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ABSTRACT

Parametric descriptions of spirals being analogues of the logarithmic spiral are determined using
the concept of the exponential element in the non-classical Bittner operational calculus and ap-
plying the chosen models of it.
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INTRODUCTION

One-parameter family of the logarithmic spirals
r(f)=ce®, teRs, (1D
where ¢ € R, is the family parameter and

rt)’

a = cot(a) =
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is the set of plane curves which cross the boundle of lines passing through the point
O of the polar coordinate system (), r, t) at a constant angle .

The above-mentioned property substantiates the concept of the equiangular
spiral! for any curve from the considered family.
From (1), for any € R, we get

1
t = —ln(f).
a \c

This identity substantiates the concept of the logarithmic spiral?, as for
any point P = {r, 1) of that curve its amplitude ¢ is proportional to the logarithm of
the part r/¢ of the radius r of the point.

If the ratio r/c, equal to the golden number (cf. (31))

1+ 45

¢ = ,
2

corresponds to the amplitude ¢ = %, then the logarithmic spiral is called the golden
one.
Thus, for the golden spiral we have
21n(P)

a= .
T

The concept of a spiral (1) was introduced by a French philosopher,
mathematician and physicist René Descartes (1596-1650) (Latin: Cartesius). He
described its definition, based on equiangularity, in 1638 in a letter to his
schoolmate of Jesuit College — Marin Mersenne (1588-1648), a mathematician
and frater minimorum.

At the turn of the XVII and XVIII centuries the Cartesian spiral was also
studied by Evangelista Torricelli, Pietro Nicolas, Pierre Varignon, John Wallis and
Edmund Halley. However, it was Jacob Bernoulli who was extremely fascinated
with algebraic and geometric properties of the Cartesian spiral, especially with its

1 The term was introduced in 1714 by Roger Cotes (1682-1716), English mathematician and as-
tronomer.

2 The term was introduced in 1691 by Jacob Bernoulli (1654-1705), Swiss mathematician and
physicist.
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self-similarity. He called it a Marvelous Spiral (Latin: Spira Mirabilis) in 1692 in
the German scientific journal Acta Eruditorum [5], [6], [16], [29].
Using the relation

x =rcos(t), y=rsin(r)
between the point coordinates {r,f) in a polar system and its coordinates {x, y) in

an orthocartesian system we conclude that the curves (1) have their parametric
descriptions

x(t) = ce® cos(r), (1) = ce sin(r). (2)

Next, on the basis of the Euler formula and from (2) we obtain the com-
plex form of the spiral family (1):

() = c et (3)
where ‘i’ means the imaginary unit.

A logarithmic spiral

«(t) = ¢ @b (4)
which is the hodograph of the vector function

r(t) = [ce® cos(b 1), ce® sin(b1)], (5)
where ¢, € E and a*+b*>0,isa generalization of (3) for a fixed ¢ € R.y.

If @ =0, then (5) is a circle, while when 5 = 0 it is a half-line (a > 0) or
a segment (a < () on the abscissas axis. They are the degenerate cases, and we will
not study them.

Increasing the parameter r € R, the movement of points on next spiral
coils starts with its pole B = (¢,0) and it is anticlockwise if b > 0, while it is clock-
wise when b < (). These points draw from the pole B when a > () and go to the
origin O =(0,0) of the spiral if a < 0. The sequence of points {z} = {z(t;)}
= {celPiy ke Ny := N U [0P of the spiral on the complex plane, the radii of

3 W means the set of positive integers.
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which form the geometric sequence {r;} = {c ek} ke Ny, corresponds to the pa-
rameters f forming the arithmetic sequence {t;} = {kfy}, k € Ny. In this connection,
in 1693 the Italian mathematician Pietro Nicolas described this spiral as geometric,
differentiating it from the arithmetic spiral of Archimedes.

The curve (5) is an equiangular spiral, as on the basis of*

sty = o300, 01 = L (©)

we get the measure of «:

a
a(t) = a = arc cos L],
Va2 + b?

which is independent of z.

The arc length of the Cartesian spiral from its pole B to any point P corre-
sponding to a parameter ¢ > () is calculated from the formula

b = flr'(f)ldf- (7)
0

Thus, using (5) we obtain

{r) = (8)

cVa? + b (e"" - 1)
p .
Hence, it follows that the spiral ‘coiling itself’ to the origin © (i.e. when

a < {)) has a finite length

£= lim £() = -

t—+00

cVa? + b?
- .

The curvature of the logarithmic spiral is determined on the basis of>

_ @A)

(1) ©)

k(1)

4 ‘o’ means the inner product operation.
5 ‘A’ means the quasi-inner product operation.
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Taking (5) under consideration, we get

|b|e—ar
cVa? + bzl

k(t) = (10)

\a ~ 75.96%
0.6

0.4

0.2

exp(—0.1t) sin (0.4 t)

0.0

-0.2

-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0
exp(—0.11t) cos (0.4 t)

Fig. 1. Anticlockwise coiling itself logarithmic spiral:

a=-0.1,b=04,c= 1,0 =~ 75.9638°,{ ~ 4.12311¢

Figure 2 presents the graph of the golden spiral

2In(d) ¢ 2In(b)t

ra ) =[e ~ cos(f),e = sin(f)].

If ri := |rau(k - 5|,k € Ny, then

re=@® and =@, kel

T
Moreover,
_ k1 _ gpk-1 k
F‘k+]—i‘k,]+rk,kEN, as @ =@ + @", keN,

and

re=Fi1+rFp, keN, as @ =F,_ |+ ®F, keN,

6 The symbolic and numerical computations as well as the graphs used in this paper were made
using the Mathematica® program.
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where F}. is a general term of the Fibonacci sequence determined by the Binet formula

1+ V5{ (1-+5¢
F":ﬁ[( 2 )_( 2 )] k€ No (11)
(cf. (30)).
a=2In(#)/x,b=1, c=1
1 1"1:¢1 ’II’
0 7‘0:430 r4=¢4
7'2_@2
-1
-2
-3
-4
-2 0 2 4 6

x(t)
Fig. 2. The golden spiral

For the golden spiral we also have

2 In(d)

@ = arc cos[ ] ~ 1.273525rad ~ 72.96761°.

72 + 41n%(P)

Let A := a + bi. Notice that the function z = {z(#)}7 defining the logarithmic
spiral (4) constitutes the solution of the Cauchy problem

d...
— =k A0 =c
which can be presented in a form of
z=Adz, spz=c, (12)

7 {z(f)} means a symbol of a function z, whereas z(f) means the value of z = {z(#)} at the point 1.
In particular, {z(0}} is a constant function equal to the value z{0) in its domain. This notation
derives from J. Mikusinski [23]. In what follows, we will omit the brackets {} whenever this
does not cause ambiguity.
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where

dz
Szi= { d(f) } 502 1= (2(0)) (13)
and ¢ = {c}.

From the fundamental theorems of the integral calculus it follows that 5, sq

and
I
1of o= { [ soae] (14
0
are such operations that
STof = f. ToSz =2z~ s0z, (15)

where [ = {f(0)},z = {z(D)}.

Considering (15), the operations (13), (14) belong to the so-called classical
continuous model (representation) of the Bittner operational calculus [2-4] with the
ordinary derivative S = d/dt.

There exist various continuous and discrete models of the Bittner opera-
tional calculus, in which the properly defined operations §, 7, 5, have the properties
of (15). We present here how the solutions of the problem (12) generate ‘the loga-
rithmic spirals’ in the selected models of that calculus.

FOUNDATIONS OF THE NON-CLASSICAL BITTNER OPERATIONAL CALCULUS

The Bittner operational calculus is referred to as a system8
COL’, L', S, Ty, 54, Q), (16)

where L% and L' are linear spaces (over the same field .% of scalars?) such that
L' c 19, The linear operation S : L' — L° (denoted as S € (L', L)) called the
(abstract) derivative, is a surjection. Moreover, ( is a set of indices ¢ for the opera-
tions T, € .Z(L°, L") such that ST, f = f, f € L°, called integrals and for the operations

8 The abbreviation €' is derived from the French calcul opératoire (operational calculus).
9 In this paper, we shall assume that .7 is a field R of reals.
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5q € (L', L") such that sqx=x-T,Sx.x € L! called limit conditions. The kernel

of §,i.e. Ker S is called a set of constants for the derivative S.

The limit conditions s,,g € Q are projections from L' onto the subspace

Ker S.
By induction we define a sequence of spaces L", n € I¥ such that
L' ={xel™" :Sxel"'}.
Then
.cllcl"'c...cLlcL”
and
STy =1,
where
L L% 58" :=8050...05, meNy, nel.
n—times
Let

=10 +i% =th=f+gi: fgel’,

Z'=L'+ il ={z=x+yi: xyell)
and

Sz:=8x+ 18y, s542:= 5,0+ 154, zeZ,
T,hi=T,f+iT,g, heZ’

Assume that z = 0 for ¢ = 0 is the only solution of a problem
Sz=A4z, AeC1 (17)
sqz=c¢, ceKer§. (18)

If there exists an element z # () satisfying the equation (17) and the limit
condition (18), then it is called an exponential element (with exponent A = a + b1).
The exponential element is uniquely determined.

10{ means the set of complexes.
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SPIRALS IN CONTINUOUS MODELS

The model with the Euler derivative

Consider all real functions f = {f(¢)} determined on the interval [1, +o0)
and integrable in such a way that

,
@dé"(oo

4

forany fy,tand ¢ > 1y = 1.

The discussed set with common addition of functions and common multi-
plication of functions by reals is a linear space Z. The space L' we define in the
following way:

L= {x — () el {r%} € LO}.

In the model with the Euler derivative [1], [3]
dx
= {t—1, el
Sx {t T } X

the limit conditions

SIUx = {-x(t(})ls

where 1y = g € Q :=[1, +), correspond to the integrals
C fQ)
I
Tof = {f deg}, Fell.
oy i

In this case the exponential element

) = (i)'ic,

Io

where ¢ € Ker (t%) =~ [R, is the solution of the problem (17), (18).
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Particularly, for #, = 1 we get the complex form
2(r) = ct*(cos(b In(1)) + i sin(b In(z)))
and the vector form of the corresponding spiral
ri(t) = [ct®cos(b In(1)), c t” sin(b In(1))].
It is the Cartesian spiral, as

ri(t) = r(ln(?)) for te[l,+o0)
or

r(t) = ri(e") for 1€ [0, +o0),

where r(¢) is the vector function (5).

Therefore, the parametric presentations () and r;(z) are equivalent.

On the basis of (8) and (10), for r(z) we get

2 2 a_] —da
ty= Y@= o T oo,
a ¢ Va2 + b?

The model with the ordinary derivative
of the second order

It is easy to verify that we have

qu,Szx =x—(sgx+Tys,5%), qe€Q

for x € 1.2

Therefore, the integrals Tq = Tg,q € (0 and the limit conditions
g =84+ Ty5,S,q € Q correspond to the derivative S:=52
In particular, the integrals

o
Tof = { f f f(g“)dg“dn}, F=1fyel’ =1 = C"Rs0, R)

o o
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and the limit conditions

S X 1= {x(to) + (£ — 10)¥'(10)}, x€L',

where 1y = g € Q := R, correspond to the ordinary derivative of the second order

_}, x={x(0}eL' = 1 := C*(Rs0. R).

§
)

=10

/ %)

=20

—15 —10 -5 ( 5 10 15 20
2™ cos (=5 Int)

Fig. 3. Opening out, logarithmic clockwise spiral in the model with the Euler derivative:

a=03,b=-5c=2a=86.5664"
In this case, the exponential element (cf. [25])

(1) = co cosh[ VAt — 15)] + L sinh[ VA — £0)]
Va

is the solution of (17), i.e.
Z7(1) = Az(0),

with the initial conditions

2(ty) = ¢, 2 (tg) = ¢1, where co,c1 € R, + ¢ >0,
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that is, with the limit condition (18) of the form

c=co+(t—1tyec.

The spiral
ra(1) = [x(1), y()],

where x(t) = Re[z(t)}], v(t) = Im[z(#)], corresponds to this exponential element.

Figure 4 shows the graphs of the spiral r;(#) for various parameters
a, b, co.c1, when ¢y = 0.

a=-=7.2,b=-18,¢,=0,c¢,=1

0.5

a=0.8, b=15, cy=0, ;=1
0.0
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-15 -1.0 -0.5 0.0 0.5 1.0 0 10000 20000 30000 40000 50000
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a=-7.2,b=—18, cy=1, c;=1
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3
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2
0 yan—
1 \—/
- ] —\ g
= 0 -1
~1 K/ 2
=2
-3
=3
—4 -3 =2 -1 0 1 2 -3 -2 -1 0 1 2
x(0 x()

Fig. 4. The logarithmic spiral in the model with the ordinary derivative of the second order
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The model with the Bessel derivative

The set of all real functions f = {f(¢)} determined on the interval [1, +co)

and integrable in such a way that

t

n
1
f; ff(_f)dg“dn <00
L43]

fo

for any ¢y, f and ¢ > iy = 1, considered as an algebraic structure with common oper-
ations of function addition and of multiplication by real numbers, is the linear
space LY. The space L' we define as

Lhz{uqﬂmezﬂ:{%@f$U}eﬁ}

The operation

— - d dx _ ’r ’ 1
Sx:SQSlx.—{dt(tdt)}f{lx +x'}, xelL (19)

is called the Bessel derivative (cf. [9]).

The operation (19) is a superposition of the Euler derivative $; and the

ordinary derivative §5, i.e.

dx dx
Sixi= {fﬂ Saxi= {5}*

to which the integrals

TS = {fr %df}, T f = {ff(()df}

and the limit conditions
$1,00X = 52,1% 1= {x(fo)}

correspond.
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Therefore, the integrals

t

n
1
Tf =TT ={ [ 7 [s@acan). perf

o fo

and the limit conditions

Spx=x—TSx=x~T1,;)(T2:,52)51x=x=T14,(I = 524,)51x
=X =TS 1x+ T 40520815 = %= (I = 5130)X + T 1952105 1X

= 514X + T gy 82405 1X,

thatis

t
sy X = {x(t0) + 1o x'(tg)ln(t—)}, xelLl,
0
where 1) = ¢ € Q :=[1, +00), correspond to the Bessel derivative.

The function

Io(2 V)

() = C
LN

(20)

is one of the solutions of the equation
1Z7(t) + 2 (1) = Az(1).

In (20) ¢ is a fixed real number and

o0

1 {2+
L= ), m(i)

n=0

is the so-called v-th order modified Bessel function of the first kind (v € My) [18].

In this case

VA1 (2 Vo)
Vio Io(2 Vatp)

o) =co, Z(to) = cop=:c
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Therefore, (20) satisfies (17) and the limit condition (18) of the form
t d, d
SpZ =Co + to €y ln(g) =:c€ Ker(a(ra)),

i.e. it is the exponential element in the considered operational calculus model (cf.
[9])
If we present (20) in an algebraic form
) = x() + 1y(1),
then, particularly for f5 = 1, we have

P11 |, (110
DD T DL

x(t) = €0,
() > 0
D) (1A
o0 (0
1) = S T E——
i
where
—_ > "
(1,0 = oF1G1i0) = ) —
;) (n!)?

is the so-called confluent regularized hypergeometric function [19], while ‘«” means
the complex conjugate operation.

The hodograph of the vector function

r3(1) = [x(1), y(1)]

will be called the Bessel spiral.

From the figure 5 graphs it follows that the Bessel spiral is opening out
independently of the parameter a sign. Moreover, it is not an equiangular spiral.
From computer calculations for a very large range of values of ¢ it follows that the
measure of « is becoming fixed with an increase of #, which is illustrated in figure 6
graphs.
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Fig. 5. The Bessel spiral
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Fig. 6. Stabilization of the measure of « for the Bessel spiral
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The model with the mixed partial derivative
of the second order

Let Q := [0, +00) X [0, +00) and L := C%2, R) be the space of all real func-
tions f = {f(¢,7)} (with common addition and multiplication by real scalars) deter-
mined and continuous on £2. Moreover, let L' := C*(©Q,R) and ¢ = (y, 79) € Q = Q.

The integrals
7,/ = f f fmdndef, fer’

I 7o
and the limit conditions

§q% 1= {x(t, 7o) + x(fo, T) — x(fp, T0)}, X € L

correspond to the mixed partial derivative [4]

& x
= L'
Sx {51‘51'}s xe

In this case, the exponential element for (¢, 7p) = (0,0) is the complex
function (cf. [25])

z2(t, 1) = [(2 VAt e, (21)
where ¢ = {c} € Ker S.

For a fixed 7 € E.q (or 7 € E~q), (21) is the Bessel spiral (fig. 7).

a=—0.45, b=—0.125, c=1, v=4

0.5

L

-0.5

»,T)

-0.5 0.0 0.5 1.0
x(t,71)

Fig. 7. The Bessel spiral in the model with the mixed partial derivative
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The hodograph of the vector function of two variables

ry(t,7) = [x(2,7), y(t, 7), 7,
where
@(1, Atr) + P(1, i) .

2
&(1, tr) — (1, A7)
C

21 ’

x(t,7) = Re[z(t,T)] =

y(t,7) = Im[z(z, 7)] =
will be called the Bessel band.

Figure 8 presents this surface for ¢ =1,a =-0.45,b = —0.125, when
t €[0,120]and 7 € [0, 3].

Fig. 8. The Bessel band
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SPIRALS IN DISCRETE MODELS

The model with the shift operation

In a discrete model with a derivative understood as the shift operation (to
the left) [3], [4]

S{x(h)} = {x(k + D}, {x(k)} € L',

where L? = L! := C(Ny, R) is the real space of infinite real sequences x = {x(k)},
k € Ny with common addition of sequences and their multiplication by real num-
bers, when g = 0 € Q := {0}, the limit condition

sofx(k)} == {x(0)do(h)},
where 0y(k) is the Kronecker symbol, i.e.

1 for k=0
60(k)'_{0 for k>0~

corresponds to the integral

0 for k=0
%““”;{x&—n for k>0

In this model the exponential element is the sequence

(k) = e,

where ¢ = {cdy(k)} € Ker S.

Therefore, the hodograph of the vector function
rs(k) = [c|Af cos(kArg(A)), ¢ | sin(kArg(2)) 1, (22)

where Arg(d) means the main argument of A = a + b1, is a spiral in the considered

model. It is a discrete spiral if k € Iy, and a continuous one if k € Ry (fig. 9).
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Fig. 9. Discrete and continuous spirals in the model with the shift operation

In the case of a continuous spiral, when a® +b*>0and b £ 0, the points of
the spiral grow away from its origin if || > 1 and converge to it when || < 1.
If|4] = 1, then (22) is a circle. The movement of the points on the spiral is anti-
clockwise if b > () and clockwise if & < (). The spiral is equiangular as

In |4
ak)=a =arccos | —————
Arg(A°) + In|4|

does not depend on the parameter k.

If » =0 and a = 1, then (22) reduces itself to the point B = (¢, ), while for
a=—litisacircle.If » = 0 and 0 < @ < 1, then (22) is a segment, while for a > 1 it
is a half-line on the abscissas axis. If # = 0 and —1 < a < 0, then the spiral (22) coils
itself anticlockwise to the origin O, while for @ < —1 it opens out anticlockwise to
the pole B.

The model with the forward difference

In [1], [3], [4] there was also considered a discrete model with the derivative
as a forward difference, i.e.

Sx=Ax:={x(k+1)—x(k)},
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to which the integral

0 for k=0
Tox := kil x(j)y for k>0~ k € Nott
j=0
and the limit condition
sox := {x(0)},

where x = {x(k)} € L = L' := C(iy, R), correspond.
[t is not difficult to verify that this time the sequence
k) = (1 + Dfe,
where ¢ = {c} € Ker §, is the solution of (17), (18) with the exponent { =g + 51.
Therefore, the hodograph of the function
re(k) = [c|l + [ cos(kArg(1 + [)), ¢ |l + [[* sin(kArg(1 + )]
is the spiral (22) if

(1+( =) (a=a-1,6=b).

The model with the backward difference

In [31] the author proved that the system in which

Sx:={x(k) — x(k - 1)} (23)
and
ko
- > x(j) for k <k
Jj=k+1
Tpx = 0 for k=ky , keZl2
k
> x(j) for k>ko
J=ko+1

Siox := {x(ko)},

111t is assumed that Z,T:]n x(j) :=0.

12]t is assumed that Zﬁ”:k[,ﬂ x(j) :=0.
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where L°=L':=C(Z,R) means the space of two-sided real sequences
x = {x(k)}rez and ky = g € O := Z13, forms a discrete representation of the Bittner
operational calculus with the derivative as the backward difference (23).

In this case the exponential element (with the exponent /) is a two-sided
sequence [32]

k) = (1= 0fo*e,
where ¢ = {c} € Ker §.Hence, for ky = 0, we get
ri(k) = [c|l = [ *cos(kArg(l — 1)), —c |l - [| *sin(kArg(1 — [))].  (24)

Considering the fact that k € Z, we say that (24) is the hodograph of a two-sided
spiral.

For this type of spiral, there follows the coiling of spiral from the pole B to
the origin O if k - —oco (k — +0), while when k — 400 (k — —o0) the spiral opens
out from the pole B and thereby moves away from the origin O (fig. 10).

Notice also that the hodograph (24) is the spiral (22) for k € Ny, if

a B b )
a?+ b2 2+ p2”

(1-(=2"" e (a=
Similarly it happens when & € Z \ M. Then, the curve (24) is the spiral (22), if
(1-f=A)=(a=1-a,b=-D).
The model with the central difference

First, we shall introduce the model of the operational calculus with the cen-
tral difference

Sx:={x(tk+1)—x(k-1)) (25)

by proving the following theorem:

137 means the set of integers.
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a=0.25, b=—0.75, c=1

a=0.5,b=0.75, c=1
1.5
2
1.0
k—
| 03 /—
/,//" s 0.0
k|— —od] —+00
0.5

yik)

N

Yk

iR

—00
k
-2 -1 0 1 2 -1.5 -0 - 0.0 0.5 1.0 1.5
x(k) x(k)

a=1.1, b=1.05, c=I

a=0.02, b=—0.13, c=1

1.5

1.0}

0.5
k— oo

0.0}

-0.5

- 1.0

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 -1.0 =05 0.0 0.5 1.0 1.5
x(k) x(k)

yiky

Fig. 10. Two-sided discrete and continuous spirals in the model
with the backward difference

Theorem. The system (16), where x={x(k)}e L’ =L":=C(Z.R), ky=q€ Q:=7, the
operation S is the central difference (25) and

ki
— Y Y= DFIG) for k<ko

Jj=k+1
Ty x 1= 0 for k=ko ., keZ, (26)
k .
S M- DMG) for k> ko
Jj=ko+1
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1 1 !
ko ¢ 1= {5 [x(ko) + (ko + D]+ (=D Lx(ko) — x(ko + D)1} (27)

forms the discrete model of the Bittner operational calculus.

Proof. It is easy to notice that the operations (25) - (27) are linear. Let {y(k)} :=
T4, {x(k)}. Then for k = ky we obtain

S{yt N =k, = {y(ko + 1) — y(ko — D}
ko+1 ko

1 , 1 ;
={> S = D) + > S = DR ()

kot J=ka
=1{0 + x(ko)} = {x(k)Hi=t, -

Next, for k < kpand k£ + 1 < ky we have

Sty ={yk+ 1) —ylk = 1)}
ko

=-2.3 LT fx(mZ [+ (=D = (30}

j:k+2
Whereas if k£ < kyand k£ + 1 = ko, then
S ’(k)} = vk + 1) = y(k — D)} = {y(ko) — y(ko — 2)}

= | Z = (=1 () = ko — D} = xR},

J=ko—1
Fork > kypand k — 1 > ky we get

Sy} = {ytk + 1) = y(k = 1)}
k+1 k—1

] o
=1 SUHEDRG - 3 S+ D) = b,

J=ko+1 J=ko+1
However, if £ > kgand k — 1 = kg, then

S{y(k)} = vtk + 1) = y(k = 1)} = {y(ko + 2) — y(ko)}
k0+2

[Z [1 = (~1x(j)} = lxtho + D} = {x(k)).

j= !'\Q-H
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Finally, we are able to ascertain that the axiom § Ty, {x(k)} = {x(k)} is satis-
fied.
Let {f(k)} := S{x(k)} = {x(k + 1) — x(k — 1)}. Then, for k& < ky we obtain

kg
1 .
Ty, S (x(0)) = Ty, () = = )" 511 = (=DIf()
j=k+1 2
I(O 1 ) Ik() 1 )
={= > =D+ D+ ) S = DG - )
Jj=k+1 j=k+1
ko+1 1 s ko—ll e
== 2 S+ D0 + Y ST+ (<D x0)
{=k+2 l=k

1 1 :
= {x(k)} - [E[X(ko) + x(ko + D] + 5(—1)"_'[‘” [x(ko) — x(ko + D)}
= {x(k)} — sk, {x(K)}.

Similarly, if k > kg, then

k
1 o
TS (x(k)) = Tiy [fR) = { ) 511 = (=D!If()
J=ko+1
ko _ ko _
=( ) U-CDIRG+ D= 3 S =D - D)
J=ko+1 J=ko+1
k+1 1 k—ll
— k—{ k¢
={ ) FU+ED IO - Y S+ Do)
{=ko+2 {=ky

1 1 )
= {x(k)) ~ {5 1xtko) + x(ho + D] + 5(—1)""‘0 [x(ko) — x(ko + 1)]}
= {x(k)} — sg, {x(k)}.

In the end, when k = kg, then from the definition of integrals we have
T, S {x(k)Hg=k, = 0. Moreover, s, {x(k)}|x=x, = {x(kp)}. In that case

Tio S XU k=ko = 0 = [{x(K)} = Sieo (XK} =k -

Therefore, the axiom T%,5 {x(k)} = {x(k)} — s¢,{x(k)} is also satisfied.

4(203) 2015 89



Hubert Wysocki

Now, consider the bilateral difference equation
2k+ D) —ztk—-1)=Azk), A1€eC\{x21,0} (28)

with the initial conditions

(00=0, z2()=1 (29)

The solution of this problem is called a A-Fibonacci sequence. It is ex-
pressed by a A-Binet formula

D - ¢
(k) = , keZ, (30)
D) — ¢,
where
A+ V4 + 22 A— V4 + 22
D, = — s T (31)

The real A-Fibonacci sequences were considered previously by Gazale
[14] and Stakhov [28] for A € R.¢ and k € Z, while for 1 € N and k € Ny — by
Falcén and Plaza [12].

The number @, is called a A-proportion or a A-mean.

Vera de Spinadel [26], [27] called {®,}ia the family of metalic means
(proportions). For A = 1,2, 3 the proportions are called golden, silver and bronze,
respectively.

For A =1, (30) is a classical two-sided Fibonacci sequence (cf. [8], [13],
[20], [32]):

k|, -7 -6 -5 -4 -3 2 -1 012 3 456 7..
)| ... 13 8 5 -3 2 -1 101 1 2 3 3

Here, it is also worth to mention a considered in literature [7], [11], [17],
[30], random A-Fibonacci sequence

2k— 1)+ Az(k) withpr. 0.5

z(k+1)={z(k_1)_/lz(k) withpr, 0.5 * A0 =02 =1 ke (32)

related with tossing a symmetric coin. A successive term of the sequence (32)
(called a Vibonacci sequence [17]) is formed by adding (subtracting) to (from) the
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term z(k — 1) a component Az(k),A € C, when in the (k+ 1)-th coin toss heads
(tails) is facing upwards.

In the considered operational calculus model, the initial-value problem
(28), (29) with g = kp = 0 can be written as (17), (18), where

soz=c = {%[1 —(=1)*1]) € KerS.

Thus, the A-Binet formula (30) presents a two-sided sequence, which is
an exponential element in the model with the central difference (25).

Taking into consideration that A = a + hi and z(k) = x(k) + iy(k), from the
A-Binet formula (30) we obtain

x(k) = —(lfp,{lk cos|Arg(P, — @) — kArg(2®,)]
| — ¢
~lpal* cos[Arg(®i — @) - kArg(Zw)]),
1 .
(k) = —(lwlk sin[Arg(®@, — ¢,) — kArg(2¢,)]
[Py — @al

fltﬁf[lf" sin[Arg(®, — ¢,) — kArg(Z(P{;)]).

The hodograph of the function

rg(k) = [x(k), y(k)]
will be called a two-sided A-Fibonacci spiral.

Its graphs for various values of a, b parameters are presented in figures 11 and 12.

In the classical case, i.e. when A = 1, the Kepler formula

holds for the one-sided Fibonacci sequence (11).
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a=I,b=1

6]
a=1,b=I
4 7
k— +oo
5 6
/—-\ 5
%

xlk,ks0 x(k), k20

y(k), k<0

| | |
[=] — ]
Q
End
I
|
é‘\_}
yik), k=0
= — ] ek N
=

Fig. 11. Discrete and continuous {1 + 1i)-Fibonacci spiral

a=0.01, b=1

yik)
a%
yik)

0 =0.5
k— +00
k— —oo
-2 -10
-3 -2 -1 0 1 2 -1.0 -0.5 0.0 0.5 1.0
x(k) x(k)

Fig. 12. Two-sided discrete and continuous spiral in the model with the central difference

Let us examine the limits

Irg(k + 1)

8= e Tl

(33)

in the general case, i.e. when, instead of the sequence (11), we will be considering
the two-sided A-Fibonacci sequence (30).
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If|D,| > |, which is equivalent to the condition |#;| > 1, then on the basis
of (30), we obtain

a=0.04, b=—0.02

a=0.4,b=—0.2 0.6
1.5
0.4
1.0
0.2 k- +oo
os|)¥ _
g £
0 5
-02
-05
—0.4
-1.0) A R
-5 -0 -05 00 05 1.0 L5 0.0 0.2 0.4 0.6 038 1.0
x(k) x(k)
Fig. 12. continued
: ek
¢r = zk+1)| . P -t i P, - (5:) ¢a _ 0y
+= = g T A
k—+00 Z(k) k—+0c0 (;D{\1 (p/l k—+0c0 1 - (aﬁ/{)
Next, if || < |, i.e.|®;| < 1, then
Dk
| (53) Pa—¢a o 1
= lim |————| = = —
8+ k—+00 (ﬂ)l‘ -1 ¥ |D,|
wa

For example, for 1 = +1 + i we have
[P14il = l@-1+i] = 1.70002 and [@14i] = |[P-14i] = 0.58823,
respectively. Therefore, in both cases
g+ = 1.70002.

When k — —oo, notice first that z(—k) = (—1)**'z(k). Because of that
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- lim 2k +1)] W(=k+1)

§- 7 k——c0 Z(k) B k—+oo Z(—k)
ek =1

lim |————| = lim |[——
k—+co Z(—k) k—>+co| _2k)
2(k=1)
1 leals i [Pl > el
g+ | @y, it Py < lpal

For |&,| =|p,, which means that |&;|=1 and holds when .4 =bi,

b € (-2, 2), the limits (33) are improper.

INSTEAD OF CONCLUSIONS

Nature loves logarithmic spirals. From sunflowers, seashells, and whirlpools,

to hurricanes and giant spiral galaxies, it seems that nature chose this marvelous

shape as its favorite ‘ornament’ (Mario Livio [22]).

(6]
[7]

(8]

(]
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Hubert Wysocki

SPIRA MIRABILIS W WYBRANYCH MODELACH
RACHUNKU OPERATOROW BITTNERA

STRESZCZENIE

Korzystajgc z pojecia elementu wyktadniczego w nieklasycznym rachunku operatoréw Bittnera
oraz stosujac wybrane modele tego rachunku, wyznaczono opisy parametryczne spiral bedacych
odpowiednikami spirali logarytmiczne;.

Stowa kluczowe:
spirala logarytmiczna, rachunek operatoréw, pochodna, pierwotna, warunek graniczny, element
wyktadniczy.

96 Zeszyty Naukowe AMW — Scientific Journal of PNA



