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Abstract
This paper proposes a two-point approximation approach to determining aircraft aerodynamic force

coefficients, and compares it to the traditional methods. A variational concept is used to conduct aircraft
flight trials for the maximal duration of quasi-horizontal flights. The advantages of the described
optimization theories are demonstrated, in terms of aviation fuel gas savings. The results of a numerical
example are presented.
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1. INTRODUCTION

In numerical modelling of aircraft test flights, the model of a material particle with changeable mass
can be applied [1], [2]. The desirability of aircraft flight trial alternatives can be evaluated using Subjective
Analysis Theory [3], which is based upon the entropy paradigm, initiated in [4]-[6]. Such a general
approach should take into consideration a working economic activity model, as in [7], and as a whole
the entropy centered doctrine leads to a variety of problem solutions, such as those pointed out in studies
[8]-[16].

In any case, concepts dealing with uncertainties are applicable to a wide range of research, which can
be traced with the references [17]-[26]. The mathematical apparatus used in such research is enormously
rich and includes both traditional calculus, for example [27], and relatively new ideas [3].

The objective of this paper is to demonstrate the advantages of a two-point approximation model for
determining aerodynamic force coefficients, with the purpose of conducting extremal flight trial flights
of aircraft for the maximal duration of a quasi-horizontal flight.
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2. PROBLEM STATEMENT

roughly speaking, the equations for steady motion of an aircraft’s center of mass take the form of:

(1)

where T – thrust developed by the aircraft engines; D – aerodynamic drag resistance of the flowing against
the aircraft motion air; G – force of gravity; L – aerodynamic lift.

The second equation of (1) means a “horizontal” flight, i.e. a flight at a constant altitude. The problem
to be considered herein may be stated as follows: since the mass of the flying object changes, the lift force
has to change correspondingly in order to maintain a stable height. The task, therefore, is to find 
the extremal as a functional dependence of the speed of the horizontal flight to maintain such horizontal
flight maximal duration.

3. PROPOSED SOLUTION

Principally simplified mathematical expressions for the components of the equations of (1) are
proposed as follows:

(2)

where ηT – coefficient of the proportionality between the engine thrust developed by the aircraft and 
the rate of the burnt fuel; m – mass of the flying apparatus (aircraft); t – time.

(3)

where Cx – coefficient of the aerodynamic drag resistance force; ρ – air density at the given altitude; 
v – speed of the flying object’s center of mass; S – characterizing area of the flying object.
And

(4)

where g – gravity force acceleration; Cy – coefficient of the aerodynamic force of the lift developed by
the flying apparatus.
For the coefficient of ηT from the relation of thrust (2) it is proposed to use the dependence of the form:

(5)

where η – efficiency (coefficient of the useful action) of the flying apparatus (trialed object) propulsion
complex; Q – calorific value of the aviation fuel by its working mass.
Collecting the corresponding members of (2)-(5) into (1), we obtain:

(6)
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And

(7)

A traditional parabolic equation is proposed to evaluate approximately the dependence for 
the aerodynamic force coefficients:

(8)

where – the value of the coefficient of the aerodynamic drag resistance force Cx at the value of
the coefficient of the aerodynamic force of the lift developed by the flying object Cy when it equals zero;
b – a certain value determined at a specified air speeds, for instance, in wind tunnels.

Then:

(9)

The integral of the flight duration will take the form of:

(10)

where M0 – mass of the flying object at the initial moment of time (at the point when the aircraft’s
“horizontal” flight trajectory begins); ME – mass of the flying apparatus at the end of the active
“horizontal” flight fragment.

Now, it is a simple variational problem from the calculus of variations to find the solution to 
the functional of the integral view (10). The solution (extremal) will be a mathematical expression of 
the form:

(11)

The extremal (function) (11) can deliver extremal (maximal) value to the objective functional
(integral) (10). A necessary condition for the existence of an extremal value of (11) is the satisfaction of
the euler-Lagrange equation:

(12)

where F – under-integral function (integrand) of the objective functional (10):

(13)
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This method of (12), (13) yields:

(14)

In order to have a time-dependent expression for the optimal fuel mass consumption, from 
the differential equation of (9):

(15)

and with respect to the solution (14), we obtain:

One more time-dependent optimal parameter is:

.
(17)

This one, (17), can be extracted from the extremal solution (14) by the substitution of mass (16). 
This yields:

4. EXPERIMENTATION (TRIALS ETC.)

In practice, there may be a problem with determining the aerodynamic coefficients of Cx and Cy in
their dependence upon the angle of attack α in testing before the trial flights, and in coefficient correction
after trials. Let us assume the performance characteristics as shown in Fig. 1.

The diagram shown in Fig. 1 serves to illustrate the approach. Numerous such characterizations can
be found online, but of course, for the purposes of seeking optimal operation of an aircraft, it is greatly
desirable to have the most precise flight trial data. Then, approximation is possible in the following way.

v m b
C

mg
Sopt

x
( ) =











4
3

0

2

4
ρ

.

dm
dt

C S v b mg

Q vS
x

= −
( ) + ( )

0
2 2 22

2

ρ

η ρ

m t
Q SM

Q S C M bg t

opt

x

( ) =
( )

+


























η ρ

η ρ

2
0

4 0

2
3
4

0

4
3

.

v topt ( ).

v t
C

bg

S
M

C

Q
bg t

opt
x

x

( ) =

+










1 4
3

4
3

0

0

4

2
4

0

4 2
3
4ρ

η

.

74 ANDrIy VIKTOrOVICH GONCHAreNKO

(16)

(18)



Fig. 1. Dependence of aerodynamic coefficients 
upon the angle of attack.

For Cy:
Fixing a few points of the dependence between Cy and α, further approximation, for example, by 

the least-square-roots method or another method, is often applied. If the accuracy is satisfactorily enough,
then the methods of (1)-(18) can be implemented.
Here it is proposed to use a two-point conception. This idea is obvious for a quadratic three-member
expression:

(19)

where A, B, C – as-yet unknown coefficients that are to be determined.

Then, choosing one point at the critical angle of attack αcr, which at the example of Fig. 1 is about
αcr ≈ 20º, and considering that point as the extremum of the Cy(α) function (19) with the aerodynamic
coefficient of the lift force value around Cy (αcr = 20) =1.25, it is possible to pick the other point for
approximation at any place on the approximated curve. In the case being considered, let it be α = ‒ 2º
and Cy(α = ‒ 2) = 0.

Next step is taking into account that for the extremum conditions at the point of αcr = 20º and
Cy(αcr = 20) =1.25, the following condition must be satisfied:

(20)

From this, we obtain:

(21)
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Substituting (21) for its value for (19), this takes the form of:

(22)

Thus, we have obtained the two-point dependence for the approximation:

(23)

Now applying vector-matrix method for determining the required coefficients, we obtain:

(24)

Here, in (24), Cy – the vector-column of the aerodynamic coefficient of the lift force Cy(α) values;
A – the matrix of the angle of attack α values.

In the vector-matrix notation, the system of equations for the unknown coefficients determination
of A and C takes the form of:

(25)

where C – the vector-column of the unknown coefficients of A and C, which are to be determined.

The matrix inverse to the one in (24) is:

(26)

Then from (25) we obtain:

(27)

and:

(28)

For Cx:
It is also logical to choose two points, one of which is the extremum at αmin=1º and Cx(αmin=1) = 0.01.

The other point, let us select as by the values of α = 20º and Cx (α = 20) = 0.14.
Then following the approach analogous to (19)-(28) gives us:

(29)
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(31)

The diagrams plotted by equations (19)-(31) are shown in Fig. 2.
According to the curves illustrated in Fig. 2, they are very close to those presented in Fig. 1.

Fig. 2. Approximated dependence of the aerodynamic coefficients upon 
the angle of attack.
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5. DISCUSSION

The proposed approach of (20)-(31) has an advantage over the quadratic three-member expression
(19), since when trying to plot a parabolic curve going through three fixed points it is a very hard task
to exactly pinpoint the extremum, which symbolizes the destruction of the airflow and which is very
important for a stable lift force and safe flight. The same difficulty arises when approximation is conducted
with the use of least-square-roots methods. The use of the maximal performance characteristics is the more
tangible, with more accuracy in the parameters of the extremal flight models. This may sometimes entail
considerable aviation fuel savings. In general, the ideas discussed herein can be implemented to both
maximal duration and maximal distance aircraft flights.

6. CONCLUSION

The proposed approach allows such important characteristics to be taken into account as the maximal
duration or optionally distance of a quasi-horizontal flight. It is recommended to be used in modeling
parameters corrected after flight trials. As savings of aviation fuel due to optimal flight performance may
provide significant advantages to the aircraft operators, testing of aerodynamic force coefficients must be
duly organized, conducted, and monitored; and the parameters themselves must be duly observed,
carefully selected, checked, and controlled.
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METODA DWUPUNKTOWEJ 
APROKSYMACJI DO WYZNACZANIA WSPÓŁCZYNNIKÓW 

SIŁ AERODYNAMICZNYCH DLA LOTÓW HORYZONTALNYCH 
O MAKSYMALNYM CZASIE TRWANIA

Abstrakt
W pracy zaproponowano metodę dwupunktowej aproksymacji do wyznaczania współczynników sił

aerodynamicznych samolotu i porównano ją z metodami tradycyjnymi. Koncepcja wariacyjna jest
wykorzystywana do prowadzenia prób w locie samolotu dla maksymalnego czasu trwania lotów quasi-
horyzontalnych. Przedstawiono zalety opisanych teorii optymalizacyjnych w aspekcie oszczędności paliwa
lotniczego. Przedstawiono wyniki przykładu numerycznego.

Słowa kluczowe: siła aerodynamiczna, współczynnik aerodynamiczny, test, próba, statek powietrzny,
maksymalny czas trwania, maksymalny dystans, lot, lot horyzontalny
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