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Abstract. Paper brings few ideas about a concept of Minkowsknbinations of point sets,
which can be defined as generalisation of Minkoveski operations in the Euclidean sp&te
Minkowski sum and product of two point sets areduser definition of Minkowski set
operators as special mappingsBh which can be used for modelling of manifolds st
space. Three distinguished types of Minkowski ofpesaare introduced based on different
combinations of Minkowski sum and product of pcats.
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1 Introduction

Minkowski point set operations — Minkowski sum avthkowski product of two point sets
are known concepts appearing in various resourndsuged in numerous applications in
different fields of computer graphics, geometric daking, and other related applied
disciplines, see [1], [2]. Definitions presented[8), [4] are based in vector representations
and operations with vectors. Considerimglimensional Euclidean spa& with the usual
orthogonal Cartesian coordinate syst@&d xi, Xo, ..., X,) and its associated vector spafe
with the orthonormal basiO, e, &, ..., &), relation between this two algebraic structures
can be determined by the following mappimg Any point m O E" given by Cartesian
coordinatesm = [xlm,x;“,...,x;“J can be associated with its position vecetoin a unique way

mE" -V ' mOE"—mDOV"

: (1)
m= [)gm,xm,...,xnm] 1M =m=x"g +Xe,+..+X'e = ()gm,xm,...,xnm)

Denoting byV(A), V(B) sets of all positioning vectors of points Ap B respectively,
definition of Minkowski sum and product of pointsé& andB can be precisely formulated.
Definition 1. Minkowski sum of two point set& andB in E" is a point set, which is the sum
of all points from the seA with all points from the sdg, i.e. set of points

AOB={a+b;adAbOB}= )
={mOE":m= 7 (m),m =a+b;alV(A),bOV(B)} @
Definition 2. Minkowski product of two point setd andB in E" is a point set, which is the

outer product of all points from the gewith all points from the sa, i.e. set of points
AOB={aCh;ad AbOB}=

— n. — 1 — . ) (3)
={mOE":m= 7 (m),m =aOb;a0V (A),b OV (B)}

Based on the operation of multiplication of a vedtp any scalar, the concept of
scalar multiplication of a point set can be detewdi
Definition 3. Multiple of a point sefA by a scalak 0 R is the sef, in E" of points defined
as
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A =kA={ka:aDAkOR ={mOE" :m=7'(m)m=ka,alV (A)kOR} . (4)

Let us now focus our considerations to the lineanlgination of vectors, which is a
well defined abstract concept of vector space aielnd can be extended to a Minkowski
linear combination of point sets. Outer (wedge)dpici of scalar multiples of two vectors can
be extended to Minkowski product combination ofrpasets, while combinations of these
two vector operations leads to concepts of Minkawasikhmetic combination of point sets.

2 Minkowski linear set operator

Concept of Minkowski linear combination of two pbsets can be generally determined in
the form of the structure of Minkowski linear operadefined on the pairs of point sets in the
Euclidean space. There exists more than one pesafiplicable forms of such definition,
while the most natural way is used here.

Definition 4. Minkowski linear operatoty, is a mapping defined orf’2x 25", in which any
pair of point set#, B in E" is attached a point s€tin E" in the following way

L, 28 x5 o F
(AB)—C=L,,(AB)=kAOIBABCOE" kJOR

SetC is Minkowski linear combination of point seksandB.
Visualisation of Minkowski linear combinations a¥d planar curves are presented in Fig. 1.,
while surface patches Fig. 2. are Minkowski lineambinations of curves in space.

(5)
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Figure 1: Minkowski linear combinations of planainees

Figure 2: Minkowski linear combinations of curvesspace

3 Minkowski product set operator

Operation of outer (wedge) vector product can keElus determine other form of point set
combinations denoted as Minkowski product combaoreti

Definition 5. Minkowski product operatotPy, is a mapping defined orf2x 2", in which
any pair of point setd, B in E" is attached a point s€tin E" in the following way
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LPk,l :2E” X 2E” — 2En (6)
(AB)—»C=LR,(AB)=kAOIB,ABCOE" k][O R

SetC is Minkowski product combination of point sé&tsandB.

Minkowski product combinations of curve segmentEim 2. are presented in Fig. 3.
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Figure 3: Views of Minkowski product combinationtefo curve segments in 3D

Consequence IMinkowski product combinatiok.AC1.B of two point set# andB in E" is
thek.I multiple of Minkowski productA (1 B of point setsA andB
kAOI.B=A OB =(AOB),,.kIOR. (7)

Proof: k ADI.B=A OB ={ kaOlb:aOAbOB} =
={kl(aOb):aDAbOB} =kl.(AOB)= (AOB),, .

4 Minkowski arithmetic set operator

Concept of Minkowski arithmetic combination of thrpoint sets can be introduced based on
Minkowski sum and Minkowski product.

Definition 6. Let k, I, h be real numbers. Minkowski arithmetic operdtég, is a mapping
defined on 2"x 25"x 25" in which any triple of point se#, B, C in E" is attached a point set
Win E" in the following way

LA 25 x 28 x X o F

: (8)
(AB,C)»>W=LA,,(ABC)=KkAOIB)JhC ABCWOE"
SetWis Minkowski arithmetic combination of point se{sB, C.
Minkowski arithmetic combination of point seksB, C can be determined as
W=(k.AOI.B)DhC=(A 0OB)0OC, = ©)

={ (ka+lb)OhC:aldAbOB,cOC}

Consequence 2Minkowski arithmetic combination of three pointsé, B andC in E" can
be represented as themultiple of Minkowski sum of Minkowski product cdsmations of
setsA, C and set®, C

(k. AOILB)OhC=(A 0OB)UC, =((ACC), O((BLC)),,hKkIOR. (10)

Proof: (k. AOI.B)OhC ={ (ka+Ib)Ohc:adAbOB cOC} =
={(kaOhc)+(bOhc):ald AbOBcOC} =
=(kAOhC)O(BOhC)=kh(AOC)OIh@BOC)=
=(A0QC),,O(BUC),, =((ADC) T(BLC)),

Consequence 3Minkowski arithmetic combination of three pointsé, B andC in E" for
constantk = | = h is k* multiple of Minkowski productA O B of point setA andB
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(k.ADkB)OkC=((ADC)O(BOC)),. (11)
Proof: (k. A0 k.B) OkC ={(ka+kb) Okc,ad AbOB,cOC}=
={k.(a+b) Okc,ad AbOB,cOC}=
={k?.(a+b) Oc),an AbOB,cOIC) =
={k*.(@0c) + (b Oc)),ad AbOB,cOC} =
=k?.((ADC)0(BOC)) =((ADC) I (BOC)),.

Minkowski arithmetic combinations of three curvegsents in space are surface
patches, while some illustrations are presentédgn4.
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Figure 4: Minkowski arithmetic combinations of tareurve segments in 3D

All presented illustrations were generated by authsing free graphical program
GeoGebra for examples of Minkowski operations omngl sets, software package
Mathematica has been used in the case of modalirigces as Minkowski combinations of
curves in space.
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OPERATORY MINKOWSKIEGO NA ZBIORACH PUNKTOW

W pracy wprowadzono pegia operatoréw Minkowskiego, jako kombinacji zbierd

w przestrzeni euklidesoweE", opartych na znanych operacjach Minkowskiego (suma
i produkt) na zbiorach punktow iebacych zarazem ich uogélnieniem. Omoéwiono trzy typy
operatorow Minkowskiego otrzymanych na podstawienyéh kombinacji Minkowskiego
operacji sumy i iloczynu zbioréw punktowych. Jakazyktady zastosowania operatorow
Minkowskiego w modelowaniu graficznym przedstawidkraywe ptaskie wygenerowane za
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pomog programu GeoGebra oraz powierzchnie w przestizépvymiarowej otrzymane jako
kombinacje krzywych bazowych $vodowisku pakietu Mathematica.

ISSN 1644-9363 / PLN 15.000 2013 PTGIGI



