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ABSTRACT

Purpose: The present paper is intended to investigate the problem of linear and non-linear
longitudinal free vibration of uniform rods and rods whose cross-sections vary exponentially at
large vibration amplitudes.

Design/methodology/approach: The method adopted consists in discretizing the energy
term on linear k,-/- and non-linear rigidity tensor b,-/-k,, as well as the mass tensor mj. Therefore,
the formulation of this structure is based on Lagrange equations and the harmonic balance
method so as to obtain the nonlinear algebraic equations. These latter are solved numerically
and analytically through the explicit and linearized method.

Findings: The response of Clamped-Clamped uniform and non-uniform rods on our
structure are highlighted in the amplitude frequency and associated first three mode shapes.
Moreover, this research leads to study the influence of the exponential slope on the maximum
displacement, thus emphasizing the non-uniform bars usefulness. The obtained results are then
compared with the available literature with a view to validating this theory.

Research limitations/implications: As a perspective, the method used in this paper would
be pushed to study the FDM material, taking into account other parameters related to additive
manufacturing, and later to be validated experimentally.

Practical implications: Longitudinal vibrations are important in mechanical structures;
therefore, the determination of their dynamic behaviour needs to be understood. In the present
study, the effect of the displacement amplitude on the exponential slope of the structure was
analysed, which led to the determination of the reduction range of the vibration amplitude under
resonance. However, this should be taken into account in the design process. Besides, the
usefulness of the non-linearity geometric effects was demonstrated to examine these structures
by considering all the parameters involved.

Originality/value: A linearized procedure is used to solve a nonlinear algebra equation. The
use of this method leads to reduce calculation time contrary to iterative methods.

Keywords: Non-linear longitudinal vibration, Lagrange equations, Harmonic balance method,
Linearized approach
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1. Introduction

The longitudinal vibration analysis of rods is a critical
concern in structural engineering applications such as high-
rise buildings, long-span bridges, aerospace vehicles and
many other industrial usages. In the literature, there are
many studies that deal with vibration [1,2]. [3], for instance,
used a new approximated analytical solution of the free
vibration analysis to evaluate the natural frequencies of
functionally graded rectangular sandwich plates with
porosities. [4], for the same issue, were based on the classical
plate theory. Other studies address the vibration in the case
of sandwich beams with different core metals and
thicknesses [5] and the case of a fully cracked concrete
beam using a theoretical formulation of elasto-dynamics
behaviour [6]. Longitudinal and torsional vibrations are
significant in these structures and their natural frequencies
have to be considered in the design process. Exact solutions
and numerical techniques for linear longitudinal vibration of
homogeneous rods can be found in the literature [7], [8],
however, analytical studies on inhomogeneous rods are
scarce. Eisenberger [9], Matsuda and al [10], Bapat [11],
Abrate [12], Kumar and Sujith [13], Li and al [14], Guo and
al [15], and Anil Raj and Sujith [16] have studied the linear
longitudinal vibration for rods with the variable sectional
area and have obtained exact solutions for certain functional
forms of an involved parameter. The large vibration
amplitude of rods used in Pressurized Water Reactors
(PWR) has been investigated numerically and
experimentally in [17] following the formulation using by
Ferrari et al. [18], [19]. In fact, this phenomenon is caused
by the external force generated by fretted fluid at the
interface of the fuel rods as reported in reference [20]. The
obtained numerical and experimental results showed the
softening behaviour of rods. Xu et al. [21] developed an
exact solution for the longitudinal vibration of a general
variable cross-segment rod with arbitrary boundary
conditions, using both the summation of standard Fourier
series and supplementary polynomials to express the
displacement function. Thus, this approach leads to an
estimation of all subsidiaries all the more direct throughout
the whole solving region. Besides, to demonstrate the effect
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of cross-section area variance on vibration characteristics of
non-uniform rods, Xu et al. [21] have recently employed
various boundary conditions such as clamped and elastic
boundaries. The results inferred from the study of Xu et al.
2011 are compared with those obtained in the present study.
Additionally, in the study conducted by Li et al. [22], a
longitudinal free vibration of a one-step non-uniform bar
equation was reduced to Bessel’s equation by selecting
reasonable articulations. This latter is utilized to get the
mode shape functions of a multi-step bar with or without
lumped masses and spring supports. As a result, they
demonstrated that the determined natural frequencies and
mode shapes of a high-rise structure were in acceptable
concurrence with the relating experimental data. Therefore,
the present work is devoted to investigating the non-linear
longitudinal vibration of rods using a model based on
Lagrange equations and harmonic balance method. This
problem is reduced to a non-linear algebraic system, which
can be solved by numerical (iterative or linearized) or
explicit procedures. These latter have been adopted and used
previously to examine the non-linear behaviour of
continuous structures and discrete systems (transverse
vibration of beams) [23-28], longitudinal and transverse
vibration of 2-dof systems [29]. In our case, an application
is made using the linearized procedure [23,30] leading to the
fundamental non-linear longitudinal mode shape of C-C
(Clamped-Clamped) rods. The second section treated an
application of the linear case, which was represented by the
uniform rods and rods with section varying exponentially.
Indeed, the solution of the linear case was determined and
included in the nonlinear solution case which was detailed
in the third section. Lagrange equations and harmonic
balance method were used to formulate the present problem,
and numerical method was applied to solve the obtained
non-linear algebraic equation in the latter section. Regarding
the fourth section, it outlined the linearized method that was
used as a direct solution of a modified eigenvalue problem.
The employed method in this paper was adopted because it
was validated by several studies. Additionally, this method
was used to investigate the rectangle plate, and provided
good arguments comparing with the iterative and explicit
methods. Section five was devoted to reporting the obtained
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findings of the nonlinear longitudinal study for both uniform
and non-uniform rods cases, that highlight the geometrically
nonlinear effect. The conclusion was eventually reported in
section six.

2. Linear model

In this section, an overview of the natural frequencies,
mode shapes and displacements of C-C uniform rods
formulas is provided. Afterwards, new findings are
presented for rods, where the cross sections vary
exponentially, are clamped at both ends.

2.1. Overview of mathematics formulation for
uniform rods

The uniform rods having the following characteristics:
E: Young’s modulus, p : mass per unit volume, L : rod
length, S: the cross-section area, U(x,?): the longitudinal
displacement assumed to be harmonic, i.e. Uxt) =
u(x)sin(wt), are well-known by the equation of longitudinal
vibrations of rods:

b} U S 92U
(%) =35 (1

The propagation velocity of the displacement or stress
waves in the rod is then equal to:

E
C= > (2)

It can be noticed that in the equation (2) , C does not
depend on the section S. For a C-C rod, the displacement at
the ends must be equal to zero: u(0,f) = 0 and u(L,f) = 0.
Since these boundary conditions ought to be satisfied at any
time ¢. The frequency of vibration is thus given by:

w _nnC
n— "y

where n represents the mode order. The associated mode
shape can be then written as:

U, (x) = sin nL—"x

2.2. Rods with sections varying exponentially

The longitudinal vibrations of the rod with a variable
section (Fig. 1), are considered taking into account the
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aforementioned characteristics. Hence, the section S is
supposed to vary exponentially as the following equation (3):

S(x) = S, exp(6x) 3

u(x,t)

L

Fig. 1. Notation for longitudinal vibration of a rod with
sections varying exponentially

By substituting the equation (3) into (1) and using the
classical method of separation of variables, we obtain the
following differential equation:

%u ou  w?
— —+—=u=0 4
dx? ax + c? “4)

Assuming a solution u(x) = exp(rx), which lead to the
general solution of the equation (4) can be written as:

u(x) = e_gx(A sin( Bx) + B cos(Bx))
with:
p=E-7)

Using the boundary conditions in the case of a C-C rod,
the solution of the differential equation gives the following
mode:

5
U, (x) = (sinnL—"x) e 2*
and the corresponding the frequencies as:
1 [E |(4n?n?
= _ = 2
Wn =3 \/; ( 12 +4 )

with:

b= i)
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3. Non-linear model

The main focus of the present paper is to determine the
non-linear longitudinal mode shapes and natural frequencies
of C-C uniform rods and rods with section varying
exponentially. The section 3.1 looks at the formulation of the
basic theory of geometrically non-linear longitudinal free
vibration of the studied structures. The application of the
method on the rods with a variable section and in the case
of C-C ends free vibration will be represented in sections
4 and 5.

Theoretical formulation

The nonlinear dynamic behaviour for a conservative
system, which is obtained by the application of Lagrange
equations, can be written as the following equation (5) when
no forcing term is considered:

3 (6T) o _ v _ _
_2 (= ———=—=0, r=1,..,n 5
at \ag, +aQr aqr ®)

where T is the kinetic energy of the rod expressed by:

T=10"ps (%) ax (©)

V represent the total strain energy, which can be given as the
sum of the linear strain energy ¥;, and the nonlinear strain
energy V,; as follows:

V:V1+an
1L auw\?

Vi=3f ES(5) dx 7
1| L au\3 1L au\*

an=z[f0 ES(E) dx+zf0 ES(E) dx]

Assuming that the motion is harmonic, the expanding
longitudinal displacement (U) in the form of a finite series is
defined as:

Ux,t) = q;(Ow(x) = au(x) sinw t ®)

where the usual summation convention for the repeated
index i is used. {u;, i =1,...,n} is the set of the assumed series
of n spatial trial functions. Substituting the function U in the
energy equations (6)-(7) by the expression given in equation
(8) and proceeding with discretization. Thus, the equations
corresponding to the potential and kinetic energies are
obtained as mentioned below:
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1. .
T =-qiqm;
1
Vi =5 aiq;ki;
1 1
Vai = 499k Dbijia + 5 9:9;9kCiji

where k; denotes the classical rigidity tensor due to V7. bju
and cjix , represent the non-linearity tensors due to V,; and m;;
stands for the mass tensor attributable to 7. The expressions
for the general terms of these tensors are given by:

L
my; = [ pSu;u;dx

ou; 9y

dx
dx 0x

L
kij - fO ES

_ (L ou; 0uj ouy
Cijk = J“3 ES(ax ox ax)dx

fL ES (aui ouj duy aul)

0 4 9x 0x 9x Ox.

by =
ijkl dx Ox 0x Ox

It should be noted that the non-dimensional parameters
are obtained from the study [24]:

x w? E
ui(x) = Lu; (Z) = Lul-*(x*);ﬁ = E;
1 = pS13;—L = ESL; 2= = ESL
m;; ki bijki

The amplitudes a; are the unknowns to be determined as
well as the frequency w. Inserting 7 and V in equation (5) by
their expressions given previously. By applying the
harmonic balance method leads to the following set of
nonlinear algebraic equations:

2a;k}, + 3a;a;a,b, — 20*ami, =0 r=1,..,n  (9)
Which can be written in matrix form as:

2[K"1{A} + 3[B*({ADHA} — 20" [M"]{4} = 0 (10)

where " is the non-dimensional response of the nonlinear

frequency parameter. The expression of this later can be

obtained by pre-multiplying equation (10) by {4}7, as

below:

2 _ @K BAD)4)
AT [M](4)

(an
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The system (9) can then be written as:

* *
3a;a;aibiji, + 2a;k;,

x .3 «
ajajk;i+saiajagaybiip
—2( LU 2 I = U Nagm;,=0; r=1,...n (12)

al-ajmi]-

Equation (12) is a non-linear algebraic system which can
be solved using linearized procedure. The later equation has
been established, in order to study the displacement
dependence for the first, second and the third nonlinear
longitudinal mode shapes of C-C uniform and non-uniform
rods.

4. Solution procedure

Various non-linear vibration models provide a solution
for a non-linear algebraic system, that is formally similar to
equation (11) with the following formula:

(1K1 +2 [BA)]) 4} — w?[M]{4} = {0} (13)

(1K) + 2 [l ) {4} = w2 [M]{A} (14)

Each term of the matrix [K,] is a quadratic function
of the column matrix of coefficients 4, and is given by
(Kn)ij= (3/2)araibiji. It can be seen that when the non-linear
term is neglected, the non-linear eigenvalue problem (14) is
reduced to the classical linear eigenvalue problem:

[Ki]{A} = w?[M]{A} (15)

The equation above represents the Rayleigh-Ritz
formulation of the linear vibration problem. In the linear
case, the eigenvalue equation (15) leads to a series of
eigenvalues and corresponding eigenvectors. Regarding the
non-linear case, the solution of Eq. (14) should provide a set
of amplitude dependent eigenvectors with their associated
amplitude dependent eigenvalues. However, to solve the
non-linear eigenvalue problem (14), incremental-iterative
methods are generally used. Furthermore, a simplified
alternative method, which leads to explicit solutions, has
been developed and applied to various vibration problems
[31]. Indeed, this method intends to replace the iterative
method applied to solve the non-linear eigenvalue system
(14) by using a direct solution of a modified linear
eigenvalue problem. Accordingly, in similar problems, the
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obtained numerical results indicate that the contribution
coefficient a. of the assigned basic function (or linear mode
shape) remains predominant for a wide range of amplitudes
compared to the other basic function (or linear mode shape
contribution coefficients). Based on this finding, only the
resonance neighbourhoods are taken into consideration. And
therefore, the general term of the non-linear geometrical
stiffness matrix is represented in the following simplified
form:

3
(Knij =3 aZbecij

The non-linear eigen value problem (15) becomes
[K1{A} = w?[M]{A}

where [K] is the modified global stiffness matrix of the
structure which is defined as:

3
Ki; = (K)yj +Eagbccij (16)

However, for a given value of the predominant
contribution a. of the considered mode, the modified rigidity
matrix [K] is constant, and thus the eigenvalue problem (16)
is a classical one. For a specific value of a., the direct
solution of the linear eigenvalue problem (16); which is
related to a fixed amplitude of a selected point vibration;
leads to the eigenvalue ®’ and the corresponding
eigenvector 4. These parameters are normalized in such a
way that their ¢ components are accurately the specified
value of a. assigned to each one at the beginning of the
process. Through a previous study [32], the linearized
method proved that the application of the geometrically non-
linear free vibration of rectangular plates and discrete
systems gave good results, and subsequently avoided the
need for iterative methods. It can also be applied to the
solution of any non-linear algebraic systems, after rewriting
it in modal basis. In fact, using the iterative method allowed
to solve the whole matrix of rigidity nonlinear (b;x), which
has a very considerable number of terms. For instance, 19
basic functions were used to examine the third mode shape,
then 19=130 321 terms of the non-linear rigidity must be
calculated. Conversely, 19=361 terms can be used to
describe the present problem via the linearized method,
which ended up with a modified global stiffness matrix (16).

The selection of the basic functions number is based on
the assignment contribution coefficients of the other mode
shapes. Figures 2a,b,c depict the contribution coefficients
value of the first, second and third longitudinal mode shapes.
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Fig. 2. Contribution coefficients value of mode shapes for various values of ¢ for the first three mode shapes: a) First mode
shape, b) Second mode shape, ¢) Third mode shape
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According to these figures, it is clear that the & values
increase with increasing the contribution -coefficients.
Meanwhile, the number of the basic functions that
contributed significantly to the first, second, and the third
mode shapes are 5, 13 and 19, respectively.

Figure 3 shows the influence of the exponential slope and
the predominant contribution for a range of § [0.1,1] and a.
[0.06,0.15] on different contribution coefficients value.
Generally, whether the investigated mode, the contributions
which are close to zero are compared with the
aforementioned parameters (J,a.), in order to obtain the
converge solution.

For the first mode shape, the third contribution (a3) can
only be taken into account for high value of J and for low
value of the predominant contribution a;. However, the
value of the contribution as does not surpass 9.0E£-04 no
matter the value of 6 and a;. Hence, for the first mode shape,
the number of contributions should be 5 so that the solution
converges. Regarding the second mode shape, the choice
number of the contribution coefficients goes to 13”. The
later does not exceed 3.0E-04, while the 117 contribution
value reaches 2.0E£-03 for the above-mentioned range of &
and a.. Hence, the convergence solution of the second mode
shape requires the 13’s first contributions. Parallelly, the
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third mode shape is obtained for 19’s first contributions that
provide the appropriate solution. The last contribution
coefficient is smaller than 4.0E-05, whereas the 177 can
achieve 1.0E-03.

Tables 1, 2 and 3 reveal that the functions value with
significant contributions are those with high values of the
predominant contributions ai, a> and a3 for the form of the
first, second and third mode, respectively. These functions
correspond to the maximum displacement and frequency.

5. Results and discussion

The calculation of linear and nonlinear parameters has
been made using the software "MATLAB". The geometrical
non-linearity that has been obtained from equation (16),
amplitude frequency dependence, and the influence of
different parameters at the maximum displacement will be
discussed in the following.

5.1. Uniform rods

Numerical results have been obtained in the case of C-C
uniform rods.

Table 1.
Contribution coefficients to the first non-linear mode shape of a CC non-uniform rods, 6 = 0.3
Unmax W/ W] a; a as as 23 az ag
0.0711  1.0271  0.05 -2.59E-03  -2.55E-04 -1.67E-04 1.33E-05 -2.96E-05 2.52E-06 -1.46E-05
0.1448 1.1019 0.10 -6.87E-03  -2.18E-03  -4.81E-04 1.38E-04 -2.44E-05 3.50E-06 -4.16E-05
0.2230 1.2109 0.15 -1.34E-02 -6.58E-03 -7.87E-04 6.91E-04 8.47E-05 -3.59E-05 -1.05E-04
0.3061 13417 020 -2.19E-02 -1.35E-02  -8.34E-04 2.02E-03  3.29E-04 -2.24E-04 -2.40E-04
0.3942 14861 0.25 -3.19E-02 -2.26E-02 -4.84E-04 4.34E-03  6.85E-04 -6.89E-04 -4.65E-04
0.4868 1.6391 030 -4.28E-02 -3.34E-02  2.80E-04  7.69E-03 1.11E-03  -1.51E-03  -7.76E-04
0.5833  1.7975 0.35 -5.44E-02 -4.57E-02 1.41E-03 1.20E-02 1.57E-03  -2.72E-03  -1.15E-03
0.6830 19598 0.40 -6.65E-02 -5.90E-02  2.84E-03 1.71E-02  2.04E-03  -4.28E-03  -1.58E-03
0.7851 2.1249 045 -7.88E-02 -7.32E-02  4.49E-03 228E-02  2.51E-03  -6.14E-03 -2.04E-03
0.8890  2.2921  0.50 -9.13E-02 -8.79E-02  6.32E-03  2.90E-02  2.96E-03  -8.24E-03  -2.51E-03
0.9943 24612 0.55 -1.04E-01 -1.03E-01 8.27E-03  3.56E-02  3.39E-03  -1.05E-02  -2.99E-03
0.2072 2.8040 0.65 -1.29E-01 -1.34E-01 1.24E-02  495E-02  4.22E-03  -1.55E-02  -3.95E-03
0.4218 3.1521 0.75 -1.55E-01 -1.65E-01 1.67E-02  6.39E-02  4.99E-03  -2.08E-02  -4.90E-03
0.6367 3.5044 0.85 -1.80E-01 -1.96E-01 2.10E-02  7.85E-02  5.72E-03  -2.61E-02  -5.84E-03
0.8515 3.8604 095 -2.05E-01 -2.27E-01 2.53E-02  9.30E-02  6.42E-03  -3.15E-02  -6.75E-03
0.9587 4.0396 1.00 -2.18E-01 -2.42E-01 2.75E-02 1.00E-01 6.77E-03  -3.42E-02  -7.21E-03
0.0230 5.8614 1.50 -3.41E-01 -3.93E-01 4.83E-02 1.71E-01 1.01E-02  -6.05E-02  -1.16E-02
0.0762  7.7149  2.00 -4.62E-01  -5.40E-01 6.83E-02  2.39E-01 1.33E-02  -8.58E-02  -1.58E-02
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Table 2.
Contribution coefficients to the second non-linear mode shape of a CC non-uniform rods, 6 = 0.3
Upax  @n1/0; a, a, a, as ag a, as
0.0740  1.1024 1.81E-03 0.05 -3.06E-03 8.26E-05 -2.83E-04  -1.19E-03 1.45E-04  5.06E-05
0.1586  1.3471 2.73E-03 0.10 -2.77E-03  -1.29E-04 -1.03E-03  -7.31E-03 6.69E-04  8.40E-04
0.2589  1.6530 4.12E-03 0.15 1.62E-03 -5.52E-04  -2.55E-03  -1.81E-02 6.37E-04  3.19E-03
0.3735  1.9840 6.57E-03 0.20  9.76E-03 -1.05E-03  -497E-03  -3.18E-02  -6.49E-04 6.89E-03
0.4990  2.3278 1.00E-02 0.25 2.10E-02  -1.53E-03  -8.22E-03  -4.68E-02  -3.28E-03  1.14E-02
0.6320  2.6798 1.43E-02 0.30 3.44E-02  -1.95E-03 -1.21E-02  -6.25E-02  -7.00E-03  1.64E-02
0.7696  3.0380 1.92E-02 0.35 4.92E-02  -2.30E-03 -1.65E-02  -7.83E-02  -1.15E-02  2.15E-02
0.9096  3.4011 2.43E-02 040 6.47E-02  -2.57E-03  -2.11E-02  -9.42E-02  -1.64E-02  2.67E-02
0.0508  3.7681 2.97E-02 045 8.07E-02  -2.79E-03  -2.59E-02 -1.10E-01  -2.16E-02  3.18E-02
0.1923  4.1383 3.52E-02 0.50 9.67E-02  -2.98E-03  -3.07E-02  -1.26E-01  -2.69E-02  3.70E-02
0.3337  4.5112 4.06E-02 0.55 1.13E-01 -3.14E-03  -3.56E-02  -1.41E-01  -3.23E-02 4.21E-02
0.6155 5.2634 5.16E-02 0.65 1.44E-01 -3.42E-03  -4.53E-02  -1.72E-01  -430E-02 5.21E-02
0.8954  6.0217 6.24E-02 0.75 1.76E-01 -3.67E-03  -549E-02  -2.02E-01  -5.35E-02  6.20E-02
0.1734  6.7846 7.31E-02 0.85 2.06E-01 -3.91E-03  -6.44E-02  -2.32E-01 -6.38E-02  7.18E-02
0.4499  7.5509 837E-02 095 237E-01 -4.16E-03  -7.38E-02  -2.62E-01  -7.40E-02  8.15E-02
0.5876  7.9350 8.89E-02 1.00 2.52E-01 -428E-03  -7.84E-02  -2.77E-01  -7.90E-02  8.63E-02
0.9524 11.7975 1.40E-01 1.50 3.98E-01 -5.63E-03  -1.24E-01  -4.23E-01  -1.28E-01  1.33E-01
0.3048 15.6799 1.90E-01 2.00 5.40E-01 -7.08E-03  -1.68E-01  -5.68E-01  -1.75E-01  1.80E-01
Table 3.
Contribution coefficients to the third non-linear mode shape of a CC non-uniform rods, 6 = 0.3
Unmax w:u/ w? a as Ay as Qs ) Q1o 16
0.0856 1.1937 2.69E-03 0.05 -1.42E-02 9.39E-04 -5.80E-04 -2.41E-03 5.41E-05 3.85E-05
0.2348 1.5594 -6.09E-03 0.10 -5.03E-02 6.82E-03 -2.12E-03 -1.23E-02 3.87E-03 -1.84E-04
0.4299 1.9696 -2.50E-02 0.15 -9.22E-02 1.76E-02 -4.45E-03 -2.66E-02 1.23E-02 -1.60E-03
0.6441 2.4043 -4.75E-02 0.20 -1.34E-01 3.08E-02 -7.24E-03 -4.25E-02 2.30E-02 -3.93E-03
0.8643 2.8561 -7.07E-02 0.25 -1.76E-01 4.50E-02 -1.03E-02 -5.87E-02 3.43E-02 -6.66E-03
0.0852 3.3203 -9.37E-02 0.30 -2.17E-01 5.95E-02 -1.34E-02 -7.49E-02 4.57E-02 -9.53E-03
0.3049 3.7936 -1.16E-01 0.35 -2.58E-01 7.40E-02 -1.65E-02 -9.08E-02 5.70E-02 -1.24E-02
0.5229 4.2735 -1.38E-01 0.40 -2.98E-01 8.83E-02 -1.96E-02 -1.06E-01 6.82E-02 -1.53E-02
0.7393 4.7583 -1.60E-01 0.45 -3.38E-01 1.02E-01 -2.27E-02 -1.22E-01 7.92E-02 -1.81E-02
0.9542 5.2469 -1.82E-01 0.50 -3.78E-01 1.17E-01 -2.58E-02 -1.37E-01 9.00E-02 -2.08E-02
0.1678 5.7385 -2.03E-01 0.55 -4.18E-01 1.30E-01 -2.88E-02 -1.53E-01 1.01E-01 -2.36E-02
0.5922 6.7279 -2.45E-01 0.65 -497E-01 1.58E-01 -3.48E-02 -1.83E-01 1.22E-01 -2.89E-02
0.0137 7.7232 -2.87E-01 0.75 -5.76E-01 1.85E-01 -4.08E-02 -2.13E-01 1.43E-01 -3.42E-02
0.4330 8.7226 -3.28E-01 0.85 -6.55E-01 2.12E-01 -4.67E-02 -2.43E-01 1.64E-01 -3.94E-02
0.8508 9.7248 -3.69E-01 0.95 -7.33E-01 2.38E-01 -5.26E-02 -2.73E-01 1.84E-01 -4.46E-02
0.0593 10.2267  -3.89E-01 1.00 -7.72E-01 2.52E-01 -5.55E-02 -2.87E-01 1.94E-01 -4.71E-02
0.1344 15.2628  -5.91E-01 1.50 -1.16E+00 3.83E-01 -8.44E-02 -4.35E-01 2.96E-01 -7.23E-02
0.2007 20.3140  -7.91E-01 2.00 -1.55E+00 5.14E-01 -1.13E-01 -5.82E-01 3.97E-01 -9.73E-02
m Research paper | E. Abdeddine, A. Majid, N. Bouzida, Z. Beidouri, Kh. Zarbane
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Fig. 4. Backbone curves corresponding to the first three
nonlinear longitudinal mode shapes of a C-C uniform rod:
(a) The first nonlinear longitudinal mode shape (b) The
second nonlinear longitudinal mode shape (c) The third
nonlinear longitudinal mode shape

The backbone curves corresponding to this structure are
summarized in Figure 4 for the first three nonlinear
longitudinal mode shapes. The later indicate a hardening
type of nonlinear behaviour with the increase of the
nonlinear frequency parameter by 12%, 46% and 88%,
respectively for the first, second and third nonlinear mode
shapes which corresponding to the maximum non
dimensional vibration displacement equal to 0.16.

5.2. Rods with section varying exponentially

The first three linear longitudinal mode shapes are
obtained by varying the parameter J and are illustrated in
Figure 5, with 6= 0.3,0.7,1. The later are compared with =0
which corresponds to the uniform case. These linear modes
correspond to the basic functions that are used in each case
within the nonlinear theory.

Figure 6 shows the effect of the maximum displacement
(Unax) on the exponential slope (d) for the first, second and
third mode shape. In the case of the first mode shape, the
decrease of the maximum displacement on high exponential
slope value was shown. For the second and third mode
shapes, we notice a global increase of the maximum
displacements for high exponential slope value. In addition,
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Fig. 5. First linear mode shape of a C-C rods with a section
varying exponentially for various values of &

the later mode shapes know respectively a brutal increase
starting from 2.1 and 1.2 J value. So, we can conclude for
the best choice of 6 should not cross 1.2 for the fact that the
displacement increases for the second and third mode shape.
The optimal choice will depend on other factors, such as a
construction limitation, material optimization, etc.

Figures 7, 8 and 9 illustrate the backbone curves of
a C-C rods with a section varying exponentially for the first
three nonlinear longitudinal mode shapes. In addition, the
effect of large vibrations (geometric nonlinearity effect)
shows a hardening response of our structure. Thus, for the
first, second, and third nonlinear mode shapes corresponding
to the maximum non dimensional vibration amplitude are
equal, respectively, t0 0.17,0.16 and 0.21. For the first mode
shape the nonlinear frequencies increase with 13.2%, 13.4%
and 13.6% respectively, in which delta equals to 1, 0.7 and
0.3. In the case of the second nonlinear mode shape, the
nonlinear frequencies increase with 37.5%, 43.5% and 47%
respectively for delta equals to 1, 0.7 and 0.3. And finally,
for the third nonlinear mode shape, the nonlinear frequencies
also increase by 51%, 61% and 87% respectively for delta
equals to 1, 0.7 and 0.3.

In Figures 10, 11 and 12 depict the amplitude dependency
of the first three longitudinal mode shapes. The dependency
is obtained by varying the amplitude a. for the values 0.001,
0.044, 0.087, and 0.130, in order to illustrate the effect of
geometrical non-linearity free vibration amplitude.
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Fig. 7. Backbone curves of the first nonlinear longitudinal
mode shape a C-C rod with a section varying exponentially
for various values of &
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Fig. 11. Amplitude dependence of the second nonlinear
longitudinal mode shapes of C-C rod with a section varying
exponentially for 6 = 0.3
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Fig. 10. Amplitude dependence of the first nonlinear
longitudinal mode shapes of C-C rod with a section varying
exponentially for 6 = 0.3

Fig. 12. Amplitude dependence of the third nonlinear
longitudinal mode shapes of C-C rod with a section varying
exponentially for 6 = 0.3
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Table 4.
First mode shape value of C-C rod with a section varying exponentially for 6 = 0.3
X/L 0.000 0.100  0.200  0.300 0.400 0.500 0.600 0.700 0.800 0.900 1.000
Linear 0.000 0.328 0.614 0.833 0.964 0.999 0.936 0.784 0.561 0.291 0.000
Nonlinear Low amplitude 0.000 0.298  0.571  0.792  0.940 0.999 0.961 0.826 0.605 0.320 0.000
Relative difference % 9.92% 7.61% 5.16% 2.57% 0.04% 2.60% 5.04% 7.25% 9.22%
Nonlinear High amplitude 0.000 0.236 0478 0.714 0907 0.997 0.960 0.811 0.583 0.305 0.000
Relative difference % 38.92% 28.56% 16.67% 6.37% 0.15% 2.47% 3.33% 3.72% 4.60%
Table 5.
Second mode shape value of C-C rod with a section varying exponentially for 6 = 0.3
X/L 0.000 0.100  0.200 0.300 0.400 0.500 0.600 0.700 0.800  0.900 1.000
Linear 0.000 0.601 0958 0.944 0.575 0.000 -0.558 -0.889 -0.876 -0.533  0.000
Nonlinear Low amplitude 0.000 0.560 0930 0.974 0.668 0.115 -0.480 -0.886 -0.934 -0.593  0.000
Relative difference % 7.27% 3.04% 3.10% 13.98% -16.21% -0.35% -6.19% -10.13%
Nonlinear High amplitude 0.000 0.435 0.897 0917 0.448 0.012 -0.388 -0.800 -0.815 -0.391  0.000
Relative difference % 38.34% 6.82% 2.93% 28.30% -4391% -11.18% -7.45% -36.35%
a) b)
35 45
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Fig. 13. Comparison of non-uniform rods: a)a =2;d=1.1,b)a=3;0=1.39

Furthermore, Tables 4 and 5 summary the difference
between the linear and nonlinear longitudinal mode shape
for the over entire length of our structure. These differences
are investigated at low and high amplitudes a. respectively,
for 0.001 and 0.130. For the first mode shape, we notice that
the non-linear effect has a high impact in our solution. The
large amplitude case (a. = 0.130) gives a relative difference
up to 38.92% and the impact of low amplitude (a. = 0.001)
hardly crosses 9.92% comparing with the linear case. For the
second mode shape, the relative difference reaches 43.91%
value in the case of high amplitude. While the low amplitude
goes to 16.21%. From these differences, we can conclude
the important of the nonlinear theory in order to investigate
these structures by tacking into account the parameter that
involves the non-linearity geometric.

In order to validate our results, the non-dimensional
frequencies obtained are compared with those calculated via

Research paper |

Fourier series solution for the free longitudinal vibration of
general non-uniform rods [18] by varying the stiffness of
spring. The non-dimensional frequencies are obtained for a
section S(x) = So(ax + b)* which are presented in the
reference [18] with the elastic boundary restraints at both
ends. The later structures are compared with those obtained
for 6 which has specific values, in order to get a close form
to the later section. These are presented in Figure 13. When
the stiffness spring approaches to the infinity such as high
value (10°), the frequencies obtained will be very close to
those of uniform rod with clamped—clamped boundary
conditions. The section’s parameter a takes the values of 2
and 3 with » =1 and k= 1. This section with the cited values,
is closed to ours where d equals to 1.1 and 1.39, respectively.
Tables 5 and 6 summarize that our method gives acceptable
results due to the section difference in the case of high
stiffness value. The results and comparisons that are listed
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in tables give a good agreement for high stiffness value with
those obtained via the adopted method in this paper.
Moreover, the slight difference between the later values is
due to the section difference.

Table 6.
Non-dimensional frequency comparison for non-uniform
C-C rods

Xuetal. [21] Present
Spring stiffness 1 10 10°
a=2;0=1.1 0.9484 2.2290 3.0968 3.0595
a=3;0=139 0.8520 2.0745 3.0575 3.0731

6. Conclusions

The model based on Lagrange equations and harmonic
balance method, is developed to determine the nonlinear
mode shapes of transverse vibration of different structures.
These later (beams, circular and rectangular plates, shells
and rings), have been adapted to the case of nonlinear
longitudinal vibration of uniform and non-uniform rods.
Furthermore, the numerical formulation has been presented
and the expressions for the linear and nonlinear rigidity
tensors have been developed. The effect of the exponential
slope on the maximum displacement is shown, this
parameter supports the utility to lessen the amplitude
vibration under resonance of the first mode shape.
A comparison between the linear and the nonlinear theory
was made at low and high amplitudes, respectively for
a.=0.001 and a.= 0.130. The obtained results highlight the
important of the nonlinear theory to investigate these
structures by taking into account all the parameters that
involve the non-linearity geometric. The linearized
procedure has been used to solve the obtained nonlinear
algebraic equations. Our investigation has been applied on
the C-C uniform and non-uniform rods. The Numerical
results corresponding to the fundamental, the second and the
third nonlinear modes shape have been presented showing
qualitative consistence of the method and a hardening type
behaviour are shown. In addition, these results have been
compared with those obtained by Fourier series. In
conclusion, the amplitude dependence is obtained for the
first three nonlinear mode shapes for various values of .

The next stage of our research will be an experimental
confirmation of our theory in order to validate the nonlinear
geometrical effect and the impact of the non-uniform rods
on the maximum amplitude vibration.
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