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Abstract. In this paper, a problem of transverse free vibration of a double-nanobeam-
-system is considered. The nanobeams of the system are coupled by an arbitrary number
of translational springs. The solution of the problem by using the Green’s functions proper-
ties is obtained. A numerical example is presented.
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Introduction

The vibrational behaviour of nanostructures is very important in the design of
nanodevices applying in different fields of nanotechnology. The understanding
of effect of small scale on vibration of the nanostructures is of great significance to
the prediction of the vibrational behaviour of these nanostructures. Investigations
of vibrations of the nanostructures, particularly of the nanobeams, are the subject
of the papers [1-5].

Nonlocal theories for bending, buckling and vibration of nanobeams have been
presented by Reddy in work [1]. The equations of motion of the nanobeam
by using the nonlocal differential constitutive relations of Eringen are derived.
The Euler-Bernoulli, Thimoshenko, Reddy and Levinson beam theories were con-
sidered. The paper [2] by Aydogdu is devoted to the nonlocal theories of bending,
buckling and free vibrations of nanobeams. Besides the theories discussed by
Reddy [1], the author presents the Aydogdu beam theory. The vibration of a nonlo-
cal double-nanobeam-system is the subject of the paper [3] by Marmu and
Adhikari. The nanobeams of the system are connected by distributed transverse
springs. The presented investigation shows the small-scale effects in the free
vibration of the double-nanobeam-system subjected to an initial compressive
prestressed load.

The solution of the problems of free vibration of nanobeams can be obtained by
applying methods such as in the classical beam theories. Exact solutions of bend-
ing, natural vibration, and buckling of simply supported beams for the considered
theories were presented in the papers [1, 2]. Exact solution is also obtained to the
vibration problem of nonlocal double-nanobeam-system [3] assuming that the
nanobeams of the system are simply supported. Ansari et al. in the paper [4] to
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determine the fundamental frequencies of nanobeams used the compact difference
method. In work [5] to vibration analysis of Euler-Bernoulli nanobeams the finite
element method was used.

In the present paper, a solution to the free vibration problem of a system of two
Euler-Bernoulli nanobeams coupled by an arbitrary number of the discrete transla-
tional springs is presented. The solution is obtained by using the Green’s function
method.

1. Problem formulation

A sketch of the considered system of two nanobeams connected by n-discrete
translational springs is shown in Figure 1. The transverse vibrations of the nano-
beams are governed by the following equations [1, 2]:

ELw" (x.t)+ N, w(x,,1) + oAy (x,,1) Zk [wl (xll, ) w, (xz_/.,t)J5(x] —xl_/.)

Zk [wl (xu , ) wy (xzj,tﬂé'(xl - X, ) + (eoa)2 [plAlwl”(xl,t) + Nw,"” (xl,t)J
ey

n

ELw,"" (x,1)+ Ny wy (x,,0) + pydy 0y (x,.1) = ij [wl (xlj,t) - W, (xzj,t)}é‘(xz —xzj)
J=1
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—(eoa)2 ij [wl”(xlj ,t) - W) (xzj ,t)} 5(x2 =Xy, ) + (eoa)2 [pzsz'f/;' (x,.1)+ Nyw,"" (x, ,t)}
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Here w, denotes the transverse displacement, N, is the initial axial force, p, is the
mass density, £, is the modulus of elasticity, 4, is the area of cross-section of the
i-th nanobeam, &(-) denotes the Dirac delta function, x,, x, are axial positions
along the nanobeams, Xij Xy j=1,2...n are points of the nanobeams which are
joined by a j-th spring, e, is a constant appropriate to nanobeam material and a is
an internal characteristic size. Dots (') and primes (') denote partial derivatives
with respect to time ¢ and position coordinate x, respectively. When e;a =0, the
equations (1)-(2) are reduced to equations of classical model of the beams system
[3]. The functions w,(x,¢) satisfy the boundary conditions

2
1,(0,0) = aaf 0.1)=0;
X
" 3)
w, )
(L) = (L) =0 i=12
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Fig. 1. A sketch of the double-nanobeam-system

2. Solution of the problem

In order to find the natural frequencies of the double-nanobeams-system, one
assumes a solution of the problem in the form:

w, (x,t) =W, (x) cosowft  i=12 “4)
: . : : X, W,
where @ is the circular frequency. Introducing new variables: & :f’ , W, :7’

and W,.(x[):L[W[(@) into equations (1)-(2), after transformation, the following
non-dimensional equations are obtained:

I/Vlmr (érl ) n F_i VV]”(§1 ) . pQ4VV1 (51) — _%in |:/’lVV1 (51‘]- ) - W2 (4:21):|5(§1 - 51_1')
=
n (5)
wp YK (&) -3 (&) 6(6 &)
=

w," (§I ) + Fz Wz”(fz) —gr'Q'w, (§2) :qszzn:K.i [hW‘ (ét]‘,- ) -, (52./'”5(52 B fz-/)
—hqszﬂzin [Wl”(‘flj LU )Jﬁ(g‘z -&))

(6)
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] 1 4 pIAlL;‘ 2 = 54
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(1-4°F) -1’ n'F, E =(A )
r kL 12 3
E :(F2+,u2h2r4Q4)q, K, =-1, F,-:N’L’, =l h:ﬁ,szzElllep

o4 P AELL
T
oA ELL

The boundary conditions which are satisfied by the functions #, and W, follow
from equations (3)

(7

The solution of the boundary problem (5)-(7) can be determined by using
the Green’s function method [6]. The Green’s functions G,, which are necessary

in this problem, satisfy the differential equation

o'G. = 8°G,
T
¢ ¢

_;Li4Gf(§f):5(§i _77f) (8)

where 4, = Q{‘/; and 4, =r Q {‘/5 . Moreover, these functions hold the boundary

conditions:

0’G,
G, (0.7,)=—" =0 9)
08’ |. _,
0’G.
G,(L,.,qi): af,zl -0 (10)
! Si=L

The derivation of the Green’s functions is presented in section 4.
Using the properties of the Green’s functions, the solution of the boundary
problem (5)-(7) can be presented in the form [7, 8]:

m (‘fl) = _%Z":Kj [th (51])_Wz (gzjﬂq (élaflj)
) (an
+ pﬂzzK_/ [Wl”(ézlj ) - th"(szj ):|Gl (651 5651,,')

J=1



Frequency analysis of a double-nanobeam-system 27

W, (52) = qszi[{j [hW1 (51]) -W, (52]):|G2 (fzafzj)
j=1
‘ (12)
—hgq 32/12 ZK‘;‘ |:VVI”(§I_1') - thﬂ(fz_/ )JGz (6‘52 afz_/)
J=

Substituting & =¢&,,.& =&, (i=1,2,..n) into equations (11)-(12) and in the
second order derivative of the functions W (& )and W,(<,), we obtain a system of
equations

hw, (Cfn) = _pz": K, [hW1 (fl_/) -, (652_/)JG1 (511‘34:1‘1')
J=1
. (13)
+ hpﬂzsz |:VV1”(‘§1J‘ ) - thﬂ(é:Zj )JGI (‘fli’flf)

J=1

w, (‘fzz) :qSZZn:Kj [th (‘flj)_Wz (§2j):|G2 (éziafzj)
j=1
' (14)

—hq sy’ i K, |:VV1"(§U ) - th"(szj ):|G2 (szfacfz,f)

mo(a)=-L 3k [ (&) -1 (6,) |60 (604)
J=1
| ()
+ p/uz Z Kj [VVI,’(fl.i ) - hW2"(§2j ):|G1 "(6511'5651‘1')
J=1

hw, "(szf) =q hszz”:Kj |:hVVI (451,;‘ ) -, (652_/)JG2 "(6521»6&2,,‘)
=1
n (16)
g YK (8, -3 (8,) 6, (808,))
J=1

After substracting equations (15) and (16) from equations (13) and (14), respec-
tively, we have a system

hw, (511)_W2 (9521) :_ng[th (51])_W2 (52]):||:pG1 (gliﬂglj’)+qS2G2 (§2/=§2j):|

e YK [, ) -15(&,) || 6y (605,) +05°6, (.5,
J=1
(17)
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(6 (E) =2, [ (5,) -2 (6,)] 26 (608, )+ 00762 ()|

e 3 [t )-8, )| 26 )+ 0’6 (80|
=1
(18)

Next, substracting equation (18) from (17), we finally obtain the following system
of equations:

hv, (fli) -, (égzt) —hyt? |:VV1 "(511) —hWw, "(fzz )] =
—Zl AR AN IS ACH R A (19)

{[PG1 (511:951]) + qs2G2 (§2l=§2]’):| —hyt? |:%Gl "<§1[’§lj ) + th2G2 "(é:z/aé:zj )}}
for i=1,2,...,n. Assuming

U, =[10, (&) -, (&)= a8 - (5]
A[j _ |:pG1 (é:liﬂflj) + qS2G’2 (52[345” ):| _ /12 |:pG1 "(511’451]) + qh2S2G2 "(452/:52])}

we can write the system of equations (19) in the form

U :_ZK.I'U.I'AI:/ i=1,2,...,n

IE
This system of equations can be written in the matrix form

M+E)-U=0 (20)
where: M=K 4, |, 1<i.j<n , U=[U, U, Us ... U,]’

The non-trivial solutions of equation (20) exist for these Q, for which the
determinant of the matrix (M + E) vanished. This yields the frequency equation

det(M+E)=0 1)

Equation (21) is solved numerically. The roots Q,, k=1,2,... of this equation are
the nondimensional frequencies of the system.

3. The Green’s functions determination

The Green’s function G(¢£,77), as a solution of the boundary problem (8)-(10)
is found in the form [7] (index i is omitted)
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G(&.m) = G(S.m +Go(Sm) - H(S =) (22)

where H(& —n) is the Heaviside function. It can be shown that both functions G,
and G, satisfy the homogeneous differential equation:

G) —EGI+Q'G, =0 (23)

Moreover the function G, satisfies the conditions

GO x=¢£ = G(,) x=¢£ = G(;, x=¢£ =0 H G(;” x=¢£ =1 (24)
The solution of the boundary problem for G, is
Go(& -1y =—5——| Lsina(& - m)——shpE ) (25)
0 n az —|—ﬂ2 a n ﬂ n

where o = \/%(\/F[Z +4Q" E) and f = \/%(JF[Z +4Q* + E) . It results that the
general solution of differential equation (8) can be written in the form:
G(&-n)=C,cosaé +C,sinaé +C,chBé +Cshpeé+Gy(E—n)-H(E-n) (26)
The constants C,,C,,C; and C, are determined by using boundary conditions
Gl =Gl sy =0 27)

and

G‘::l =G

g1 =0 (28)

Using the boundary conditions (27) we find C, = C, =0. Therefore the function
G(&,7n7) has the form

G(§ —m) =Cysinag +Cysh S + Gy (S —m)- H(S 1) (29)

The constants C, and C, are determined by using boundary conditions (28). Finally,
the Green’s function is given by equation (29) where

C, = (G -&)- Gy (L-E)shpL)
C, = =N (GUL- &) -Gy (L - &)sinal)
w

w=(a*+ *)sinaLshSL
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4. Exemplary numerical results

The numerical results have been calculated for a system of two nanobeams of
identical length and the same physical properties. These nanobeams are connected
by two discrete springs and subjected to axial forces. The springs connect two
points &, =0.4 and &, =0.6 of the first nanobeam to the &, =0.4 and &,, =0.6
of the second nanobeam. Four different values of a nondimensional spring stiffness
coefficient in computation were assumed: K, =0.1; 1; 10; 100. The nanobeams
are compressed by axial dimensionless force F] = F, =0.2. For such a system four
dimensionless natural vibration frequencies as functions of parameter x were cal-
culated and these are plotted in Figure 2. The computations have been performed
by using the Maple package [9].
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Fig. 2. The first four dimensionless natural vibration frequencies as a function of 1
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The figure shows that as the parameter 4 increases, the frequencies decrease

for all values of spring stiffness considered. For the first frequency Q, the greatest
dependence of the spring stiffness is observed. When the nonlocal effects are
ignored (x =0) the above considerations revert to the classical model of the beam
theory (the frequencies Q;,i=1,...,4 on the Q) axis).

Conclusions

The Green function method was applied to solve the problem of transverse
vibration of double-nanobeam coupled by translational springs. Simply-supported
boundary conditions were employed in this study. It is observed that an increase of
the parameter characterized the nanobeams (nanobeam material and internal char-
acteristic size) causes a decrease of the frequencies of the nanobeam-system.
Although the number of coupling springs considered in the presented examples
was limited to two, the approach can be used to solve the problems of vibration
of systems consisting of many nanobeams and coupling springs.
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