divisible by 12 = 8 because|3 andl0® |4 for k= 2. (56)

» We conclude that theorem (6) is true for every rdtoumber = 2. B

Theorem 7For each natural number>0 [7, p. 30, problem 325]:
(26n+1+36n+1+56n +1) | 7. (57)

Proof
» Checking the truth of the theorem (7) for n =0:

2t +31 459 +1=2+3+1+1=7, 7]|7. (58)
» Checking the truth of the implication=k k+1.:
(20KHL 4 30kH Ly BBk 4 1y | 7 = (2BKHT 436K | 5BKY6 4y | 7. (59)
We transform the following expression:
26k+7 + 36k+7 + 56k+6 +1= 26 [26k+1 + 36 [36k+1 + 56 [56k +1=
= 6421 + 72913%*! + 156255% +1= (60)
= (25K+1 4 36K+ 4 56K 4 1y 4 7010 20K +104m3%K*L + 2232185K),
Let us analyse the obtained expression:
2Bk+L 4 36kl 56k 4 1 s divisible by 7 from the inductive assumption, (61)

7(925%*! +1043%* + 2232m5)  is divisible by 7 for k= 0. (62)

» We conclude that theorem (7) is true for every radtaumber r= 0. B
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2.4. Sum of powers productswith different basis

Theorem 8For each natural numbeenl [7, p. 44, problem 478]:

(52" 43121y |19 (63)
Proof
» Checking the truth of the theorem (8) for n = 1:

53+3%0 = 125+ 27 =152=8M19, 152[19. (64)
» Checking the truth of the implication= k+1:
(52K k2 pkly 19 o (52K+3 4 3Bk ) [ 1g (65)
We transform the following expression:
52k+3 + 3k+3 D?k — 25[52k+1 +6 [3k+2 D.,_k—l —
— (25[52k+1 + 6[3k+2 D?k_l) +19[3k+22k_2 _19[3k+2 |j,_k—l — (66)
— 25(52k+1 + 3k+2 D.,_k—l) _19[3k+2 D?k—l_
Let us analyse the obtained expression:
250(52K*1 4 3+2 pk-1y  is divisible by 19 from the inductive assumption, 67)
(-19) B2 k1 s divisible by 19 for k> 1. (68)

» We conclude that theorem (8) is true for every radtaumber r= 1. &

Theorem 9For each natural numbeenl [1, p. 72, problem 8.1(7)]:

(52n+1 mn+2 + 3n+2 mZnﬂ) | 19, (69)

Proof
» Checking the truth of the theorem (9) for n = 1:

53 2% +3° 2% = 125[B+ 27[B=1000+ 216=1216=19(64, 1216(19. (70)
» Checking the truth of the implicationd k+1.:
(SRR k2 4 k2 p2ktly | 7y (52k+3 k3 | k43 p2kt3y | 7 (71)
We transform the following expression:
52k+3 pk+3 | gk+3 p2k+3 _ g p2k+l pk+2 4 g o rpk+2 2K+l _
— 122K+ pk+2 4 o2kl pk+2 | 15k +2 2Kl _ (72)
= 12052k [pk+2 4 gk+2 p2k+1) | 3gE2k+l pk+2
Let us analyse the obtained expression:

12067 @K*2 4+ 3K+2 p2k*1y  ig givisible by 19 from the inductive assumptior(73)
38B2K* 2K*2 s divisible by 19 for kx 1. (74)

» We conclude that theorem (9) is true for every rdtoumber r= 1. B
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2.5. Sum of powers productswith different basisand coefficient at the end

Theorem 10For each natural numbeenl [7, p. 49, problem 542]:
(5" +23"1+1) | 8.

Proof

» Checking the truth of the theorem (10) for n = 1:

5+2m@° +1=5+201+1=8, 8|8.
» Checking the truth of the implication=k k+1.:
K+23 1+ 8= *T+23K+1) | 8.
We transform the following expression:
5K oK +1=5F +6@B T+1= B + 23K T+ 1) + 4B + a3 Y
= B +2B* 1 +1) + 46 +3¢7Y),
Let us analyse the obtained expression:

G +2m3%1+1) is divisible by 8 from the inductive assumption,

4(5% + 31y is divisible by 8 if and only if when'5+ 3" is divisible by 2.

Lemma 4 For each natural numbeeql.:
(5P +3°1) | 2.
Checking the truth of the lemma for p = 1:
51+3%=5+1=6, 6| 2.
Checking the truth of the implication=g q+1:
59+391) 13 = @G+ 2.

We transform the following expression:

59 +39 =559 + 33 =

= (69 +3% N+ 439 + 239 =

= (59 +3%h + 20289 + 397,
Let us analyse the obtained expression:

(59 +3%1) s divisible by 2 from the inductive assumption,
2(2®9 +397Y) s divisible by 2.

We see that the lemma (4) is true for every natuatber > 1.
» We conclude that theorem (10) is true for everyirstnumber rz 1. &
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2.6. Sum of powersand polynomial

Theorem 11For each natural numbernl [3, p. 23 problem 4]:
10™ -10(n+1)+ n | 81. (87)

Proof

» Checking the truth of the theorem for n = 1:
10*1 -100{1+1) +1=100-20+1=81, 81|81. (88)
» Checking the truth of the implicationg k+1.:
(89)

10K -10(k+1)+ k |81 = 1042 -10(k+2)+(k+1) |81

We transform the following expression:
102 - 10(k + 2) + (k +1) = 100" — 10k — 20 + k +1 =

= [10 - 10(k + 1) + k] + 1Ot - 9) = (90)

[10€' - 10(k + 1) + k] + @O0 + 10°— 1) =

[10€ = 10(k + 1) + k ] + 8M0¢ + 90 — 1) .

Let us analyse the obtained expression:
[10Y — 10(k + 1) + K] is divisible by 81 from the inductive assumption, 91
81110¢ is divisible by 81, (92)
oMo — 1) is divisible by 81 if and only if when £@- 1is divisible by 9.  (93)
Lemma 5 For each natural numbeeql.:
10°P-1]09. (94)
Checking the truth of the lemma for p = 1:
10t-1=9, 9]09. (95)
Checking the truth of the implication=g q+1:
109-119 = 10%1-1]0. (96)
We transform the following expression:
100" -1 =1m0"- 1 = (16 - 1) + ;0. (97)
Let us analyse the obtained expression:
(107—1) is divisible by 9 from the inductive assumption, (98)
(99)

o0 is divisible by 9.
We see that the lemma (5) is true for every nanuatber > 1.
» We conclude that theorem (11) is true for everyirstnumber rz 1. &
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2.7. Sum of power products and polynomial

Theorem 12For each natural numbeenl [4, p. 24, problem 1.36.4]:
2™23" +5n- 4| 25.

Proof

» Checking the truth of the theorem for n = 1:

2¥23l 15M-4=8@3+5-4=25 25|.
» Checking the truth of the implication=k k+1.:
2k*23k 4 5k- 4|25 = 2KBKli5k+1)-4]25
We transform the following expression:

223 4 5(k+1) — 4 = B°BE  + 5k + 5 -4 =
— [2k+2|:3k + 5k _ 4] + 52k+2|:3k + 5 —
= [2?3" + 5k — 4] + 5(8™3* + 1) .

Let us analyse the obtained expression:

[223 + 5k — 4] is divisible by 25 from the inductive assumption,

5(2*°3 + 1) is divisible by 25 if and only if whenZ3* + 1 is divisible by 5.

Lemma 6 For each natural numbeeql.:
2P*23P + 1| 5.
Checking the truth of the lemma for p = 1:
2¥23l +1=2%3+1=8@3+1=25, 25| 2.
Checking the truth of the implication=g q+1:
29239 +1|5 = 2% 41)5.

We transform the following expression:

200 4+ 1=229"233% +1=62%23% +1= (29239 +1) + 524231,

Let us analyse the obtained expression:
(29239 +1) is divisible by 5 from the inductive assumption,
5%239 s divisible by 5.
We see that the lemma (6) is true for every natuatber > 1.
» We conclude that theorem (12) is true for everyirsatnumber rz 1. &
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2.8. Sum of power and (-1)"

Theorem 13For each natural numbernl [4, p. 24, problem 1.35.4]:

10" -(-)" |11 (112)
Proof
» Checking the truth of the theorem for n = 1:

10 - (-)t=10+1=11 11 |11. (113)
» Checking the truth of the implication=k k+1.:
10— (=% 11 = 10¢1-(-D**? |11 (114)
We transform the following expression:

10K - (-D**=1000° + (-1)* =1000 +10¢ 10" +(-1)* =

(115)
=1100¢ -10% + (-1 =1100¢ - [L0¥ - (-1 ].
Let us analyse the obtained expression:
[L0* - (-] s divisible by 11 from the inductive assumption, (116)
1100° s divisible by 11. (117)
» We conclude that theorem (13) is true for everyratnumber re 1. B
2.9. Number sequences
Theorem 14For each natural numbeenl [4, p. 24, problem 1.37.3]:
Fsn |5 (118)
where Fibonacci sequence is defined by the follgweturrence form:
F=1 K=1 RKRo=FKuthk. (119)
Proof
» Checking the truth of the theorem for n = 1:
Fsp=R =5 5|5 (120)
» Checking the truth of the implication=k k+1.:
Fsn |5 = Fspey |5 (121)
We transform the following expression:
Fs+1) = Fsn+s = Fensa + Fsnia = Fsnez + Fsneo + Feneo + Fsnig = Fsneo t Fsneg t Fsner thsn +
+ Fsne1 + Fon + Fones = Fsnea + Fsn + Fsnea + Foner + Fon + Fonag + P + Foeg = 305, + 55041 (122)
Let us analyse the obtained expression:
35, s divisible by 5 from the inductive assumption, 231
5Fsp4; s divisible by 5. (124)

» We conclude that theorem (14) is true for everyratnumber re 1. &
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2.10. Expressionsincluding power of power
Theorem 15For each natural number2 [4, p. 24, problem 1.36.2]:
22" -6) |10.

Proof
» Checking the truth of the theorem for n = 2:

22" _g=2%-1=16-6=10, 10|10.
» Checking the truth of the implication=k k+1.:
2k 2k+1
(2© -6) |10 = (2© -6) |10
We transform the following expression:
22" =022 _g=(22)2 —g=[(22)2 1222 +36]+122% -36-6=
_ 92" _ a2 2 _ 9o (92 _ 2 2
=(2° —-6)°+12[2° -42+72-72=(2° -6)“+12(2° -6)+30.
Let us analyse the obtained expression:

(22k —6) is divisible by 10 from the inductive assumption,
30 is divisible by 10.

» We conclude that theorem (15) is true for everyratnumber re 2. &

2.11. Expressionsincluding power with natural variable asa divisor

Theorem 16For each natural number=0 [1, p. 26, problem 22:
10* -1) | 3"2.

Proof
» Checking the truth of the theorem for n =0:

10 -1) |3°2 - @dt-1) 3% - @0-1)]3% - 9]o.
» Checking the truth of the implication=k k+1.:
1® -1) 1392 = ao™ -1) | 3mk2
We transform the following expression:
108 -1=10%" —1= 00%)%-12 = 00 -1)[ 0™ )2 +10% +1)=
= 40® ~1) a0®)2 -200% +1]+3010%} = 0* -1)[ac® -1)2 +3m10%].

Let us analyse the obtained expression:

(k+1)

(103|< -1) is divisible by %*2 from the inductive assumption,
310% s divisible by 3.

» We conclude that theorem (16) is true for everyratnumber re 0. B
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Mathematical induction in proving of theorems abthé natural numbers divisibility

3. Conclusion

e Using some chosen properties of divisibility thenseand the theorem on mathematical
induction is possible to make some proofs whickr&d the divisibility by natural number
of various mathematical expressions with naturabide n.

4. Another way of editing mathematical induction theorem

The principle of mathematical induction can be esped in the following theorem [8]:
If

v’ exists a natural numbepmsuch that T () is a true sentence,
v for each natural number & ng the implication T(n)= T(n + 1),

then T (n) is a true sentence for each natural remma> no.

Proof done by mathematical induction is called otoke proof consists of two steps:
v check that T(g) is true,
v that, for all "= ng if T(n) is true, then T(n+1) is true.

This second step is called the inductive stepssumes that the natural numbee mO
sentence T (n) is tru@.e. induction hypothesisgnd on this basis we prove the truth of the
sentence T (n+1).

As you can see from the foregoing consideratioesrim of mathematical induction can
be compared to the reasonstgp by stepwhere thestepsare numbered natural.

The crux of inductive proofs is that in the firse, the theorem is true, and that for each
nCIN from the truth of a theorem for step n implies ttuth of the theorem for step n+1.
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