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Abstract. The aim of this paper is to discuss different types of decompositions and factori-
zations concerning a few families of symmetric polynomials in two variables including Ma
polynomials, classic Cauchy polynomials, Ferrers-Jackson polynomials and some elemen-
tary polynomials as well. Application of the discussed decompositions and factorizations
for determining the limits of quotients of the respective polynomials in two variables is pre-
sented here and some general theorems on these limits are also proven in this elaboration.
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Introduction

Xinrong Ma in [1] by using the Riordan’s group theory has proven the follow-
ing identity

n n n n n -2k n—
xt+ yn 4zt = S (M ) ety + DR Gy, (0

for every x,y,z € R, satisfying condition xy + yz + zx = 0.

Since we have z = —% from the last condition, relation (1) can take the

equivalent form

M,(x,y) = (x+y)"x"+y™) + (—xy)"

n n (m— . 2
e (M 2R Gy Gy by D)

Polynomials M, (x,y), n € N, will be called the Ma polynomials (see [2]).
Identity (2) is closely linked with two classic identities, the first one concerning
decomposition of the Cauchy polynomials
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pn(x’ y) — (x + y)2n+1 _ x2n+1 _ y2n+1

n-1
T —k _1-
ZLSOI T (4 ) O 4y + YD Gy (x ) e

3

and the second one concerning decomposition of the Ferrers-Jackson polynomials
Gn(x,y):= (x+ y)Z" — x2n _ yZn

z — 4
ZLZJO% ("Zkk) (2 + xy + YO (xy(x + )" @
Both identities in the present form have been proven by the authors in [3].

Ribenboim in [4] has presented the other decompositions of these polynomials
(see chapter VII in [4]) together with their applications (for the solutions of some
special cases of Fermat’s Last Theorem).

The similarity of identity (2) to identities (3) and (4) is not a coincidence, the
respective algebraic connections have been described in Theorem 1 of [2]. Among
others, it has been proven there that

M2n+1(x, }7) — (x2n+1 + y2n+1)pn(x, y) + x2(2n+1) + (xy)2n+1 + y2(2n+1)’ (5)

Man(x,y) = (22" 4+ ¥y (6, ) + x*" + (xy)*" + y*™. (6)

In the current paper we also intend to discuss the decompositions and factoriza-
tions of polynomials belonging to two families of elementary symmetric polynomi-
als - trinomials ET,F = x?™ 4+ (xy)™ 4+ y*", and binomials EB, = x> + y?", for
everyn € N.

The main goal of our considerations will be related to the applications of dis-
cussed here polynomials and their decompositions for generating the limits of quo-
tients of the polynomials in two variables. It constitutes an essential strengthening
of results obtained in paper [2]. In Section 1 we present an important theorem con-
cerning the non-existence of the limits of quotients of polynomials in two variables
together with a set of applications of this result to the distinguished above polyno-
mials. In Section 2 we complete the decompositions given before with some new
factorizations of polynomials and we show a number of their applications. More-
over, let us note that the presented paper essentially completes Ma’s paper [1] and
paper [3] of one of the authors, where similar type identities have been applied for
the powers of elements of some, so called, conjugate recurrence sequences.

1. Limits of quotients of polynomials in two variables - main negative
result

In this section we present some general results on the limits of quotients of
polynomials in two variables. The main aim of introducing this theorem is the
attempt to answer the question about the existence of limit
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: p(xy)
lim s, 3)-0,0) =) (7)

in case when p and q represent different polynomials belonging to set

(Pn(0y), @6 y) =2, Mu(x,y) =1, ET_ (%)}, (8)

for every n € N.
Now we present the announced theorem. First let us assume that p,q € R[x, y],
(p,q) = 1 and the following decompositions hold

p(x,y) =X opi(x,y), q(x,y) = Xi_yqi(x, ).

where p;, q; are the forms of degree i and g; # 0.

Theorem 1. If either each of the following two inequalities +q;(1,t) > 0 pos-
sesses a real solution or each of the following two inequalities +q;(t, 1) > 0 pos-
sesses a real solution, then the finite limit (7) does not exist.

Proof. Without loss of generality of considerations one can take that for
t1,t, € Rthe inequalities q;(1,t;) > 0 > q;(1,t,) are satisfied. By virtue of the
taken assumption, for each subscript i > A the following relations hold

Gt = 0(1xl),  qux ta2) = O(Jxl?). ©)
Thus, there exists € > 0 such that for each x € (0, €) we have
q(x,t1x) > 0 > q(x, tyx). (10)

Certainly, for each x € (0,€) the function t € R +— q(x, tx) is continuous and
from (1) we get that between t; and t, there exists t, such that q(x,t,x) = 0.

Since (p,q) = 1, the polynomials p and g possess only finitely many common
zeros. In consequence, for sufficiently small € > 0 we have p(x, t,x) # 0, which
means that

. p(x,y)
lim sup = o0
x)-0,0 9, Y)
0

Corollary 2. If p € R[x,y] and q belongs to set (8) for some n € N, then limit (7)
does not exist.

Proof. 1t is sufficient to observe that
p(L,) =C2n+ Dt + -, q,(1,t) =2 =2nt + -,

M,(1,t) =1 =nt+-, ETE_(1,t) =+t 1 4 ..., 0
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Remark 3. Only a few papers exist (see for example [5, 6]) devoted to the limits of
quotients of some polynomials and even some functions of many variables, all of
them are however very special, although they are certainly interesting. Our
Theorem 1 is definitely better than theorems from cited papers, mostly for the
reason of its general character, and also concerns the case of limits (7) for polyno-
mials from set (8).

2. Decomposition of some symmetric polynomials and its applications
to the limits

Obtained in [2] the divisibility relations of form

(x* £ xy + y?)|pn(x, £y) e 3t(n-1),
(x? £ xy + y*) M, (x, +y) e 3tn,
(x* £ xy +y?)|qn(x, 1Y) e 3tn,
(2 xy +y)|(*" + ()" +y*") e 3tn,
(2 Exy+ )| - ()" +y?") © 3tnA2in

lead to natural questions about factorization of such polynomials onto the factors of

form x2 + wxy + y?, where w € C.
First, we note that the following equality holds (x,y € C and n € N):

x2 — (xy)* + y2" =[] 12k<3n, (x2 — 2cos (k—”) xy + yz). (11)
3n
gcd(k,6)=1

This identity has been published by the authors in Mathematics Magazine (see
[7D). For example, from (11) we obtain the identity

x®— ()t +y° =
= (x2 — 2cos (%)xy+y2) (x2 — 2cos (i—’;)xy-l-yz) X (12)
X (x2 — 2cos (Z—D xy + yz) (x2 —2cos (111—2”) xy + yz),

where

T 11w V6 ++2
2cos(ﬁ)= —ZCOS(E>= 2+/3= > )

Zsin(%)z 2cos(i—§)=—2cos<i—§)= ’2_\/?2\/8;\/7.

Hence, for example, for arbitrary 7 > 0 and a € C we get the limits
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’ X0 = ()" +5°
im -
{XZ—Z cos(75 )xy+¥y2-0 (xy)3 (xz —2cos (%) xy + yz)

x,y€C, |xy|zr

12
x,yeC, |xy|zr

(442 (o0 (5) = cos () ) (4 + 2 cos () = eos(53)) ) =
=2\/2+\/§(\/2+\/§—\/2—\/§><\/2+\/§+\/2—\/§>=4 /6+3x/§

il 2o - ) )
= m -— COS|\—=z)—cos|-—=]]Xx
{A::xz—z cos(l)xy+y2—>0 (xy)? 12 12 Y

and

o xB =t +y°
lim —————— =
{x,yec\{ﬂ} (xy)*
X,y

;‘l’; -a

= li ! B 2 " B 2 ST
= x,yfz%l\{o} @)? ( + a—2cos (E)) ( + a—2cos (E)) X

2_ 2
{B::x axy+y? o
Xy

x (84 = 2005 (35)) (8 + 0 2005( 7)) -
(04 cos 12 04 cos 12 =

ol e o)) )

=a*—2a% +1.
Remark 4. We also have the following decomposition:
x* 4+ 3x%y? + y* = (% + a?y?) (x? + B%y?)
= (x +iay)(x — iay)(x + iBy)(x — iBy),

145
where a = >

and § = %g (we remember that « is the golden ratio).
Hence, for example, we obtain that

. x*+3x2y2 4y . x . x2
limy, yec\(o} Siaiay) = limy yec\(0} (; + la') (F + 32)
§—>ia %—n‘a (13)

= 2ia(f? — a?) = —i(5 +V5).
Moreover, we discover two other interesting decompositions (see [8]):
s T
4 2,,2 4 _ (.2 2 cin2 )42 2 o2
x*+4xcyc +y* = (x + 4y“sin 12)(x + 4y“ cos 12)

= (x + 20y sinlﬂ—z) (x — 2iy sin%) (x + 2iy cosln—z) (x — 2iy cos%),
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_VEHI  m _\E-Z

T
where cos— = and

4 2 12 4

4m 107 12m
4 2,,2 4 _ (42 2 2 2 2 x
x*+11x“y“ +y (x + 64y~ cos 13cos 13 cos 13)

2 6m 8m
2 2 2_ 2 2
x(x + 64y~ cos 13cos 13cos 13)
v13 +3 V13 +3 . V13 -3 . V13 -3
> x — iy > x + iy > x — iy > ,

=<x+iy

which are the special cases of the following formula (the product below is taken
over all four combinations of signs + and —):

1_[ x+iz( a2+b2+a) = x2+y—2( a2+b2+a)2 X
2 ) 4
y? 2 1 b*
X x2+—(\/a2+b2—a) =x4+(xy)2(a2+—b2)+y4—
4 2 16
Hence we get

4 2(,2,1,2 4&
x*+(xy) (a +2b )+y e

lim xyec\(o) Nrociu ia(a? + b%* —ava? + b2), (14)
o |
y

2

which is the generalization of (13).

Remark 5. We note that decomposition (11) is equivalent to the following two
decompositions

X2+ ()™ 4+ y2" =[] 1sks<3n, (xz + 2 cos (k—n) xy + yz), (15)
3n
gcd(k,6)=1

whenever n is odd, and
km
x4+ (xy) + y? = 1_[ ((e\,x)2 + 2e, cos (g) xy + y2>,

1<k<3n,
gcd(k,6)=1

where e, :=exp (;—t), v:i=valy(n), i.e. v:=max{k € N: 2¥|n}, whenever n is

even. For example, we obtain
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x®+ ()t +y° =

. T . 5
— (iy2 — in/4 - 2 f2 in/4 - 2
(Lx 2e cos(lz)xy+y )(Lx 2e cos(lz)xy+y )
. 7 . 11m
X (ix2 — 2e™/* cos (—) xy + yz) (ix2 — 2e™* cos (—) xy + yz) =
12 12
. T . . 5 .
— in/4.,2 _ . —im/4,,2 in/4,2 _ - —in/4,,2
(e x 2cos(12)xy+e y)(e x 2cos(12)xy+e y)
. 7T ; . 11w ;
X (e”’/“x2 —2cos (E) xy + e‘m/‘*yz) (e’”/“x2 —2cos (—12 )xy + e~im/4y )

But, we also get the following decompositions

x4+ )yt =@y +yH P —xy +y?)

= (xZ _iﬁxy_yz)(xz +i\/§xy—y2), (16)
X8+ ()t + 8 = (x* + y)? — (xy)*
=(x* = ()2 + yH* + ()2 +yH) a7)

= (x2 = V3xy + y?)(x? + V3xy + y2)(x? + xy + y) (x* — xy + ¥?),
which means that in case of even n there also exists the other decomposition of

polynomial x2™ + (xy)™ + y2™.
We prove that

X2+ ()™ + y2 =1, (x2 —2cos (@) xy + yz) (18)
for every n € N. To this aim we note that

2. 23k + 1
x+ ()t +y =0 o x"= e(iim)y" S x=yexp (gni)

3n

for every k = 1,2, ..., n. Furthermore, we have

(x e (2(3k +1) ni)) (x e (2(3(71 -k)-1) ni))
3n 3n
=x%—xy (exp (%m’) + exp (Wﬂl)) + y?

23k + 1)
=x2— - 2
x° —2xy (cos( 3 n)) +y°,

which implies (18). Moreover, from (18) and from the following decomposition
x4(2n+1) + (xy)2(2n+1) + y4(2n+1) — (x2(2n+1) _ (xy)2n+1 + y2(2n+1)) X
X (x2(2n+1) + (xy)2n+1 + y2(2n+1))’
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we deduce that

x4(2n+1) + (xy)2(2n+1) + y4(2n+1) —

= 1_[ <x2—2x cosk—n+ 2)<x2+2x cosk—n+ 2)
= yeossom+ ) 7Y YOS 3@+ Y )
1<k<3(2n+1)
gecd(k,6)=1

For example, we obtain
x2(2n+1) 4 (xy)(2n+1) + y2(2n+1)

lim
x,yEC\{0} 4n< 2 ( . T ) 2)
yin|x? =2|singm—s5)xy +y
1 1 32n+1
{“" eXp(‘"(E_3(2n+1))) (@n+1)
_ y 1—["—1 (x)z ) 2Bk + D\ x +1
- %y €0\ (0) k=1 \\y SZen+1) )y
X . (1 1
{;" exP(‘"(T3(2n+1)))

— @iy1e™ e s) H"‘l G T 2Bkt D)
k=1 32n+1) 32n+ 1)

Remark 6. We note also that in [3] the following decomposition has been proven

x4 2t = T W ()" (2 + xy + y2) T, (19)
where
N7 1 2n (2n—=1l\m—1 _
WT,TL - lZO(_l) m( l ) (r _ l) )] r= 071; "-;n- (20)

One can generate the following recurrence relations

Won = Won+1
Win —Won = Win+1

— — 21
Wrn = Wr—1n = Wr—2n-1 = Wran+1) r=2..,n D

~Wnn ~ Wn-1,n-1 = Wn+i,n+1-

It is easy to deduce the identity of the form wy,, = 2 cos (é rm), i.e. the identity
given below holds

;1:0(2;—1_); (an_ l) = %cos (é rm). (22)

On the other hand, elements wy, ,, for k < n, are the polynomials of variable n
with rational coefficients of degree k, i.e. the following relation holds true
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(—D*k!wy, = p(n), P € QInl, degpy =k,

pr(n) =nk -3 (’2‘) nk-1 +%(27k —25) (’;) nk—2

3 k
— 2 k-3
2(9k 25k + 32) (4)n

From (21) it can be deduced that polynomial q(k) = %(27k —25) (I?f) is a solu-

tion of the recurrence relation
qlk)(k —2) —q(k — Dk =
(kY. ® k ky 1 k
=5(3) +5 k=D (5) +9tk =3 (3) = @7k -25)(5).

Moreover, from (20) for n = 6 we obtain (the calculations were made in Mathe-
matica v.9 software):

pi(n) =1, po(n) =(m—-3)n,  p:(n) =m—-7)(n—-2)n,

p.(m) = (m—3nMn?—-151n+38), ps(M) = (n—17)(n—-6)(n—4)(n—3)n,
Pe(m) = (n —5)(n — 4)n(—846 + 341n — 36n2 + n?),

p,(n) = (n—6)(n—5)(n — 4)n(—2358 + 641n — 48n? + n3),

ps(m) =n(n—5)(n—6)(n—7)(n —9)(n — 18)(n? — 39n + 164).

Let us also present a few of the next formulae, in some other form, as the limits of
quotients of the respective polynomials

i P1s () _ 842166 . pi3(x) 2555292
*0pa(x)  1437863°  x0p,(x) 73789
_ P12(®) 73789 . p;5(x) 2555292
lim————= = — _—, 1im = :
=0 Py (%) 25653"  x-0p;,(x) 73789

It is worth emphasizing that the Mathematica software has proposed one more
relation, using the hypergeometric function, of the form

n 1
Wakn = (" 1) 2Fa (E —nk-m1-2n 4),
which is however “compatible” with the basing definition of function wy,_, (in
the first impulse as the surprised researchers we were full of hope for applying
some of the identities included, for example, in the newest paper like [9]).
Furthermore, like it has been generated in [3], we have

_2\/5_(2) _on? (2)\/5(2)
Wn—l,n_3 nsin 31m y Wnoop = 3 cos 37m 9 sin 37m.
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Hence and from (20) we obtain
n-1
2n on—1
- 1) —
T ;( D= (") @0

- (2H)H ()= e (7 l)>

=0
n-1

1
=n (2(—1)"‘1 + cos (; nn) - Z (-1 (an_—ll_ 1)) = §\/§n sin (g nn),

=1

which implies

zn:(—l)l (an_—ll_ 1) = (=1)™? + cos (gnn) - §\/§n sin (gnn) =
=1

1 7 2
=D+ 3 o8 (gnn+<p),

where ¢ := arcsin (; \/7)
Let us notice that from identity (19) the following fact can be also deduced.

Theorem 7. [fn > 2,p € Randr € (0,1) then

x* + y?" — 2 cos (énn) (xy)™
lim =

x,y=0, (x?2 +xy +y?)P
x,y€C,|x|+]|y|>0,

(

{x¢0:> |%—eii2"/3|>r,

ly¢0:> |§—eii2n/3|>r
_ 0, whenever p < n,
- {does not exist whenever p > n.

Proof. From (19) we obtain (for n > 2):

2
x* + y?™ — 2 cos (§T[Tl) (xy)" _ ( for x| = |yl )
(x? +xy + y?)?P and x|+ |y| >0

— xz(n—p)rilwrn (%)r

S TENCS

Hence, if p < n and
x#0= %—eiiz”/3|>r and y#0= |§—eii2n/3 >,

then the respective limit is equal to zero.
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If p > n then liminf and limsup of the discussed fraction are equal to 0 and oo,
respectively. Finally, if p = n and lim% = f € R, then the limit is equal to

LA+ B+ B

thus, the respective limit does not exist (since § € R).

|
Moreover, from (19) the following special limits can be calculated (all of them
are discussed in the complex domain):

x10 + (xy)s + y10 3

: _c,7
ARe Joraayryy Y
x2+xy+y2-0
% 4 (xv)7 + yl4
lim )’ +y = 7at?,
x—a€C x2 + xy + y?
x2+xy+y2-0
x4 (y)® + Y10 = (7 + xy + y?)°
lim = 20a8,
x—a€eC (x + y)?
yo-a
x4+ () + 9 — (% + xy +y2)7
lim (xy)” +y** = ( y+y)' 42012,
x—>a€eC (x + y)?
yo-a

im X14+(XY)7+y14_(x2+xy+y2)7__Za
R 0 Gyt Y0 - G ay Ty 5
x2+xy+y2-0

(xy)2->a#0

and the last one, for the contrast considered in real domain,

x14- + (xy)7 + y14 — (xz + xy + y2)7 _

lim =
xX,yER x10 4 (xy)S + yIO — (xZ + Xy + y2)5
x,y—0

(in the last case the limit is equal to zero also under weakened assumptions, that is,
ifx,y €C,x,y » 0and (xy)/(x? + y?) is bounded), since we have (see [3]):

x10+ (xy)® + y10 = (%% + xy + y?)° — 5xy(x? + xy + y?)*
+50y)?( +xy +y3)* + 5y’ (2 +xy + yH)? = 5(en)* (x? + xy + y?)
= (2 +xy +y3)° = 5xy(x? + xy + y) (x* + y?)?,

x14 + (Xy)7 +y14 —
=2+ xy+y2)7 — 7xy(x? + xy + y?)® + 14(xy)?(x? + xy + y?)°
=210 *(x® + xy + y2)3 + 7(xy)3 (% + xy + y2)? + 7(xy) 6 (¢ + xy + y?)
=@* +xy+y?) = Txy(x + y)?(x* + xy + y)(x* + y?)
X (% +xy + )%+ (0y)?) (x + ¥)? = 3xy(x? + xy + y)?).
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From the last equalities in both above formulae we obtain

x14 + (xy)7 + y14 _ (xz +xy + y2)7 B
x10 + (xy)® + y10 — (a2 +xy +yH)S
_ 7 x4y (et +yf) + 36y ( + xy +¥7)
5 x? + y?

For contrast we note that the following nice identity holds

xlO + (xy)s + ylo - (xz + xy + y2)5
x84+ (xy)2 +y° — (x2 + xy +y?)3

=3 (x* + yH) (% + xy + y?).
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