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Abstract: Extremal problems for integral time lag infinite order parabolic systems are studied

in the paper. An optimal boundary control problem for distributed infinite order parabolic

systems in which integral time lags appear in the Neumann boundary conditions is solved. Such
equations constitute in a linear approximation a universal mathematical model for many diffusion
processes (e.g., modeling and control of heat transfer processes). The time horizon is fixed.

Using the Dubovicki-Milutin framework, the necessary and sufficient conditions of optimality for

the Neumann problem with the quadratic performance indexes and constrained control are derived.
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1. Introduction

Extremal problems play an increasing role in applications of
control theory [20]. Despite a great variety of these problems,
they can be converted by a unified functional-analytic fra-
mework, first suggested by Dubovicki and Milutin.

In 1962 Dubovicki and Milutin found a necessary condition
for an extremum in the form of an equation set down in the
language of functional analysis. They were able to derive, as
special cases of this condition, almost all previously known
necessary extremum conditions and thus to recover the lost
theoretical unity of the calculus of variations.

In particular, in the paper [6], the Dubovicki-Milutin
approach was adopted for solving optimal control problems
for parabolic-hyperbolic systems. The existence and uni-
queness of solutions of such parabolic-hyperbolic systems
with the Dirichlet boundary conditions are discussed. Using
the Dubovicki-Milutin framework, the necessary and suffi-
cient conditions of optimality for the Dirichlet problem with
the quadratic performance indexes and constrained control
are derived.

In the papers [9-13], the Dubovicki-Milutin approach was
used for solving boundary optimal control problems for the
case of time lag parabolic equations [9] and for the case
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of parabolic equations involving time-varying lags [10, 11],
multiple time-varying lags [12], and integral time lags [13]
respectively.

The sufficient conditions for the existence of a unique solu-
tion of such parabolic equations [9-13] are presented. Such
equations with deviating arguments are a well-known mathe-
matical tool for representing many physical phenomena.

Consequently, in the papers [9-13], the linear quadra-
tic problems of parabolic systems with time lags given in
various forms (constant time lags [9], time-varying lags [10,
11], multiple time-varying lags [12], integral time lags [13],
etc.) were solved.

Extremal problems for integral time lag infinite order para-
bolic systems are investigated. The purpose of this paper
is to show the use of the Dubovicki-Milutin theorem [11] in
solving optimal control problems for distributed parabolic
systems.

As an example, an optimal boundary control problem for
a system described by a linear infinite order partial diffe-
rential equation of parabolic type in which integral time
lag appears in the Neumann boundary condition is consi-
dered. Such equation constitutes in a linear approximation
universal mathematical model for many diffusion processes
(e.g., modeling and control of heat transfer processes). The
right-hand side of this equation and the initial condition
are not continuous functions usually, but they are measu-
rable functions belonging to L? or L* spaces. Therefore,
the solution of this equation is given in a certain Sobolev
space [17]. The performance indexes have the quadratic form.
Finally, we impose some constraints on the boundary con-
trol. Using the Dubovicki-Milutin theorem, the necessary
and sufficient conditions of optimality with the quadratic
performance indexes and constrained control are derived for
the Neumann problem.
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2. Preliminares

Let © be a bounded set of R" with smooth boundary T'.
We define the infinite order Sobolev space H*{a_, 2}(Q)
of functions ®(z) defined on  [1, 2] as follows

1" {a,,2}(Q) = {ep (@)ec(@): Y

|ed=0

o[ < w} )

where C(f2) is a space of infinite differentiable functions, a, >0
is a numerical sequence and |[-|, is a norm in the space L*(Q2),
and

Do o 3\04
= o) () @

where a = (a ., @) is a multi-index for differentiation,

lof =2

The space H *{a_, 2}(Q2) [1, 2] is defined as the formal con-
jugate space to the space H*{a_, 2}(€2), namely

H>{a,,2}Q) {\P(:p 2 “aaD“‘Pa(x)} (3)

where ¥, € (Q) and Y, a, I, < .

The duality pairing of the spaces H*{a,, 2}(€2) and H *{a,, 2}(£2)
is postulated by the formula

(@%) = a,[¥,(@)D"®(z)ds (4)

le)=0

where ® € H*{a,,2}(Q), ¥ € H *{a,,2}(Q)

From above, H*{a,_, 2}(Q2) is everywhere dense in L*(£2) with
topological inclusion and H *{a_, 2}(£2) denoted the topolog-
ical dual space with respect to L*(2) so we have the follow-
ing chain

H*{a,,2}(Q) c I'(Q) < H *{a,,2}(Q)

3. Problem Formulation. Optimality
Conditions

Now we formulate the control problem for the system descri-
bed by the following parabolic equation:

oy B
E+ Alt)y=u
y(ilLO) =Y, (:C)

—= Iby(m,t—h)dh+'u (z,t)e I'x(0,T), he

(.t) € Q% (0,T) (5)
reQ (6)
(a,0) (7)
(z,t") € Tx[-b,0) (8)

y(x,t/) =Y, (x’tl)

where (2 has the same properties as Section 2.

yEy(:{;,t;v), uzu(x,t), UEU(Z,t),
Q=0x(0,T), Q=Qx(0,T),
= FX(O,T), X, = FX[—b,O)
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h is an integral time lag such that h € (a,b), W is an initial
function defined on X .

The parabolic operator % + A(t) in the state equation (1)

satisfies the hypothesis of Lions and Magenes [17] and A(¢) is
given by

Ay = i (—1)‘04 a,D**y (z,t)

|ed=0

and

S (1) a0 (9)

lof=0

is an infinite order elliptic partial differential operator [3].

i( )cos nxi)zq(x,t) zel, te(0,

T) (10
374 = )10)

where: is a normal derivative at I', directed towards the

A

exterior of €2, cos(n, z,) is an i-th direction cosine of n, n-being
the normal at T exterior to Q2 and

b

q(a:,t)=J. y(z,t —h)dh+v(z,t) (11)

Now we shall present the sufficient conditions for the exi-

stence of a unique solution of the mixed initial-boundary value

problem (5)—(8) for the case where the boundary control

ve I’(Z). For this purpose we introduce the Sobolev space
H>Y(Q) ([17], vol. 2, p. 6) defined by

H*Y(Q) = H"(0,T; H*{a,,2}(Q)) " H' (0,T; H'(Q)) (12)
which is the Hilbert space normed by
12
[Iy H*{a,,2}(Q) dt + Hy Ho.7 H”(Sl))] (13)

where the space H'(0,T; H°()) is defined in Chapter 1 of
[17], vol. 1, respectively.

The existence of a unique solution for the mixed initial-
-boundary value problem (5)—(8) on the cylinder @ can be
proved using a constructive method, i.e., first, solving (5)—(8)
on the subcylinder @, and in turn on @,, etc. until the proce-
dure covers the whole cylinder @. In this way the solution in
the previous step determines the next one.

Then the following result is fulfilled [15]:

Theorem 1: Let y,, ¥, v, and u be given with ¢, € i {a,,2}(Q
&, e HQ). ¥, e B(5,), ve () andue(H¥(Q))

Then, there exists a unique solution y e H*'(Q) for the
mixed initial-boundary value problem (5)-(8). Moreover,
y(-ja) e Hm{aa,Q}(Q) forj=1, .., K.

In the sequel, we shall fix u € (H”'l(Q)) .

In this paper we shall consider the optimal boundary control
problem i.e., ve I’ (X).

Let us denote by Ye H™'(Q) the space of states and by
U e I’ (2) the space of controls. The time horizon T is fixed
in our problem.
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The performance index is given by
2 T
I(y,v) = /11_”?/ (z,t;0) - 2,| dzdt + JQII(Nv)vd Tdt (14)
Q or

where 2. > 0 and 4, + 4, > 0; 2, is a given element in L’ (Q)
and N is a strictly positive linear operator on L’(X) into
I (3).

From the Theorem 1 [15] it follows that for any v € U,, the
cost function (14) is well-defined since y(v) € H*"(Q) < I’ (Q).
We assume the following constraints on control: v € U, is a clo-
sed, convex set with non-empty interior, a subset of U. (15).

The optimal control problem (5)—(8), (14), (15) will be
solved as the optimization one in which the function v is the
unknown function.

Taking advantage of the Dubovicki-Milutin theorem [11] we
shall derive the necessary and sufficient conditions of optima-
lity for the optimization problem (5)—(8), (14), (15).

The solution of the stated optimal control problem is equ-
ivalent to seeking a pair (yo,vo) € £ =H>'(Q)x L’ (£) which
satisfies the equation (5)—(8) and minimizing the performance
index (14) with the constraints on control (15).

We formulate the necessary and sufficient conditions of the
optimality in the form of Theorem 2.

Theorem 2: The solution of the optimization problem (5)—(8)
exists and it is unique with the assumptions mentioned above;
the necessary and sufficient conditions of the optimality are
characterized by the following system of partial differential
equations and inequalities:

State equation

0
%+A(t)y” =u
y' (2,0)=y, (2) z€Q (16)

= [y (@t-h)dh+ 0" (z,0)e Tx(0,T), he(ab)

(2,) € Q% (0,T)

9"
Y,

Y (z,t") =¥, (z,t) (z,t) e T x[-b,0)

Adjoint equations

LN Op=A(-x)  @)eQx(OT)
ai:fbp(z7t+h)dh (z,t) e T x (0,7 —b)
Iy,
aiij"p(x,t+h)dh (z,t)e Tx(T =b,T —a) (17)
9y,
/" (,¢)e Tx (T —a,T)
7,
p(mvT)ZO reQ
Maximum condition
T
Jj(p%—ﬂ,sz”)(v—vﬂ)dthZO VoeU, (18)
or

Moreover

(), _
a?’A' (L t) -

Mg

(pr (v)) cos(n,z;)
! (19)

Ap==3 (<)% a,0*p (.t

|ef=0

u)
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Outline of the proof

Due to the Dubovicki-Milutin theorem [11], we approximate
the set representing the inequality constraints by the regular
admissible cone (RAC), the equality constraint by the regular
tangent cone (RTC), and the performance index by the regular
improvement cone (RFC).

a) Analysis of the equality constraint
The set @, representing the equality constraint has the form

%+A(t)y=u (2.0) e Q% (0,T)
y(z,0)=y (z) zeQ
Q = ﬂ_ B / (z,t)e FX(U,T) (20)
5 = [ y(z,t—h)dh+v he (0d)
L . (mt)e Ix[-bh0)
y(I,t)—‘I’O(:C,t) (yﬂ))EE

We construct the regular tangent cone (RTC) of the set @
using the Lusternik theorem (Theorem 9.1 [5]). For this pur-
pose, we define the operator P in the form

d
P(y,’l)): [agt/-l'Ay_uv y(z,O)—yp(:E),

dy

a}/—}y(x,t—h)dh—%y(%t')—‘l’o(%t')j (21)

a

The operator P is the mapping from the space
H™ (Q)x L () into the space

(H=(Q)) x H*(Q,)x H™{a,.2H(Q) x I* () x I*(£,).

The Fréchet differential of the operator P can be written in
the following from:

(22)

In fact, % (Theorem 2.8 [18]), A(f) (Theorem 2.1 [16]) and

5 (Theorem 2.1 [17]) are linear and bounded mappings.
Va

By virtue of the Theorem 1 [15], we can prove that P’is
the operator “one to one” from the space H>**(Q) x L* () onto
(H>(Q)) x H*'(Q,) x H*{a,,2}(Q)x I’ (£) x I’ (£,).

Considering that the assumptions of Lusternik’s theorem are
fulfilled, we can write down the regular tangent cone (RTC)
for the set in a point (yo,vo) in the form

RTC(Q,(y"0")) = {@.0) e B; P (' ,0")@7) =0} (23)
where the cone (23) is the subspace (Theorem 9.1 [5]).

Therefore, using Theorem 10.1 [5] we know the form of the
functional belonging to the adjoint cone

L@)=0 Y(7.9)e RTC(Q,(y'0")) (24)
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b) Analysis of the constraint on controls

The set @, = Y x U  representing the inequality constra-
ints is a closed and convex one with non-empty interior in the
space E.

By virtue of Theorem 10.5 [5] we find the functional belon-
ging to the adjoint regular admissible cone (RAC), i.e

£@.7) e[ RAC(Qu (0" )]

We notice that if E|, E, are two linear topological spaces,
then the adjoint space to £ = E, x E, has the form

E ={f=(ht) feB, hek])
fz) = fi(z,) + f(z,)

and

So we note the functional f,(y,7) as follows

L@ =1 @)+ £ @)
Where

f1 (¥)=0VyeY (Theorem 10.1 [5]),
£/ (@) is a support functional to the set U, in a point ¢
(Theorem 10.5 [5]).

(25)

¢) Analysis of the performance functional
Taking advantage of Theorem 7.5 [5], we find the regular
improvement cone (RFC) of the performance index (14)

- loe iy o<

where: I’ (yo 110)(37, U) is the Fréchet differential of the perfor-
mance index (14) and it can be written as

RFC(L(y" (26)

T
I'(y"0")(@,7) = 244, [ (4" - 2,)Fdzdt + 24,4, | [ (No")od Tdt
Q or

On the basis of Theorem 10.2 [5] we find the functional
belonging to the adjoint regular improvement cone (RFC),
which has the form

L@ Mj

where: 4, > 0.

2 )idwdt — A, j j No'fodTdt  (27)

d) Analysis of Euler-Lagrange's equation

The Euler-Lagrange equation for our optimization problem
has the form 3
(28)

Let p(z,t) be the solution of (14) for (3, o).

Let us denote by 7 the solution of P’ (y,v) = 0 for any fixed v.
Then taking into account (24), (25) and (27) we can
express (28) in the form

I Y’ -z, ydxdt+/1ﬁ,fj Nv vdth
¢ (29)
v

¥(5,0) € RTC(Q,, (4" )).

We transform the first component of the right-hand side of
(29) introducing the adjoint variable by adjoint equations (17).
After transformations we get
T
Ao [ (" = 2,)ddt = ... A, [ [ pd Tt (30)
Q or

Substituting (30) into (29) gives
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T
/7,0-” p+ A,Nv' vd Tdt (31)
or

Using the definition of the support functional [5] and dividing
both members of the obtained inequality by A, we finally get

(32)

ad

S =

Jp+ﬂ,Nv v— 'u”)dfdt YveU
T

The last inequality is equivalent to the maximum condi-
tion (18).

In order to prove the sufficiency of the derived conditions of
the optimality, we use the fact that constraints and the per-
formance index are convex and that the Slater’s condition is
satisfied (Theorem 15.3 [5]). In fact, there exists a point
(,9) € int @, such that (7,7) € Q. This fact follows immedia-
tely from the existence of non-empty interior of the set @, and
from the existence of the solution of the equation (5)-(8) as
well. The uniqueness of the optimal control follows from the
strict convexity of the performance index (14).

The above remarks complete the proof of Theorem 2.
One may also consider the similar optimal control problem
with the performance index

. T
I(y.0) = A[ly(v)|s2,[ dTdt + A,[ [ (Nv)wdTat — (33)
z or

where z, is a given element in I’ ().

From the Theorem 1 [15] and the trace theorem [17] for each
ve I’(T), there exists a unique solution y € H*'(Q) with
y|se I*(X). Thus I(y,v) is well-defined. Then the solution of
the formulated optimal control problem is equivalent to seeking
a pair (yU,UO) € E = H*'(Q) x I’ (X)which satisfies the equation
(5)—(8) and minimizing the cost function (33) with the con-
straints on control (15).

We can prove the following theorem:

Theorem 3: The solution of the optimization problem (5)—(8),
(33), (15) exists and it is unique with the assumptions men-
tioned above; the necessary and sufficient conditions of the
optimality are characterized by the following system of partial
differential equations and inequalities:

State equation (16)

Adjoint equations

—§+A*(t)p:0 (z,t) e Q% (0,T)
aaipzjbp(x,t+h)dh+ﬂl(y0—zzd) (z,t) e T x(0,T - b)
}/A* ¢
aai - JT_tp($7t+ R)dh + A, (y” - de) (z,t) e Tx (T =b,T —a)
7,4* ¢
p
W:ll(yo_zm) (z,t) e T (T - a,T)
A"
p(I,T) =0 T € Q
(34)
Maximum condition
T
_”(p+ ﬂszo)(v - v”)dth 20 VwvelU, (35)
or

The idea of the proof of the Theorem 3 is the same as in the
case of the Theorem 2.
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In the case of performance indexes (14) and (33) with
A, > 0 and A, = 0, the optimal control problem reduces to the
minimizing of the functional on a closed and convex subset in
a Hilbert space. Then, the optimization problem is equivalent
to a quadratic programming one [7, 8, 14] which can be solved
by the use of the well-known algorithms, e.g., Gilbert’s [4, 7,
8, 14] ones. The practical application of Gilbert’s algorithm to
optimal control problem for a parabolic system with boundary
condition involving a time lag is presented in [14]. Using the
Gilbert’s algorithm, a one-dimensional numerical example of
the plasma control process is solved [14].

4. Final Remarks

The derived conditions of the optimality (Theorems 2 and 3)
are original from the point of view of application of the Dubo-
vicki-Milutin theorem [11] in solving optimal control problems
for infinite order parabolic systems in which integral time
lags appear in the Neumann boundary conditions. The proved
optimization results (Theorems 2 and 3) constitute a novelty
of the paper with respect to the references [7, 8, 14] concer-
ning application of the Lions framework [16] for solving linear
quadratic problems of optimal control for the case of the Neu-
mann problem. The results presented in the paper can be
treated as a generalization of the results obtained in [9-13]
to the case of integral time lags appearing in the Neumann
boundary conditions.

The obtained optimization theorems (Theorems 2 and 3)
demand the assumption dealing with the non-empty interior
of the set @, representing the inequality constraints. Therefore,
we approximate the set @), by the regular admissible cone
(RAC) (if int@, = ¢ then this cone does not exist) [11]. The
obtained results can be reinforced by omitting the assumption
concerning the non-empty interior of the set @, and utilizing
the fact that the equality constraints in the form of the para-
bolic equations are “decoupling”. The optimal control problem
reduces to seeking v” € )} and minimizing the performance
index I(v). Then, we approximate the set ); representing the
inequality constraints by the regular tangent cone (RTC), and
for the performance index I(v) we construct the regular impro-
vement cone (RFC) [11].

The proposed methodology based on the Dubovicki-Milutin
approach can be presented on a specific case study concerning
hyperbolic systems described by infinite order partial differen-
tial equations of the hyperbolic type in which time lags appear
in the integral form both in the state equations and in the
Neumann boundary conditions.

Moreover, the Dubovicki-Milutin framework can be applied
to solving optimization problems for a sophisticated case of
infinite order parabolic systems with deviating arguments given
in the integral form such that h e (0,b) with a = 0.

Another direction of research would be the analysis of case
studies with numerical examples concerning the determination
of optimal boundary control with constraints for infinite order
parabolic systems with integral time lags.

An interesting possible future research direction may consist
in formulation of extremal problems for advanced modern con-
trol strategies, for example, event-based control [19].
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Problemy ekstremalne dla parabolicznych systemow
nieskonczonego rzedu z warunkami brzegowymi, w Ktorych
wystepuja catkowe opoznienia czasowe

Streszczenie: Zaprezentowano ekstremalne problemy dla systemdw parabolicznych nieskoriczonego
rzedu z catkowymi opdZnieniami czasowymi. Rozwigzano problem optymalnego sterowania brzegowego
dla systemdw parabolicznych nieskoriczonego rzedu, w kidrych catkowe opdZnienia czasowe wystepujg
w warunkach brzegowych Neumanna. Tego rodzaju réwnania stanowig w liniowym przyblizeniu
uniwersalny model matematyczny dla proceséw dyfuzyjnych. Korzystajac z metody Dubowickiego-Milutina
wyprowadzono warunki konieczne i wystarczajgce optymalnosci dla problemu liniowo-kwadratowego.

Stowa kluczowe: sterowanie brzegowe, systemy paraboliczne nieskoniczonego rzedu, catkowe opdznienia czasowe
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