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Stability of continuous-time and discrete-time linear systems 
with inverse state matrices  
 

Abstract 
 
The inverse Frobenius matrices and the characteristic equations of the 
inverse systems are investigated. It is shown that the inverse system of 
continuous-time linear system is asymptotically stable if and only if the 
standard system is asymptotically stable and the inverse system of 
discrete-time linear system is asymptotically stable if and only if the 
standard system is unstable. The considerations are illustrated by 
numerical examples.  
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1. Introduction 
 

The linear systems and control systems have been the classical 
field of research and they have been considered in many books [1, 
5, 7-9, 11-14]. The inverse systems of linear systems have been 
analysed in [10]. 

The problem of stability for standard and positive linear systems 
has been considered in papers [2-4, 10] and monographs [7-9]. 

In this paper, the stability of autonomous continuous-time and 
discrete-time linear systems with inverse state matrices, to be 
called here the “inverse systems”, is analyzed. The inverse 
Frobenius matrices and characteristic equations of the inverse 
systems are investigated. 

The paper is organized as follows. In Section 2, some 
preliminaries concerning the standard autonomous continuous-
time and discrete-time linear systems are recalled. The inverse of 
the Frobenius matrices are given in Section 3. The characteristic 
equations of the inverse systems are analysed in Section 4. In 
Section 5, the stability of continuous-time and discrete-time linear 
systems with inverse state matrices is investigated. Concluding 
remarks are given in Section 6. 

The following notation will be used:   - the set of real 

numbers, n m  - the set of n m  real matrices and 1n n  , 
Z  - the set of nonnegative integers, nI  - the n n  identity 

matrix. 
 
2. Preliminaries 
 

Consider the standard autonomous continuous-time linear 
system 
 

 ( ) ( ),x t Ax t , 0t  ,             (1) 
 
where ( ) nx t   is the state vector and n nA  . It is assumed 

that the matrix A is nonsingular, i.e. det 0A  . 
 
Definition 1. The system 
 

 
( ) ( ),x t Ax t

 

1A A  (2) 
 
is called the inverse system of the system (1). 

The inverse system (2) exists if and only if the matrix A of the 
system (1) is nonsingular. 
 
Definition 2. The continuous-time linear system (2.1) is called 
asymptotically stable if 
 

 
lim ( ) 0
t

x t


  for any initial conditions 0
nx           (3) 

 
In a similar way we define the asymptotic stability of the inverse 
system (2). 

Now let us consider the standard discrete-time autonomous 
linear system 

 

 1i ix Ax  , {0,1,...}i Z  ,                      (4) 

 
where n

ix   is the state vector and n nA  . It is assumed that 

the matrix A is nonsingular, i.e. det 0A  . 
 
Definition 3. The system 
 

1i ix Ax 
 

1A A .                   (5) 

 
is called the inverse system of the system (4). 

The inverse system (5) exists if and only if the matrix A of the 
system (4) is nonsingular. 
 
Definition 4. The discrete-time linear system (4) is called 
asymptotically stable if 
 

 
lim 0i
i

x


  for any initial conditions 0
nx 
        

(6) 

 
In a similar way we define the asymptotic stability of the inverse 
system (5). 
 
Theorem 1. Let 1 , 2 ,…, n  be the eigenvalues of the matrix 

n nA  , i.e. 
 
 1 2det[ ] ( )( )...( )n nI A            (7) 

 
and ( )f   be well-defined on the spectrum 1 2{ , ,..., }A n     of 

the matrix A, i.e. ( )kf   are finite for 1,...,k n . Then ( )kf  , 

1,...,k n  are the eigenvalues of the matrix ( )f A . 
 
Proof. The proof is given in [5]. 
 

In particular case we have the following. 
 
Theorem 2. If k k kj    , 1,...,k n  are the nonzero 

eigenvalues (not necessary distinct) of the matrix n nA   then 
1

k k  , 1,...,k n  are the eigenvalues of the inverse matrix 
1A A . 

 
3. Inverse matrices of the Frobenius matrices 
 

In this section, the inverse matrices of the matrices in Frobenius 
canonical form will be given. 
Theorem 3. The inverse matrix 1

1A  of the Frobenius matrix 
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 1

0 1 2 1

0 1 0 0

0 0 1 0

0 0 0 1

n

A

a a a a 

 
 
 
 
 
 
     





    





 (8) 

 
has the form 
 

 

1 2 3 1

0 0 0 0 0

1
1

1

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

na a a a

a a a a a

A





      
 
 

  
 
 
 
  







     



. (9) 

 
Proof. Using (8) and (9) we obtain 
 

 

1
1 1

0 1 2 1

1 2 3 1

0 0 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

1

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

1 0 0

0 1 0
.

0 0 1

n

n

n

A A

a a a a

a a a a

a a a a a

I







 
 
 
 
 
 
     
      
 
 

 
 
 
 
  
 
 
  
 
 
 





    











     







   



 (10) 

 
This completes the proof. □ 
 
The inverse matrix 1

2A  of 

 

 

0

1

2 2

1

0 0 0

1 0 0

0 1 0

0 0 1 n

a

a

A a

a 

 
  
  
 
 
  







    



 (11) 

 
has the form 
 

 

1

0

2

0

1
2

1

0

0

1 0 0

0 1 0

0 0 1

1
0 0 0

n

a

a

a

a

A

a

a

a





  
 
 
 

 
 
 
  
 
  
 





    





 (12) 

 
and 

 

1 2 1 0

3

1
3

1 2 1

0 0 0 0

1 0 0 0

,0 1 0 0

0 0 1 0

0 1 0 0

0 0 1 0
,

0 0 0 1

1

n n

n

a a a a

A

A

a a a

a a a a

 





    
 
 
 
 
 
  
 
 
 
 

  
 
 
    
  







    





    







 (13) 

 

 

1

2

4

1

0

0

1

0

1
4

2

0

1

0

1 0 0

0 1 0

,

0 0 1

0 0 0

1
0 0 0

1 0 0

.

0 1 0

0 0 1

n

n

n

a

a

A

a

a

a

a

a

A

a

a

a

a









 
  
 
 
 

  
  
 
 

 
 
 
 
  
 
  
 





    









    





 (14) 

 

 
 
4. Characteristic equations of the inverse 

systems 
 

Consider the standard autonomous linear system (1) or (4). The 
characteristic equation of the linear system has the form 
 
 1

1 1 0( ) det[ ] ... 0n n
n np I A a a a    

        . (15) 

 
Theorem 4. If the equation (15) has nonzero real or complex 
conjugate roots 1, 2, …, n, , then the equation 
 

 

1
0 1 1... 1 0n n

na a a  
      (16) 

 
has the roots 1

1
 , 1

2
 ,…, 1

n
 . 

 
Proof. It is well-known that the coefficients a0, a1,…, an-1 of 
equation (15) with its roots 1, 2, …, n, are related by 
 

1 1 2

2 1 2 3 2 3 4 1

0 1 2

... ,

( ... ) ( ... ) ... ,

... .

n n

n n n n n

n

a

a

a

  
         

  



 

   

         




 (17) 

 
Multiplying (16) by 1

0a  we obtain 

 

 11 1

0 0 0

1
... 0n n na a

a a a
        . (18) 

 
Using (17) we have 
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1 1 1
1 2

0 1 2

1 1 1 1 1 1 1 1 11 1 2
2 3 1 3 1 2 1

0 1 2

1 1 11
1 2

0

1 1
... ,

...

...
... ... ... ... ,

...

... .

n
n

n n
n n n

n

n

a

a

a

a

a

  
  
           

  

  

  

        


  

 

  
    

   



(19) 
 
Therefore, 1

1
 , 1

2
 ,…, 1

n
  are the roots of the equation (16). 

This completes the proof. □ 
 

The proof of Theorem 4 for the matrices in Frobenius form 
follows immediately from Theorem 3. 

The characteristic equation of the Frobenius matrix (8) has the 
form (15) and its eigenvalues are 1, 2, …, n. The characteristic 
equation of the inverse Frobenius matrix (9) multiplied by a0 has 
the form (16) and its eigenvalues are 1

1
 , 1

2
 ,…, 1

n
 . 

 
Example 1. 

The equation 
 
 3 25 9 5 ( 1)( 2 )( 2 ) 0j j                (20) 
 
has the roots 1 1   , 2 2 j    , 3 2 j    , but the equation 

 

 3 2 1 1
5 9 5 1 ( 1) 0

2 2j j
     

  
              

 (21) 

 

has the roots 1
1 1   , 1

2

1

2 j
 

 
, 1

3

1

2 j
 

 
. 

 
Example 2. 

The equation 
 
 3 26 11 6 ( 1)( 2)( 3) 0              (22) 
 
has the roots 1 1   , 2 2   , 3 3   , but the equation 

 

 3 2 1 1
6 11 6 1 ( 1) 0

2 3
                

  
 (23) 

 

has the roots 1
1 1   , 1

2

1

2
   , 1

3

1

3
   . 

 
 
5. Stability of the inverse linear systems 
 

Consider the standard autonomous continuous-time linear 
system (1) with the characteristic equation (15) and its inverse 
system (2) with the characteristic equation (16). 
 
Theorem 5. The inverse system (2) is asymptotically stable if and 
only if the system (1) is asymptotically stable. 
 
Proof. It is well-known that the system (1) (and (2)) is 
asymptotically stable if and only if Re 0k k     for all 

eigenvalues k k kj     , 1,...,k n  of the matrix A ( 1A A ). 

By Theorem 2 the eigenvalues k , 1,...,k n  of the matrix A  

are related with the eigenvalues k  of the matrix A by the equality 

 

  

2 2

1 1 k k
k k k

k k k k k

j
j

j

   
    

 
     

  
, 1,...,k n ,  (24) 

 
where 
 

 

2 2 2 2
,k k

k k
k k k k

  
   

 
 

.          (25) 

 

From (25) it follows that Re 0k k     if and only if 

Re 0k k    . Therefore, the inverse system (2) is 

asymptotically stable if and only if the system (1) is 
asymptotically stable. □ 
 
Example 3. 

Consider the standard autonomous continuous-time linear 
system (1) with the state matrix 
 

 

2 1

1 2
A

 
   

. (26) 

 
The system is stable since (26) has the eigenvalues 1 1   , 

2 3   . The inverse matrix of (26) has the form 

 

 1

2 1

3 3
1 2

3 3

A A

   
   

    

. (27) 

 
The inverse system is also stable since (27) has the eigenvalues 

1
1 1 1    , 1

2 2

1

3
    . 

 
Now let us consider the standard autonomous discrete-time 

linear system (4) with the characteristic equation (15) and its 
inverse system (5) with the characteristic equation (16). 
 
Theorem 6. The inverse system (5) is asymptotically stable if and 
only if the system (4) is unstable. 
 
Proof. It is well-known that the system (4) (and (5)) is 
asymptotically stable if and only if 1k   for all eigenvalues k  

( k ), 1,...,k n  of the matrix A ( 1A A ). By Theorem 2 the 

module of eigenvalues k , 1,...,k n  of the matrix A  with 

module of eigenvalues k  of the matrix A are related by the 

equality 
 

 

1
k

k




 , 1,...,k n . (28) 

 

From (28) it follows that 1k   if and only if 1k  . Therefore, 

the inverse system (4) is asymptotically stable if and only if the 
system (5) is unstable. □ 
 
Example 4. 

Consider the standard autonomous discrete-time linear system 
(4) with the state matrix 
 

 

0.5 0.2

0.1 0.6
A

 
  
 

. (29) 
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The system is stable since (29) has the eigenvalues 1=0.4, 2=0.7. 
The inverse matrix of (29) has the form 
 

 

1 0.6 0.21

0.1 0.50.28
A A  
    

. (30) 

 
The inverse system is unstable since (30) has the eigenvalues 

1
1 1

1
2.5

0.4
    , 1

2 2

1
1.43

0.7
    . 

 
 
6. Concluding remarks 
 

The inverse Frobenius matrices (Theorem 3) and the 
characteristic equations of the inverse systems (Theorem 4) have 
been investigated. The stability of continuous-time and discrete-
time linear systems with inverse state matrices has been analyzed. 
It has been shown that the inverse system of continuous-time 
linear system is asymptotically stable if and only if the standard 
system is asymptotically stable (Theorem 5) and the inverse 
system of discrete-time linear system is asymptotically stable if 
and only if the standard system is unstable (Theorem 6). The 
considerations have been illustrated by numerical examples.  

The presented approach can be extended to positive and 
fractional linear systems and electrical circuits. 
 

This work was supported by National Science Centre in Poland under work No. 
2014/13/B/ST7/03467. 
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