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INTRODUCTION

Steel beams with C-shaped or I-shaped cross-
sections are extensively utilized in various indus-
tries for metal structures. The flange thickness 
of these beams changes because it is designed to 
optimize the distribution of load and structural 
stability while minimizing material usage. The 
flange thickness directly impacts the load-bearing 
capacity and stability of the steel beam, making 
thickness measurement play an important role in 
structural assessments, maintenance, and quality 

control. However, this flange section features a 
one-side slope surface located on the inner side 
of the beam, posing numerous challenges for 
contact measurements. Recently, laser ultrasound 
methods have garnered significant attention for 
product quality management in industries, ow-
ing to their non-contact nature and rapidity [1–3]. 
In the laser ultrasound technique, a pulsed laser 
is utilized to excite the surface of the object in-
ducing ultrasonic waves, while another laser is 
employed to detect the surface motion produced 
by these waves. For non-destructive ultrasonic 
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testing, techniques that utilize laser-generated 
ultrasonic waves in the thermoelastic regime are 
being developed to replace the ablation regime, 
which causes surface damage [2]. Therefore, 
the laser ultrasonic is expected to be applicable 
to monitor the thickness of metal structures that 
have a cross-section with variable thickness.

The normal pulse-echo method in the reflec-
tion configuration is a popular ultrasonic tech-
nique for estimating the thickness from access to 
one side of the object. This method relies on mea-
suring the flight time of ultrasonic waves corre-
sponding to the propagation wave path and their 
propagation velocity to calculate the thickness. 
The laser ultrasonic technique, utilizing the pulse-
echo technique, has been successfully applied for 
inspecting thickness measurement of seamless 
tubes and rolled steels in production lines [4, 5]. 
The maximum thickness measurable under labo-
ratory conditions is reported to be 100 mm [6] us-
ing the ablation regime. Research by Kruger [6] 
and Li [7] also shows that the technique is ap-
plicable at elevated temperatures. Rahim [8] suc-
cessfully utilized this method to inspect thickness 
variations induced by the spinning process on an 
aluminum tube, accurately measuring the hill and 
valley features of the rough surface. However, 
the precision of thickness measurement in these 
studies heavily relies on accurately determining 
the velocity of ultrasound waves beforehand. In 
addition, due to the directivity pattern charac-
teristics of laser-generated ultrasonic waves, the 
normal pulse-echo method is solely applicable in 
the ablation regime when the longitudinal wave 
achieves its maximum amplitude with a propa-
gation angle perpendicular to the surface [9–11]. 
Conversely, in the thermoelastic regime, the ori-
entation angles of the shear wave and longitudinal 
wave are 30 degrees and 60 degrees, respectively, 
rendering this technique unsuitable [12].

By separating the generating and receiving 
laser, multiple wave modes can be obtained due 
to the broadband properties of the receiving laser 
providing various important information about 
the material. That allows multiple material pa-
rameters to be determined simultaneously in one 
measurement. Falkenström and Engman [13] out-
lined a technique for gauging the thickness and 
longitudinal wave velocity of 4 and 5 – mm thick 
specimens by analyzing successive longitudinal 
echoes on a waveform, employing separate gen-
erating, and receiving lasers under the ablation re-
gime. Chen [14] overcame the low signal-to-noise 

ratio of ultrasonic signals due to the rough surface 
of ductile iron pipe to determine the thickness 
and longitudinal wave velocity. The scanning of 
the receiving laser is carried out in the oblique 
transmission configuration to simultaneously cal-
culate longitudinal wave velocity and thickness. 
Several studies have conducted measurements of 
thickness, longitudinal wave velocity, and shear 
wave velocity, employing fitting techniques for 
Lamb wave dispersion curves propagated in thin 
materials [15, 16]. In our previous study [17], we 
successfully employed a combination of laser-
generated multiple wave modes in the thermo-
elastic regime to simultaneously determine the 
thickness and velocity of longitudinal and shear 
waves. By predetermining the ratio between the 
velocity of the skimming longitudinal waves and 
bulk longitudinal wave on the reference speci-
men, we have solved the system of Equations for 
the arrival time of the multiple signals appearing 
on a waveform based on their propagation wave 
paths applied in the plate plane. The limitation of 
this study is that it must use reference specimens, 
leading to errors in the calculation process. In ad-
dition, this study [17] is also subject to the same 
limitation as previous studies [13–16] in that the 
technique is only applicable to a plane plate. The 
influence of reflective slope surfaces on calcula-
tion has not been mentioned in these studies.

In this study, we propose a reliable method 
to simultaneously determine the thickness, slope, 
and ultrasonic wave velocity of a one-side slope 
plate made from aluminum alloy 6061 (AA6061). 
A specific study was conducted based on numeri-
cal simulation for a plane-structure model, allow-
ing the determination of the properties of skim-
ming longitudinal wave velocity propagated along 
the surface, depending on the distance between 
two laser beams. In addition, a proposed model 
was established to predict the velocity ratio of 
skimming longitudinal waves to bulk longitudi-
nal waves. This model enables the determination 
of the ratio based on the velocity of the skimming 
longitudinal wave obtained by scanning the gen-
erating laser along the surface of the slope speci-
men. To obtain the desired information, the sys-
tem of Equations for calculating the arrival times 
of multiple signals, including guided waves and 
bulk waves, expressed on a waveform and con-
sidering the slope of the back surface, is solved. 
To assess the proposed method, five specimens 
with slopes ranging from 0% to 2% were used for 
ultrasonic testing. This study also evaluated the 
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influence of the ultrasonic source size, generated 
by the Gaussian laser, on the results.

THEORY AND NUMERICAL SIMULATION

Laser-generated ultrasound  
in the thermoelastic regime

The high-energy pulsed laser beam irradi-
ates the surface of the material, causing partial 
absorption of the energy and subsequent rapid 
local heating. This increase in temperature leads 
to the thermal expansion of the material and the 
generation of stress waves due to sudden volume 
changes. These stress waves propagate away 
from the laser-irradiated spot as ultrasonic waves. 
This process is theoretically described based on 
the utilization of heat conduction and thermoelas-
tic displacement Equations [18, 19]. These Equa-
tions can be expressed in a cylindrical coordinate 
system as follows:
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where: T(r,z,t) – temperature distribution at time 
t, r – radial direction, z – cylindrical axis, 
ρ – density, c(T) – temperature-dependent 
specific heat capacity, k(T) – temperature-
dependent thermal conductivity.

The displacement coupled with thermal ex-
pansion for isotropic material can be expressed 
as follows:
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where: U(r,z,t) – time-dependent displacement, 
α(T) – temperature-dependent thermal 
expansion coefficient, λ (Lamé’s first pa-
rameter) and µ (Lamé’s second param-
eter) – Lamé constants. 

Because the laser spot on the surface of the 
material is a Gaussian beam considered as a disk 
source, an axisymmetric model is established. Fig. 
1a depicts this model, where H and W represent 
the thickness and half-width of the model, respec-
tively. The stress-free boundary condition is met 
on the surface of the model. In the thermoelastic 
regime, the laser heat source is commonly treated 

with heat flux at the excited surface. Therefore, 
the boundary conditions of the laser-excited sur-
face concerning surface radiation are described 
by the following Equation:
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where: I0 – incident laser power density, A – opti-
cal absorption, f(r) – spatial distribution 
of laser, g(t) – temporal distributions of 
laser. In this case, these two functions can 
be written as:
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where: r0 – radius of the laser beam when the in-
tensity drops to 1/e of its maximum inten-
sity, t0 – arrival time of peak value.

The boundary condition applied for the back 
surface and side surface is:
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The initial condition of the temperature field is:
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In the numerical model, the temperature-de-
pendent material properties of AA 6061 [20] were 
utilized. An axisymmetric model with dimen-
sions of H = 10 mm and W = 24 mm was estab-
lished. Laser properties, including the temporal 
distribution and spatial distribution, were deter-
mined by the experiment. Figure 1b describes the 
temporal distribution for the laser measured by 
the photodetector. The fitting curve to Equation 5 
of the experimental data was used as the ampli-
tude of the surface heat flux in the simulation. In 
Fig. 1c, the spatial distribution of the laser spot 
was measured using the technique described by 
Magnes [21]. The Gaussian profile of the surface 
heat flux according to Equation 4 with a radius r0 
= 0.9 mm was employed in the simulation. The 
front surface of the model was fully illuminated 
by the laser, producing a surface heat flux mag-
nitude set at 6×1011 W/m2. The optical absorp-
tion of the laser by aluminum at a wavelength 
of 1064 nm was determined to be 0.06 [2]. The 
propagation of ultrasonic waves induced by the 
pulsed laser was simulated using the commercial 
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become apparent due to their different velocities. 
Indeed, at 1.1 µs, clear contours of bulk waves (P 
and S waves) and guide waves (sP and R waves) 
are observed. Upon reaching the back surface, P 
and S waves produce both reflected and mode-
converted waves. Specifically, the presence of the 
first reflected longitudinal wave (2P) and mode-
converted shear wave (1P1S) is observed at 2 µs. 
Similarly, at 3.7 µs, the S wave reflects as the first 
reflected shear wave (2S) and mode-converted 
longitudinal wave (1S1P). By 4.7 µs, as 1S1P and 
1P1S approach the front surface, the intensity of 
1S1P notably surpasses that of 1P1S. Hence, the 
displacement velocity of the node on the surface 
resulting from the mode-converted wave is pre-
dominantly contributed by the 1S1P. The 2S is 
the last reflected wave backs to the front surface 
during the observed period.

Figure 2b and Figure 2c depict the wavefronts 
of the P and S, respectively. The wavefronts are 
characterized by a quarter-circle shape represent-
ing a spherical wavefront, along with a section 
extending parallel to the front surface denoting 
the flat wavefront. The simulated results are con-
sistent with the Huygens principle, which consid-
ers the ultrasound source to be a plane disk source 
formed by a combination of point sources with 
the boundary gathered by the centre of the spheri-
cal wavefront. Every point in the source can be 

ABAQUS software, employing the explicit mod-
ule of dynamic, temperature-displacement analy-
sis. A mesh convergence study was conducted to 
assess the mesh size based on the criteria of tem-
perature of the front center node and the veloci-
ties of longitudinal wave and skimming longitu-
dinal wave. In Figure 1d, a proper mesh design 
with a minimum element size of 1 μm gradually 
increases to a maximum element size of 5 μm 
was applied to an area measuring 1×1 mm, cor-
responding to the laser spot radius of around 1 
mm, while a mesh size of 5 μm was utilized for 
the remaining section of the model.

Simulated results

Figure 2 presents a contour plot depicting 
the magnitude of the displacement velocity ex-
tracted from simulated results at sequential times, 
illustrating the propagation of ultrasonic waves. 
The bulk longitudinal and shear waves are de-
noted as P and S waves, respectively. The guided 
wave, inclusive of the Rayleigh wave and skim-
ming longitudinal wave, is denoted as R and sP, 
respectively. At 0.2 µs, as the P wave begins to 
separate from the other waves, the S wave blends 
with the guided waves in the local region irradi-
ated by the laser, making it difficult to distinguish 
them. As time progresses, distinct wave modes 

Figure 1. (a) Numerical model to simulate the laser-generated ultrasonic wave in the thermoelastic 
regime, (b) laser temporal distribution, (c) laser spatial distribution, (d) mesh design
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considered as a point source that produces spheri-
cal waves in an ideal isotropic medium. The inter-
ference of multiple wavefronts originating from 
the points on the plane disk source generates the 
propagation of the wavefronts with the shape il-
lustrated in Figure 2b and Figure 2c. Consider-
ing the concept of ray tracing in the application 
of ultrasonic technique, the incident and reflected 
waves can be treated as multiple individual ray 
paths originating from the point source. There-
fore, the displacement velocity of the node on the 
surface caused by each wave mode in the time do-
main is considered an interference of the signals 
generated by these point sources. Achenbach [22] 
theoretically explained the propagation of surface 
waves at the thermoelastic regime by consider-
ing the ultrasonic source as a plane disk source. 
However, the appearance and propagation of sP 
wave with velocity close to P wave has not been 
mentioned in this study. 

Figure 3a presents the time-position images 
showing the normalized intensity of displacement 
velocity normal to the surface, derived from sev-
eral points located along the front surface from 
the simulation, with the increment space of 0.1 
mm. When changing the radial distance, the sig-
nals of sP, R, 2P, 1S1P and 2S are shown by con-
tinuous curves. It is clearly shown that the arrival 
time of sP has a linear relationship with the radial 
distance. In the simulation, the laser irradiates the 
entire surface, with intensity decreasing as the ra-
dial distance increases. However, in Fig. 3a, the 
intersection point of the sP curve with the verti-
cal axis is non-zero, suggesting that the sP sig-
nal emerges suddenly at a location other than the 
center of the source on the surface. This behav-
ior aligns with that of a disk source, as discussed 
above. The edge of the ultrasonic disk source, 
with a radius of R0, acts as the starting point of 
the sP wave. Figure 3b shows that the signals of 

Figure 2. Wave propagation in the thermoelastic regime
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different wave modes in the time domain do not 
overlap when the radial distance of the inspection 
point varies between 4 and 8 mm. When the radial 
distance is 2 mm, the tail of the sP wave is over-
lapped by the beginning of the R wave. In addition, 
the order of signal appearance is sP, R, 2P, 1S1P, 
and 2S, respectively, simplifying signal detection 
in the time domain without the need for complex 
identification methods such as frequency analysis.

In this study, we utilized numerical simulation 
to determine the characteristics of the propaga-
tion velocity of laser-generated ultrasound waves. 
The velocity of the sP (CsP) was proved to depend 
on the Poisson’s ratio [23] or the frequency of 
its signal [24]. Specifically, CsP was found to be 

less than CP when the Poisson’s ratio is greater 
than 0.26 [23, 25], and conversely, when the Pois-
son ratio is less than 0.26, CsP was assumed to be 
equal to CP [24, 25]. The above studies also do 
not propose a specific formula to calculate CsP. In-
stead, a straightforward method for determining 
the phase velocity of sP involves comparing the 
signals of these waves at two distinct locations. 
Our study evaluated the relationship between the 
phase velocity of the sP wave and the radial dis-
tance of the inspection point located on the sur-
face, as depicted in Figure 1d. The data from the 
time-position image in Figure 3a was utilized to 
extract the waveform at various inspection points. 
By comparing the time difference between the 

Figure 3. (a) Time-position image of the normalized displacement velocity obtained 
from simulation; (b) simulated waveforms extracted from time-position image

Figure 4. Phase velocity of skimming longitudinal wave depending on the radial distance
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peaks of two successive sP signals with a spacing 
of 0.1 mm, the phase velocity was determined. 
Figure 4 describes the results of phase velocity of 
sP wave obtained at various inspection points de-
pending on the radial distance. Table 1 provides 
a summary of the results of fitting discrete data 
with the formula shown in Figure 4. The coeffi-
cient of determination R2 = 0.8996 closes to 1 and 
the root mean square deviation (RMSD) of 55.65 
shows the good fitting results. The fitting curve 
demonstrated that when the inspection point is 
close to the source, the velocity of sP is lower 
compared to distances far from the source. This 
is explained by the tail of sP signal being over-
lapped by the beginning of R signal, resulting in 
a change in the slope of the rising part of the sP 
signal. As this distance gradually increases, spe-
cifically beyond 4 mm, the sP signal begins to 
separate from the R signal, and the velocity of the 
sP can be considered constant. On the other hand, 
the phase velocities of the P (CP) and S (CS) were 
theoretically calculated from the elastic modulus, 
Poisson’s ratio, and density of the material [2]. 
Therefore, the velocities of these two waves were 
considered constants depending on the proper-
ties of the material. Hence, the CsP/CP ratio can 
be considered constant at the inspection point far 
from the source. This conclusion has significant 

implications for combining sP waves and P 
waves to extract crucial material properties. 

Dung [17] used an experimental method to 
determine CsP and CP on reference specimens cut 
from the same ingot made of AA 6061, then the 
CsP/CP ratio was estimated as 0.95 ± 0.01. This 
method reveals a major drawback when it can-
not be applied directly to specific specimens. In 
this study, the numerical method was utilized to 
deduce the constant ratio of CsP/CP at the radial 
distance exceeding 4 mm. A total of 30 numerical 
models were used to derive the CsP/CP ratio for 
AA 6061 material, with the elastic modulus vary-
ing between 69 GPa and 72 GPa in 1 GPa incre-
ments, Poisson’s ratio varying from 0.30 to 0.35 
with an increment of 0.01, while the density and 
thermal properties remained unchanged. Figure 
5 shows a linear relationship between CsP/CP ra-
tio and CsP. Table 2 summarizes the results of the 
least square fitting, demonstrating that the predic-
tion model has a good linear fit with R² of 0.8725 
and the RMSD of 0.002. In conclusion, since the 
sP wave propagates along the surface of the ob-
ject and is not influenced by reflected waves from 
the back surface, as illustrated in Figure 3a, the 
prediction model based on the simulation of a 
plane plate can be effectively applied to a sloped 
plate. This approach allows for the determination 

Table 1. Summary of least square fitting results for phase velocity of skimming longitudinal wave depending on 
the radial distance
Coefficients (with 95% confidence bounds) Goodness of fit

a1 b1 SSE R2 R2(adj) RMSD

3.04±0.24 6041.45±62.91 1.76×10-6 0.8996 0.8034 55.65

Figure 5. Prediction model to determine the ratio between velocities of skimming 
longitudinal wave and bulk longitudinal wave for AA 6061
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of the CsP/CP ratio through the CsP obtained by 
scanning the generating laser directly on the sur-
face of the sloping specimen whose thickness is 
to be determined.

METHOD FOR SIMULTANEOUS 
MEASUREMENT

Principle of method

In this study, a new method is proposed to 
simultaneously determine the thickness, ultra-
sonic wave velocity, considering the slope of the 
slope plate. The proposed method was based on 
determining the arrival time of different signals 
appearing on a waveform when separating the 
generating laser (GL) and receiving laser (RL), 
including the 2S, 2P, 1S1P, and sP signals. Fig-
ure 6 illustrates the propagation path of multiple 
ultrasonic waves when the RL is perpendicular to 
the front plane of the slope plate and the GL is on 
the left side. L c is the separated distance between 
the center of two laser spots. H1 is the thickness at 
the location of the RL spot, and H2 is the thickness 
at the location of the GL spot. The back surface 
of the specimen has a slope of a = tanγ , where a 
positive value indicates that H2 is greater than H1, 
and vice versa. In Figure 6a, θ is the incident and 
reflected angles of the 2S wave and 2P wave. In 
Figure 6b, α and β are the incident angle and the 
reflected angle of 1S1P wave, respectively. Con-
sidering the GL spot is the point source generated 

ultrasonic wave, the travel distance of multiple 
wave modes can be calculated using the geomet-
rical relationship.

The arrival time of 2S and 2P waves propa-
gated in the medium corresponding to their prop-
agation paths described in Fig. 6a considering the 
slope of reflected surface, namely, t2P and t2S are 
expressed in the following Equations:

 

1 
 

 

 

𝜌𝜌𝜌𝜌(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑡𝑡 = 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑡𝑡 (𝑟𝑟𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑟𝑟 ) + 

+ 𝜕𝜕
𝜕𝜕𝑧𝑧 (𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 ) 

 
 
 
 
 

(1) 

 
 

 

(𝜆𝜆 + 𝜇𝜇)𝛻𝛻(𝛻𝛻 ⋅ 𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)) + 𝜇𝜇𝛻𝛻2𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡) − 

− 𝛼𝛼(𝑇𝑇)(3𝜆𝜆 + 2𝜇𝜇)𝛻𝛻𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡) = 𝜌𝜌 𝜕𝜕2𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕2𝑡𝑡  

 
 
 
 

(2) 

 

 
−𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 |
𝑧𝑧=0

= 𝐴𝐴𝐼𝐼0𝑓𝑓(𝑟𝑟)𝑔𝑔(𝑡𝑡) 

 
 

(3) 

 

 𝑓𝑓(𝑟𝑟) = 𝑒𝑒
(−𝑟𝑟2

𝑟𝑟0
2)

 
(4) 

 

 
 
 

𝑔𝑔(𝑡𝑡) = ( 𝑡𝑡
𝑡𝑡0

)
4

𝑒𝑒4(1− 𝑡𝑡
𝑡𝑡0

) 

 
 

(5) 

 

 𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑧𝑧 |

𝑧𝑧=𝐻𝐻
= 𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 |
𝑟𝑟=𝑊𝑊

= 0 (6) 

 
 
 𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)|𝑡𝑡=0 = 300 𝐾𝐾 (7) 

 

 𝑡𝑡2𝑃𝑃 =
√𝐿𝐿𝑐𝑐2 + (2𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐)2

𝐶𝐶𝑃𝑃

1
√1 + 𝑎𝑎2 (8) 

 𝑡𝑡2𝑆𝑆 =
√𝐿𝐿𝑐𝑐2 + (2𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐)2

𝐶𝐶𝑆𝑆

1
√1 + 𝑎𝑎2 (9) 

 

 (8)

 

1 
 

 

 

𝜌𝜌𝜌𝜌(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑡𝑡 = 1

𝑟𝑟
𝜕𝜕
𝜕𝜕𝑡𝑡 (𝑟𝑟𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑟𝑟 ) + 

+ 𝜕𝜕
𝜕𝜕𝑧𝑧 (𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 ) 

 
 
 
 
 

(1) 

 
 

 

(𝜆𝜆 + 𝜇𝜇)𝛻𝛻(𝛻𝛻 ⋅ 𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)) + 𝜇𝜇𝛻𝛻2𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡) − 

− 𝛼𝛼(𝑇𝑇)(3𝜆𝜆 + 2𝜇𝜇)𝛻𝛻𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡) = 𝜌𝜌 𝜕𝜕2𝑈𝑈(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕2𝑡𝑡  

 
 
 
 

(2) 

 

 
−𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 |
𝑧𝑧=0

= 𝐴𝐴𝐼𝐼0𝑓𝑓(𝑟𝑟)𝑔𝑔(𝑡𝑡) 

 
 

(3) 

 

 𝑓𝑓(𝑟𝑟) = 𝑒𝑒
(−𝑟𝑟2

𝑟𝑟0
2)

 
(4) 

 

 
 
 

𝑔𝑔(𝑡𝑡) = ( 𝑡𝑡
𝑡𝑡0

)
4

𝑒𝑒4(1− 𝑡𝑡
𝑡𝑡0

) 

 
 

(5) 

 

 𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)
𝜕𝜕𝑧𝑧 |

𝑧𝑧=𝐻𝐻
= 𝑟𝑟(𝑇𝑇) 𝜕𝜕𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)

𝜕𝜕𝑧𝑧 |
𝑟𝑟=𝑊𝑊

= 0 (6) 

 
 
 𝑇𝑇(𝑟𝑟, 𝑧𝑧, 𝑡𝑡)|𝑡𝑡=0 = 300 𝐾𝐾 (7) 

 

 𝑡𝑡2𝑃𝑃 =
√𝐿𝐿𝑐𝑐2 + (2𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐)2

𝐶𝐶𝑃𝑃

1
√1 + 𝑎𝑎2 (8) 

 𝑡𝑡2𝑆𝑆 =
√𝐿𝐿𝑐𝑐2 + (2𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐)2

𝐶𝐶𝑆𝑆

1
√1 + 𝑎𝑎2 (9) 

 

 (9)

where: CS – velocity of S wave, CP – velocity of P 
wave.

The ratio between CS/CP can be estimated 
from Equation 8 and Equation 9 as follows:

 

1 
 

 

 
𝐶𝐶𝑆𝑆
𝐶𝐶𝑃𝑃

= 𝑡𝑡2𝑃𝑃
𝑡𝑡2𝑆𝑆

 (1) 

 
 

 𝑡𝑡1𝑆𝑆1𝑃𝑃 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐
𝐶𝐶𝑆𝑆cos𝛼𝛼

+ 𝐻𝐻1
𝐶𝐶𝑃𝑃cos𝛽𝛽

) 1
√1 + 𝑎𝑎2

 (2) 

 

 
sin𝛼𝛼
sin𝛽𝛽 = 𝐶𝐶𝑆𝑆

𝐶𝐶𝑃𝑃
 (3) 

 𝐿𝐿𝑐𝑐 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐) 𝑡𝑡𝑎𝑎𝑡𝑡 𝛼𝛼 + 𝐻𝐻1 𝑡𝑡𝑎𝑎𝑡𝑡 𝛽𝛽 (4) 
 

 𝑡𝑡𝑠𝑠𝑃𝑃 =
1
𝐶𝐶𝑠𝑠𝑃𝑃

𝐿𝐿𝑐𝑐 = (𝐶𝐶𝑠𝑠𝑃𝑃𝐶𝐶𝑃𝑃
)
−1 𝐿𝐿𝑐𝑐
𝐶𝐶𝑃𝑃

 (5) 

 

 𝐿𝐿𝑐𝑐 = 𝐶𝐶𝑠𝑠𝑃𝑃𝑡𝑡𝑠𝑠𝑃𝑃 + 𝑅𝑅0 (6) 

 

 %𝑎𝑎 = 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚
𝐿𝐿𝑆𝑆

100% (7) 

 
 

 𝐶𝐶𝑃𝑃 = √ 𝐸𝐸(1 − 𝜈𝜈)
𝜌𝜌(1 + 𝜈𝜈)(1 − 2𝜈𝜈) 

(8) 

 
   

 𝐶𝐶𝑆𝑆 = √ 𝐸𝐸
2𝜌𝜌(1 + 𝜈𝜈) (9) 

 

 (10)

The arrival time of 1S1P wave corresponding 
to its propagation paths described in Figure 6b 
considering the slope of reflected surface, name-
ly, t1S1P is expressed in the following Equations 

 

1 
 

 

 
𝐶𝐶𝑆𝑆
𝐶𝐶𝑃𝑃

= 𝑡𝑡2𝑃𝑃
𝑡𝑡2𝑆𝑆

 (1) 

 
 

 𝑡𝑡1𝑆𝑆1𝑃𝑃 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐
𝐶𝐶𝑆𝑆cos𝛼𝛼

+ 𝐻𝐻1
𝐶𝐶𝑃𝑃cos𝛽𝛽

) 1
√1 + 𝑎𝑎2

 (2) 

 

 
sin𝛼𝛼
sin𝛽𝛽 = 𝐶𝐶𝑆𝑆

𝐶𝐶𝑃𝑃
 (3) 

 𝐿𝐿𝑐𝑐 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐) 𝑡𝑡𝑎𝑎𝑡𝑡 𝛼𝛼 + 𝐻𝐻1 𝑡𝑡𝑎𝑎𝑡𝑡 𝛽𝛽 (4) 
 

 𝑡𝑡𝑠𝑠𝑃𝑃 =
1
𝐶𝐶𝑠𝑠𝑃𝑃

𝐿𝐿𝑐𝑐 = (𝐶𝐶𝑠𝑠𝑃𝑃𝐶𝐶𝑃𝑃
)
−1 𝐿𝐿𝑐𝑐
𝐶𝐶𝑃𝑃

 (5) 

 

 𝐿𝐿𝑐𝑐 = 𝐶𝐶𝑠𝑠𝑃𝑃𝑡𝑡𝑠𝑠𝑃𝑃 + 𝑅𝑅0 (6) 

 

 %𝑎𝑎 = 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚
𝐿𝐿𝑆𝑆

100% (7) 

 
 

 𝐶𝐶𝑃𝑃 = √ 𝐸𝐸(1 − 𝜈𝜈)
𝜌𝜌(1 + 𝜈𝜈)(1 − 2𝜈𝜈) 

(8) 

 
   

 𝐶𝐶𝑆𝑆 = √ 𝐸𝐸
2𝜌𝜌(1 + 𝜈𝜈) (9) 

 

 (11)

In the case of conversion mode, the ultrasonic 
wave from the angle propagation is reflected at 

Table 2. Summary of least square fitting results of prediction mode
Coefficients (with 95% confidence bounds) Goodness of fit

a2 b2 SSE R2 R2(adj) RMSD

-0.0232±0.0022 1.0885±0.0093 0.106×10-3 0.8725 0.8544 0.002

Figure 6. Propagation wave paths to determine the travel distance of multiple wave modes: 
(a) reflected waves, (b) mode-converted waves, (c) skimming longitudinal wave
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the interface between material and air in accor-
dance with Snell’s law:

 

1 
 

 

 
𝐶𝐶𝑆𝑆
𝐶𝐶𝑃𝑃

= 𝑡𝑡2𝑃𝑃
𝑡𝑡2𝑆𝑆

 (1) 

 
 

 𝑡𝑡1𝑆𝑆1𝑃𝑃 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐
𝐶𝐶𝑆𝑆cos𝛼𝛼

+ 𝐻𝐻1
𝐶𝐶𝑃𝑃cos𝛽𝛽

) 1
√1 + 𝑎𝑎2

 (2) 

 

 
sin𝛼𝛼
sin𝛽𝛽 = 𝐶𝐶𝑆𝑆

𝐶𝐶𝑃𝑃
 (3) 

 𝐿𝐿𝑐𝑐 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐) 𝑡𝑡𝑎𝑎𝑡𝑡 𝛼𝛼 + 𝐻𝐻1 𝑡𝑡𝑎𝑎𝑡𝑡 𝛽𝛽 (4) 
 

 𝑡𝑡𝑠𝑠𝑃𝑃 =
1
𝐶𝐶𝑠𝑠𝑃𝑃

𝐿𝐿𝑐𝑐 = (𝐶𝐶𝑠𝑠𝑃𝑃𝐶𝐶𝑃𝑃
)
−1 𝐿𝐿𝑐𝑐
𝐶𝐶𝑃𝑃

 (5) 

 

 𝐿𝐿𝑐𝑐 = 𝐶𝐶𝑠𝑠𝑃𝑃𝑡𝑡𝑠𝑠𝑃𝑃 + 𝑅𝑅0 (6) 

 

 %𝑎𝑎 = 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚
𝐿𝐿𝑆𝑆

100% (7) 

 
 

 𝐶𝐶𝑃𝑃 = √ 𝐸𝐸(1 − 𝜈𝜈)
𝜌𝜌(1 + 𝜈𝜈)(1 − 2𝜈𝜈) 

(8) 

 
   

 𝐶𝐶𝑆𝑆 = √ 𝐸𝐸
2𝜌𝜌(1 + 𝜈𝜈) (9) 

 

 (12)

 

1 
 

 

 
𝐶𝐶𝑆𝑆
𝐶𝐶𝑃𝑃

= 𝑡𝑡2𝑃𝑃
𝑡𝑡2𝑆𝑆

 (1) 

 
 

 𝑡𝑡1𝑆𝑆1𝑃𝑃 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐
𝐶𝐶𝑆𝑆cos𝛼𝛼

+ 𝐻𝐻1
𝐶𝐶𝑃𝑃cos𝛽𝛽

) 1
√1 + 𝑎𝑎2

 (2) 

 

 
sin𝛼𝛼
sin𝛽𝛽 = 𝐶𝐶𝑆𝑆

𝐶𝐶𝑃𝑃
 (3) 

 𝐿𝐿𝑐𝑐 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐) 𝑡𝑡𝑎𝑎𝑡𝑡 𝛼𝛼 + 𝐻𝐻1 𝑡𝑡𝑎𝑎𝑡𝑡 𝛽𝛽 (4) 
 

 𝑡𝑡𝑠𝑠𝑃𝑃 =
1
𝐶𝐶𝑠𝑠𝑃𝑃

𝐿𝐿𝑐𝑐 = (𝐶𝐶𝑠𝑠𝑃𝑃𝐶𝐶𝑃𝑃
)
−1 𝐿𝐿𝑐𝑐
𝐶𝐶𝑃𝑃

 (5) 

 

 𝐿𝐿𝑐𝑐 = 𝐶𝐶𝑠𝑠𝑃𝑃𝑡𝑡𝑠𝑠𝑃𝑃 + 𝑅𝑅0 (6) 

 

 %𝑎𝑎 = 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚
𝐿𝐿𝑆𝑆

100% (7) 

 
 

 𝐶𝐶𝑃𝑃 = √ 𝐸𝐸(1 − 𝜈𝜈)
𝜌𝜌(1 + 𝜈𝜈)(1 − 2𝜈𝜈) 

(8) 

 
   

 𝐶𝐶𝑆𝑆 = √ 𝐸𝐸
2𝜌𝜌(1 + 𝜈𝜈) (9) 

 

 (13)
The arrival time of sP wave propagated along 

the front surface corresponding to its propagation 
paths described in Fig. 6c, namely, tsP is expressed 
in the following Equations:

 

1 
 

 

 
𝐶𝐶𝑆𝑆
𝐶𝐶𝑃𝑃

= 𝑡𝑡2𝑃𝑃
𝑡𝑡2𝑆𝑆

 (1) 

 
 

 𝑡𝑡1𝑆𝑆1𝑃𝑃 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐
𝐶𝐶𝑆𝑆cos𝛼𝛼

+ 𝐻𝐻1
𝐶𝐶𝑃𝑃cos𝛽𝛽

) 1
√1 + 𝑎𝑎2

 (2) 

 

 
sin𝛼𝛼
sin𝛽𝛽 = 𝐶𝐶𝑆𝑆

𝐶𝐶𝑃𝑃
 (3) 

 𝐿𝐿𝑐𝑐 = (𝐻𝐻1 + 𝑎𝑎𝐿𝐿𝑐𝑐) 𝑡𝑡𝑎𝑎𝑡𝑡 𝛼𝛼 + 𝐻𝐻1 𝑡𝑡𝑎𝑎𝑡𝑡 𝛽𝛽 (4) 
 

 𝑡𝑡𝑠𝑠𝑃𝑃 =
1
𝐶𝐶𝑠𝑠𝑃𝑃

𝐿𝐿𝑐𝑐 = (𝐶𝐶𝑠𝑠𝑃𝑃𝐶𝐶𝑃𝑃
)
−1 𝐿𝐿𝑐𝑐
𝐶𝐶𝑃𝑃

 (5) 

 

 𝐿𝐿𝑐𝑐 = 𝐶𝐶𝑠𝑠𝑃𝑃𝑡𝑡𝑠𝑠𝑃𝑃 + 𝑅𝑅0 (6) 

 

 %𝑎𝑎 = 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚 − 𝐻𝐻𝑚𝑚𝑚𝑚𝑚𝑚
𝐿𝐿𝑆𝑆

100% (7) 

 
 

 𝐶𝐶𝑃𝑃 = √ 𝐸𝐸(1 − 𝜈𝜈)
𝜌𝜌(1 + 𝜈𝜈)(1 − 2𝜈𝜈) 

(8) 

 
   

 𝐶𝐶𝑆𝑆 = √ 𝐸𝐸
2𝜌𝜌(1 + 𝜈𝜈) (9) 

 

 (14)

where: CsP – velocity of sP wave.

As discussed in the simulated result, multiple 
wave modes can be acquired separately at a prop-
erly separated distance between the GL and RL. 
Figure 7 presents the typical experimental wave-
form obtained on the slope plate where the signals 
sP, 2P, 1S1P, and 2S have appeared sequentially. 
Therefore, the arrival time of each signal was de-
termined using the difference in time between the 
onset of the photodetector signal and the onset of 
the signal on the time domain [17]. 

An important note drawn from the simulated 
results in Figure 3a shows that the sP wave is 
considered to originate from the edge of the disk 
source excited by the Gaussian laser. Therefore, 
the influence of the disk source radius, R0, needs 
to be considered in the calculations because the 
above Equations established for the point source 
may lead to errors. Figure 8 schematically illus-
trates the influence of the ultrasonic disk source 
on calculating the travel distance of multiple 
wave modes where the ultrasonic disk source is 

considered as the combination of multiple point 
sources. To evaluate the influence of the radius of 
the ultrasonic disk source on the calculations, three 
cases were implemented to estimate the travel dis-
tances, thereby validating the proposed method.
 • Case 1 – R0 is considered for tsP, but not for t2P, 

t2S, and t1S1P;
 • Case 2 – R0 is considered for tsP, t2P, t2S, and 

t1S1P;
 • Case 3 – R0 is not considered for tsP, t2P, t2S, 

and t1S1P.

Finally, if the CsP/CP ratio is considered a 
known parameter, hence the system of six Equa-
tions from Equation 9 to Equation 14 can be 
solved using the Generalized reduction gradient 
nonlinear solving method, which gives the six so-
lutions H1, a, CP, CS, α, and β (reflected angle of 
mode-converted longitudinal wave). The method 
to determine the CsP/CP ratio and R0 in the experi-
ment will be described in the next Section.

Determine CsP/CP and R0 by scanning 
the generating laser

To address the limitation of relying on a ref-
erence specimen for determining the CsP/CP ratio 
[17], the proposed method utilizes the predic-
tion model depicted in Figure. 5. This model en-
ables predicting this ratio using the CsP obtained 
through scanning GL on the surface of the speci-
men before conducting the collection of data for 
simultaneous measurement. Equation 15 was es-
tablished to describe the linear relationship be-
tween propagation distance and the arrival time 
of sP signal:

Figure 7. Arrival time determined on typical waveform based on the onset detection
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where: CsP  – velocity of sP wave in km/s, R0 – 
radius of ultrasonic disk source in mm as 
depicted in Figure 8.

The arrival time of the sP signal, tsP, which 
corresponds to the separated distance, Lc, is ex-
tracted from scanning results. The least square 
technique is utilized to fit the sets (tsP, Lc) to Equa-
tion 15. Therefore, the slope and intercept of lin-
ear fitting curve represent the values of CsP and 
R0. As discussed above, at the separated distance 
of RL far from the GL, the phase velocity of the 
sP and CsP/CP ratio are assumed to be constant. 
Therefore, the fitting technique was carried out 
with a separated distance exceeding 4 mm.

SPECIMENS AND EXPERIMENTS

Specimens

Five specimens cut from an ingot made by 
Aluminum alloy 6061-T651 (according to JIS H 
4000 standard) were prepared. Table 3 presents 

the dimension of five specimens with Hmax almost 
constant of approximately 10 mm, while Hmin var-
ies is consistent with the change of slope angle. 
Here, Hmin and Hmax represent the minimum and 
maximum thickness of the specimen, respec-
tively, measured using a micrometer (Mitutoyo 
Corp., Japan) with a precision of 0.01 mm. The 
specimen width, LS, was measured using calipers 
(Mitutoyo Corp., Japan) with a precision of 0.02 
mm. The actual slope in percentage, %a, was cal-
culated according to the following formula:
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To validate the wave velocities measured by 
the proposed method, the elastic wave velocities 
were determined by theoretical calculations using 
Equation 17 and Equation 18 [2].
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Figure 8. Diagram illustrating the influence of the ultrasonic disk source on 
the calculation of the travel distance for multiple wave modes

Table 3. Dimension of specimens for laser ultrasonic testing
Sample Ls (mm) Hmax (mm) Hmin (mm) a (%) Cross-section of specimen

1 100.10±0.02 10.12±0.01 10.11±0.01 0.00±0.01

2 100.10±0.02 10.11±0.01 9.60±0.01 0.51±0.01

3 100.10±0.02 10.05±0.01 9.14±0.01 0.91±0.01

4 100.20±0.02 10.04±0.01 8.59±0.01 1.45±0.01

5 100.20±0.02 10.07±0.01 8.11±0.01 1.96±0.01
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where: E – Elastic modulus, v – Poisson’s ratio, 
ρ – density.

Elastic modulus and Poisson’s ratio were de-
termined via compression testing using a univer-
sal testing machine (UH-X/FX series, Shimadzu 
Corp., Japan) on specimens measuring 10 × 10 × 
18 mm, cut from the same ingot. In addition, the 
density was measured using Archimedes’ density 
measurement method. Therefore, the calculated 
values of CP and CS were 6263 ± 80 m/s and 3155 
± 40 m/s, respectively.

Experiments

In Figure 9a, the experimental setup incor-
porates a Q-switched pulsed Nd: YAG laser (the 
Ultra 50 Laser system from Quantel laser by Lu-
mibird Inc., USA). This pulsed laser has a wave-
length of 1064 nm with a repetition rate of 20 Hz, 
providing a maximum laser energy output of 50 
mJ. For detecting surface displacement induced 
by ultrasonic waves, an IOS AIR-1550-TWM la-
ser ultrasound receiver (Intelligent Optical Sys-
tems Inc., Torrance, California, USA) is utilized. 
This receiver employs the two-wave mixing meth-
od within an optical refractive crystal, offering a 
bandwidth of 125 MHz and a maximum power 
of 2 W. The receiver system comprises a continu-
ous laser operating at a wavelength of 1550 nm, 
along with a demodulator, a splitter module di-
viding the laser output into probe and reference 
beams, and a measured head. The signal was pro-
cessed through a differential circuit before being 
captured by the oscilloscope, resulting in a signal 
that is proportional to the displacement veloc-
ity of the inspection point normal to the surface. 

To precisely determine the initial time of the ul-
trasonic signal, a photodetector, specifically the 
EOT ET-2030 (Coherent Corp. USA), was em-
ployed to measure the intensity of the scattered 
laser from the front surface of the material. Signal 
conversion to digital format was carried out using 
a high-resolution oscilloscope, the GDS 2202A 
(Good Will Instrument Corp., Ltd., Taiwan), with 
a sampling rate of 2 ns at a time scale of 10 µs. 
Each signal was averaged 256 times to enhance 
its quality by reducing noise. A rotating mirror 
system (Newport Corp. Japan) was employed for 
adjusting the generating laser spot on the surface, 
consisting of a picomotor mirror mount con-
trolled by a picomotor controller kit via software 
installed on a computer.

Before testing, seven thickness measuring 
points were specified along the horizontal line on 
each specimen, as depicted in Figure 9b. The ini-
tial point for thickness measurement was set with a 
horizontal distance of 30 mm from the edge of the 
specimen to avoid the influence of the guide wave 
signal reflecting from this edge, with subsequent 
thickness measuring points spaced at intervals of 
10 mm. The specimen was carefully fixed on the 
manual translation stages, ensuring surface of the 
specimens is perpendicular to the receiving laser 
beam. The thickness measured by the proposed 
method represents the thickness of the specimen 
at the location of the receiving laser spot.

Initially, the experiment was performed by 
scanning the generating laser to determine the 
skimming longitudinal wave velocity and the 
radius of the ultrasonic disk source. By rotating 
the mirror, the picomotor control kit allows the 
generating laser spot to be incrementally shifted 
by 0.2 mm. The separated distance was adjusted 

Figure 9. (a) Schematic diagram of the experimental setup, (b) diagram illustrating 
the scanning line and thickness measuring points on the specimen
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from 0 mm to 10 mm. Subsequently, select the 
appropriate separated distance so that the signals 
of the sP, R, 2P, 1S1P, and 2S waves displayed 
on the oscilloscope do not overlap as the typical 
waveform depicted in Figure 7. Then, shift the 
specimen to the position where the RL focused on 
the thickness measuring point using the transla-
tion stage without altering the laser setup. Thirty 
measurements for each thickness measuring point 
were carried out to collect the waveform for data 
processing. Using the solving tool integrated in 
Microsoft Excel 365, the system of Equations 
was solved. The uncertainties of input quantities, 
which include tsP, t1S1P, t2S, Lc, and ratio CsP/CP as 
well as the combined standard uncertainties of 
output quantities, comprising H1, CP, CS, and %a 
were determined in accordance with the standard 
JCGM 100: 2008 [26]. 

EXPERIMENTAL RESULTS 
AND DISCUSSION

Calculation of CsP/CP and R0

Figure 10a displays the normalized intensity 
of the ultrasonic signal obtained from scanning 
the generating laser along the surface, presented 
as a time-position image. The sP wave shows an 
obvious linear relationship in the range of 4 to 8 
mm aligned with the simulated result shown in 
Figure 3a. Extracting waveforms at two separated 
distances of 4 mm and 8 mm, Figure 10b shows 
that the experimental waveforms displaying the 
sP and R signals are consistent with the simulation 
results, clearly indicating that the sP signal is not 

overlapped by the R signal. This shows the effec-
tiveness of the proposed numerical simulation for 
guided waves. In addition, this consistency sup-
ports the condition for fitting the sP curve from 
the experimental data in the range of scanning dis-
tance from 4 to 8 mm to deduce the constant value 
of CsP, as explained by the simulated results.

The discrete points (tsP, Lc) were then fitted 
with Equation 15 as depicted in Figure 11. Table 
4 summaries the least square fitting results that 
show the good linear fit with the high R2 of 0.9975 
and low RMSD of 0.02, yielding a slope of the 
linear fitting line as the CsP of 5.99 ± 0.05 km/s 
and the intercept as R0 of 0.90 ± 0.02 mm. Us-
ing the prediction model mentioned in Figure 5 
and Table 2, the CsP/CP ratio, determined from 
the CsP measured by the scanning technique, was 
rounded to three decimal places as 0.950 ± 0.015. 

Figure 10. Scanning results: (a) time-position image obtained from the experiment, 
(b) extracting the waveform at separated distances of 4 and 8 mm

Figure 11. Determination of the skimming 
longitudinal wave velocity (CsP) and 

radius of the ultrasonic disk source (R0) 
using the least square technique
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Table 4. Summary of least square fitting results to determine CsP and R0

Sample Ls (mm) Hmax (mm) Hmin (mm) a (%) Cross-section of specimen

1 100.10±0.02 10.12±0.01 10.11±0.01 0.00±0.01

2 100.10±0.02 10.11±0.01 9.60±0.01 0.51±0.01

3 100.10±0.02 10.05±0.01 9.14±0.01 0.91±0.01

4 100.20±0.02 10.04±0.01 8.59±0.01 1.45±0.01

5 100.20±0.02 10.07±0.01 8.11±0.01 1.96±0.01

The uncertainty of this ratio considered the un-
certainty of the prediction model and the CsP ob-
tained by fitting the scanning data. This ratio and 
the radius of the ultrasonic disk source were used 
in the proposed method to calculate the thickness, 
slope and wave velocities of the slope plates. 

Thickness, slope and wave 
velocities measurement

After determining the ratio CsP/CP and R0, 
the proposed method allows calculating the 
slope, thickness and ultrasonic wave velocity 
simultaneously by solving the system of Equa-
tions. To evaluate the feasibility of the proposed 
method, four specimens with slopes of 0.51%, 
0.91%, 1.45%, and 1.91% were employed, re-
spectively. Measurements were carried out at 

seven points located along the horizontal line 
on each specimen. The results of thickness and 
slope at the receiving laser spot are depicted in 
Figure 12 and Figure 13, respectively. It is clear 
to see in Figure 12 that the thickness calculation 
results in Case 1 and Case 2 agree well with the 
actual thickness for all specimens, while Case 
3 shows large errors compared with the actual 
thickness. Figure 13 shows the slope measure-
ment results of the proposed method, only Case 
1 consistently aligns with the actual slope for 
all specimens. The positive slope value aligns 
with the calculation assumptions. These findings 
underscore the importance of considering the 
influence of the radius of the ultrasonic source 
for accurately determining the travel time of the 
sP wave. Conversely, such consideration is un-
necessary when calculating the travel distance 

Figure 12. Thickness measurement for plates with the slope: (a) %a = 0.51; 
(b) %a = 0.91; (c) %a = 1.45; (d) %a = 1.96
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Figure 13. Slope measurement for plates with the slope: (a) %a = 0.51; 
(b) %a = 0.91; (c) %a = 1.45; (d) %a = 1.96

of bulk waves in the proposed method. This 
can be explained because the signal of the re-
flected waves obtained on the waveform is the 
interference of signals originating from point 
sources located on the disk plane source. Due 
to the symmetrical nature of the disk source, 
bulk waves should be considered starting from 
the center of the disk source. Therefore, the 
next evaluations are performed on the proposed 
method using Case 1. Then, RMSD between the 
actual parameters and calculated results was 
determined to evaluate the accuracy of the pro-
posed method. RMSD is depicted in Figure 12 
and Figure 13 for each specimen. The maximum 
RMSD of 0.076 mm for thickness measurement 
and 0.09% for slope measurement demonstrate 
the high accuracy of the proposed method, vali-
dating the effectiveness of the proposed method. 
Figure 12 and Figure 13 also show the combined 
standard uncertainty obtained at each measured 
point. The proposed method also demonstrates 
high precision, with an average uncertainty of 
thickness measurement of around 0.120 mm and 
slope measurement of around 0.40%.

Figure 14 proves the ability of the proposed 
method using Case 1 to determine the thickness 
and slope of the 10-mm-plane plate. The results 
were then compared with the technique mentioned 

by Dung [17] which just applies to plane plates. 
The comparison shows that the proposed method 
can be completely applied to the plane plate be-
cause these two methods show the same thickness 
and slope results as well as the uncertainty. The 
RMSD of the proposed method when determining 
the thickness and slope of the plane plate with an 
actual thickness of approximately 10 mm is about 
0.100 mm and 0.10%, respectively. In addition, 
the proposed method shows the uncertainty for 
thickness and slope measurement of around 0.140 
mm and 0.40% in this case.

Figure 15a and Figure 15b present the dis-
tribution of RMSD of thickness and slope mea-
surement depending on the change of the slope 
of the specimens determined using case 1. The 
maximum RMSD for thickness and slope mea-
surements is observed when applying the pro-
posed method to plane plate. The finding is that 
the RMSD of thickness measurement tend to de-
crease as the slope angle increases. This can be 
explained by considering the bulk wave to origi-
nate from a point source located at the center of 
the laser spot. Figure 15c illustrates discrepancies 
between the actual wavefront and the assumed 
wavefront used in the calculation. Consequently, 
when the slope changes, the error in calculating 
the travel distance changes, leading to a variation 
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Figure 14. Applying the proposed method for plane plate: (a) thickness measurement, (b) slope measurement

in thickness error. However, this variation can be 
considered negligible due to the acceptable range 
of RMSD, which remains between 0.046 mm and 
0.101 mm. Accordingly, the maximum RMSD 
of slope measurement can be accepted at around 
0.10%. Figure 16 compares the results of CP and 
CS with the theoretical calculation deduced from 
the elastic constant and density. RMSD of wave 
velocity measurements is 70 m/s for longitudinal 
wave and 20 m/s for shear wave, respectively. 

The greater error of CP is explained by the fact 
that CP was calculated by predicting the CsP/CP 
ratio through simulation. Compared with the 
method mentioned by Chen [14], which has a 
velocity measurement error of approximately 70 
m/s when calculating simultaneously with thick-
ness, the proposed method shows similar perfor-
mance. The combined standard uncertainties of 
the wave velocity measurements were calculated 
and shown in Figure 16. The uncertainties of the 

Figure 15. The RMSD of thickness and slope measurement depend on the slope of the 
specimen using Case 1: (a) thickness measurement, (b) slope measurement, (c) diagram 

to explain the error on travel distance that arises when slope increases

Figure 16. Comparison of velocity measurements to theoretical calculations
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longitudinal wave and shear wave velocities are 
approximately 90 m/s and 40 m/s, respectively, 
and do not vary significantly with changes in 
slope. This result shows that this measurement has 
precision equivalent to theoretical calculations.

CONCLUSIONS

In this work, a reliable method for calculating 
the thickness and slope without the knowledge of 
bulk wave velocity for slope plates is introduced 
and evaluated using the laser ultrasonic technique 
within the thermoelastic regime. The combination 
of multiple wave modes, including the skimming 
longitudinal wave, reflected waves, and mode-
converted waves, is used to extract the desired pa-
rameters by solving the system of Equations de-
termining the arrival time of the signals obtained 
on a waveform. The feasibility of the method 
was evaluated by experiments performed on five 
specimens made of AA 6061 with different slopes 
of 0 %, 0.51%, 0.91%, 1.45%, and 1.96%, respec-
tively. Some main results obtained are as follows:

The velocity of the skimming longitudinal 
wave is approximately 95% of the bulk longitu-
dinal wave velocity for aluminum material. To 
enhance the accuracy of calculations when com-
bining longitudinal and bulk waves to deduce the 
desired parameters, the prediction model estab-
lished using numerical methods allows this ratio 
to be estimated by using the skimming longitu-
dinal wave velocity obtained from scanning the 
surface of the specimen for thickness testing.

The ultrasonic source generated by the unfo-
cused laser is considered as the plane disk source 
in the calculation. Therefore, the skimming longi-
tudinal wave is proved to propagate from the edge 
of the disk source. In contrast, the bulk wave can 
be considered to originate from the center of the 
disk source.

The proposed method demonstrates high ac-
curacy with the maximum root mean square de-
viation compared to actual thickness and slope 
being around 0.100 mm and 0.10% when varying 
the slope in the range of 0 to 2%.

The root mean square deviation of velocity 
measurements compared to theoretical calcula-
tions is determined as 70 m/s for the longitudinal 
wave and 20 m/s for the shear wave, respectively.
Future research will involve testing the proposed 
method on a variety of materials to assess its 
practical feasibility.
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