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Semi-parametric modification of cumulative sum algorithms  
for the change-point detection of non-Gaussian sequences  
 

Abstract 
 
The expansion of logarithm likelihood ratio in the stochastic series to find 
the sequential change-point detection of non-Gaussian sequences is used. 
The moment criteria of the minimum of upper limit error probabilities sum 
to find the expansion coefficients is applied. The proposed method is a 
semi-parametric type of cumulative sum (CUSUM) algorithm which needs 
of higher-order statistics. Results show that polynomial algorithms are 
more effective in comparison with similar non-parametric procedures. 
  
Keywords: change point, CUSUM algorithm, non-Gaussian sequence, 
stochastic polynomial, high order statistics. 
 
1. Introduction 
 

In modern systems of measurement and technical diagnostics of 
random processes the important are problems of sequential 
analysis, in which it is necessary to detect abrupt changes 
(disorder) in properties of these processes. For analyzing a fixed 
volume of sample containing all the information about the tested 
object the retrospective (a posteriori) statistical methods are used 
[1]. But the measurement and diagnosis in real time is the more 
typical problem in the automatic measurement and control of 
industrial processes, fault diagnosis of technical systems, 
monitoring and control of the environmental, geophysical and 
many others processes [2]. In such cases the statistical sequential 
analysis is applied. This range of applications requires the 
development of a variety of models and methods of statistical 
processing. However, the most theoretical works devoted to the 
problem of “disorder” are focused on the Gaussian processes. The 
considerable part of the real process differs from this model. 

Parametric methods are based on the probability density 
function (PDF). The main of their problem is the requirement of  
a priori information about the form of the distribution laws, as 
well as the high complexity of their implementation. Therefore,  
a lot of the research in this area is associated with the construction 
of non-parametric methods of the change-point detecting, not tied 
to specific types of PDF [3]. The price of such simplification is the 
worsening of qualitative characteristics in comparison with the 
optimal parametric methods. Thus, there is an actual problem of 
creating the new approach, which on the one hand would allow to 
take into account the properties of the real non-Gaussian random 
processes and would be potentially adaptive. On the other hand, 
this method should be characterized by the simplicity, both in 
terms of training, tuning and the algorithmic implementation.  

As one of perspective directions to apply is the mathematical 
statistics of higher then second order moments or cumulants. An 
example is the application of this method to construct the 
probabilistic models in various areas of the change point detection. 
Such works are devoted to the detection of the moment of arrival 
the acoustic emission signals [4], to the segmentation of video 
streams [5], and to the detection of hackers in telecommunication 
networks [6]. 

In this work, a new approach to the problem solving associated 
with the processing of non-Gaussian signals is given. These 
signals are described by their moments and cumulants and the 
apparatus of stochastic polynomials is used [7]. The aim is to 
modify a known cumulative sum (CUSUM) procedure by 
expanding the log-likelihood ratio (LLR) in the stochastic series 
with coefficients which are optimized on the basis of the moment 
quality criteria for testing the statistical hypothesis [8]. 
 
 

2. Formulation of the problem 
 

Suppose there is a sequence of independent random variables x1, 
x2xn, obtained by the regular sampling of the tested process. The 
probabilistic model can be described by the mean value , variance 2 

and cumulant coefficients l up to a given order s,l 23 . Up to some 

(a priori unknown) point of the discrete time 1 values of these 
parameters are constant (hypothesis H0). Then, at the time , one or 
more parameters abruptly changes its value (hypothesis H1). The 
challenge is to detect as quickly as possible through continuous 
analysis of sample values x the disorder while ensuring a fixed 
probability (the average time of occurrence) of a false alarm. 
 
3. Polynomial modification of CUSUM 

algorithm 
 

Classic version of CUSUM algorithm, used for the sequential 
change-point detection, based on the statistics generated on the 
basis of the logarithm of the LLR [2] is: 
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where f0(), f1(),- density distribution before and after change. 

Page [9] proposed the rule, which discovers the moment of 
disorder. It has the form: 
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where; h>0 is the detection threshold. 

In practice, it is more convenient to use a modified algorithm 
called “holding barrier” [2], which uses a recursive form of 
statistics: 
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where g0=0, (A)+=max{0, A}. 

The nonparametric modification of sequential change-point 
detection, known from literature, is based on the statistics of 
cumulative sums [2]. 

In this work, the semi-parametric version of CUSUM algorithm 
is applied. The non-Gaussian statistics in the form of high-order 
cumulant coefficients obtained by decomposition of the LLR into 
stochastic power series, proposed by Kunchenko [7], is used 

 

 
 
  








v

j i

i
vi

v

j j

j
v xkk

xf

xf

1 1
0

1 0

1ln , nv ,...,1 , (4) 

 
where: f0(), f0() - density distributions before and after the change 
point. 

To find the coefficients ki of the expansion (4), so-called the 
criteria for the formation of decision rules for statistical hypothesis 
testing are used. One of them is the criterion of the minimum 
upper limit of the sum of the wrong decision probabilities 
(criterion Ku). It is used in [7, 8] and defined by: 
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where: Er, and Dr, (r=0, 1) are mathematical expectations and 
variances respectively, of a decision rule significance test H0 
against the alternative test H1.  

If as decision rule, the comparison of LLR with the threshold 
0.5(E1+E0) is used, then this probability criterion has a minimum 
value, which can be written as: 
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where: I(1. 0) - Kullback-Leibler average information contained 
in a value of -th sample for making decision in favor of the 
hypothesis H0 against the alternative H1; Dr - is equal to the 
variance LLR of -th sample value at an appropriate hypothesis 
Hr, r=0, 1; Jn - is called the maximum amount of information 
contained in the sample of n elements.  
Amount of information Jn is used for testing the difference 
between hypotheses H0 and H1 by the selected quality criteria.  

For the limited number of terms of series (6), the approximation 
of LLR by polynomial of s degree is used, i.e.  
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Coefficients ik , si ,1 , which are optimized by the criterion Ku, 

should be found by solving the system of linear algebraic 
equations [8]: 
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where: jijijijiji uuummmF  , ,  0HxEu i
vi   and 

 1HxEm i
vi   are the initial moments of the random variable 

under the appropriate hypotheses. 
Optimal value of coefficient k0 (with the appropriate degree s) 

has the form: 

  



s

i
iii umk

n
k

1
0 2

. (9) 

 
The limitation of polynomial degree leads to errors of LLR 

value. The replacement of it in the final rule by the polynomial 
approximation reduces the amount of information for testing the 
difference between hypotheses. At the optimal values of the 
coefficients ki, Jn

(s) is given by: 
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With increasing of the polynomial degree s Jn

(s) has the limit: 
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Thus, the value Jn

(s) can be interpreted as information 
convergence criterion of stochastic polynomial (7) to the LLR 
value in terms of its use in the construction of decision rules that 
are optimal for the selected criterion. 

Using the approximate representation of LLR as a stochastic 
polynomial (7) and taking into account the optimal (according to 
the criterion Ku) coefficient k0 of the form (9), (by analogy with 
(3)), a recursive polynomial form statistics can be written as: 
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Obviously, statistics (12) represents a semi-parametric 

polynomial modification of the CUSUM algorithm. It is so, 
because in its construction the information about the laws of 
probability distribution of a random sequence is not used. Formula 
(12) is based on incomplete probabilistic description as a sequence 
of moments up to 2s-th order.  
 
4. Modelling of polynomial CUSUM algorithms 
 

Based on the above results the software package for statistical 
modeling of the proposed semi-parametric CUSUM procedures 
was developed. It is dedicated for detecting a disorder mean 
and/or variance of non-Gaussian random sequences. This package 
allows to make both: the single experiments to detect a disorder, 
and multiple tests (according to the Monte Carlo method) for 
experimentally comparing the accuracy of the proposed 
polynomial algorithms. 

The main criterion for efficiency of the sequential detection 
algorithms is the average value of time needed for the detection of 
disorder while providing the same probability (the average time of 
occurrence) of a false alarm. 

Fig. 1 shows as example the results of the simulated change-
point detection procedures based on polynomial CUSUM 
algorithm with “holding barrier” form (12). It is obtained for the 
relative values of the mean changes q=(12)/0=1 and variance 
changes d=1/2=2. 

 
a) 

 
 

b) 

 
 

Fig. 1.  Example of the sequential change-point detection: a) non-Gaussian sequence 
with a disorder; b) polynomial CUSUM statistics with a “holding barrier”. 

 
The cumulant coefficients of skewness 3=2 and of kurtosis 

4=5, characterize the degree of non-Gaussianity of the random 
sequence. The presented results show a decreasing of time to 
make a decision on the change-point detection for the polynomial 
CUSUM algorithm, synthesized at a power s=2, if compared with 
the CUSUM algorithm, obtained at s=1. It should be also noted 
that the linear CUSUM algorithm can be used as a nonparametric 
procedure, which is optimal for detection the disorder of the mean 
value in case of a Gaussian distribution of the elements of  
a random sequence. 
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Increasing the efficiency factor explains a significant reduction 
in the threshold values h2<h1 of decision-making of the occurrence 
of a disorder (Fig. 1b). It is provided with a fixed probability 
(mean time to emergence) of false alarms for both statistics. 
Results of single experiments do not allow to compare adequately 
the accuracy of decision-making algorithms. Therefore, the 
empirical estimate of the range of winning is the average delay 
time  ˆT  for the detection of a disorder, which can be 
obtained by series of repeated experiments with the same initial 
values of the model parameters. 

Fig. 2 shows the mean values (for W=2000 trials) of relations 
delays T(2)/T(1) of the polynomial (at s=2) and non-parametric 
CUSUM algorithms.  

 
a) 

 
 
b) 

 
 

Fig. 2.  The experimental values reduce the average time to detect disorder, 
depending on the characteristics of random sequence:  
a) disorder of the mean value (q=1); b) a disorder of the variance (d=2) 

 
These curves were obtained at discrete values of the skewness 

coefficient (of increments 3=0.5) and for the given choice of the 
decision threshold to ensure probability of false alarm =103, the 
same for both algorithms. It should be noted that limits of the ranges 
of plots shown in Figure 2b are due to inequality 24

2
3   . 

Presented in Fig. 2 curves are obtained on the basis of the Monte 
Carlo method. They indicate the substantial increase of the 
effectiveness of the proposed polynomial algorithms. Degree of that 
depends primarily on the value of skewness (at 3=0 increase of the 
amount of information is not observed). Another important result is 
that the synthesized algorithms manifest themselves more effectively 
for small values of the relative disorder. That makes them potentially 
more accurate in the detection of weak structural changes. 

Thus, the results of statistical modeling confirm the theoretical 
assumption about the growth of the effectiveness of the proposed 
approach for constructing polynomial algorithms such as 
CUSUM. This growth is achieved by incorporation of the more 
information about the probabilistic nature of random sequences, 
such as values of cumulant coefficients of skewness and kurtosis. 
Natural price to pay for this effect is a certain complexity of the 
algorithm (non-linear processing), as well as an additional 
requirement for a priori information to its configuration. 
 
5. Conclusions 
 

Results of the theoretical and experimental research point to the 
high efficiency of the log-likelihood ratio (LLR) decomposition 
for the synthesis of sequential change-point detection algorithms 

of mean value disorder with simple implementation when random 
sequences have the asymmetric probabilistic nature.  

Scientific novelty of the obtained results is the new approach to 
construction of semi-parametric decision-making procedures for 
analysis of non-Gaussian random sequences based on Kunchenko 
stochastic polynomials. Among the possible directions for further 
research of constructing sequential change-point detection 
procedures by means of stochastic polynomials are following: 
- increase of the degree of stochastic polynomial for more 

effective solutions of symmetrical non-Gaussian sequences;  
- use of other moment’s criterion for create decision rules (e.g. 

Neyman-Pearson torque criterion [8]); 
- modification of classical procedures based on the log-likelihood 

ratio, e.g. GRSh (Girshik-Rubin-Shiryaev) algorithm [3]. 
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