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Abstract. The report presents a new model of linear elastodynamics of periodic compos-
ites. The study deals with a certain extension of the ideas yield tolerance modelling. In the
proposed model the displacement field is determined by an infinite number of unknowns.
This disappointment seems to be apparent in many cases of periodicity since the sequence
of tolerance shape functions used in the modelling procedure is not unique and opens
the possibility to control the model equations. It has been formulated and solved, within
the framework of the resulting model, the problem of independence short-term and long-term
perturbations by linearly elastic composite solid.
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1. Formulation of the problem

The subject of consideration is a periodic linearly elastic composite. Material
properties of the composite are described by the elastic modulus tensor represented
in the distinguished Carthesian coordinate system by A =(C,y,), i,/,k,[ =1,2,3,
and by mass density p, which are A-periodic fields with respect to the related
periodicity cell A — R". In the sequel A = diam(A) will be referred to as the micro-
structural parameter. The number of periodicity direction is denoted here by m
and hence m is an arbitrary positive integer less than 3. Denoting body forces
by b we can rewrite first type linear elasticity initial-boundary value problem by

pw -V (A[E])=b
:e&sza(zat) (1)

u(z,t)|,=0 =u,(2)

w=w(z,1?)

where

E= %(Vw +V'w) )
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To equations (1) the continuity condition for stresses of normal interfaces [’
between components should be attached. It will be formalized in the form

[q1(VW) =(n" AVW), —(n"AVW)_=0 3)

which should be satisfied almost everywhere in 7. In (2) indices “+“ and “—
identify different sides of interfaces between components.
Material properties of the linear elastic composite under consideration is de-

scribed by the stiffness modulus A =(Cyy,), 7, /,k,/=1,2,3, and the mass density
p=p(z), zeR. Fields Cjy =Cy,(x) and p=p(x) should be A-periodic with
respect to the distinguished periodicity cell A< R". Symbol xe R", m=12,
denotes here the orthogonal projection of z € R® onto the periodicity directions space
being a certain linear subspace of R’. At the same time y e R*™" describes direc-
tions of ze R® perpendicular to the periodicity directions. Hence z=(x,y)e R’.
Symbol b e R’ denotes body forces.

Every decomposition w=w,,, +W,,, in which wg, denotes a certain
countable sum of various-periodic partial displacements such that
(n"AVw,,,,),=(m"AVw,,,)_ =0 and Wiong =W =W, will be referred to as
a short-long wave decomposition of the displacement field. In every such decom-
position (W) =w,,,, and hence w,,,, represents an averaged displacement field.

If in the framework of the model of linear elasticity (exact or averaged) 1° via
basic unknowns of which terms w,,, and w,,,, can be determined the model will
be referred to as a shortwave - longwave model. Moreover, if in the framework
of this model 2° equations of this model can be separated into two different sets
of equations the first or second of which exclusively describes one part w,,,
or w,,,, of the displacement field then we will say that the composite moves
(in the framework of this model) impaired long- and short-wave perturbations
regardless. This property is independent on the body force field b.

It must be emphasized that the existence of the shortwave - longwave model
is an individual property of the composite.

The aim of the paper is to obtain the shortwave - longwave model of the linear
elasticity. This model will be in fact a certain extension of the averaged model
of elastodynamics, built and repeatedly discussed by Wozniak, cf. [1-3].

2. Tolerance averaging

In the framework of the tolerance averaging approach the displacement field
is investigated in the form of the well-known micro-macro decomposition

waw,, =w,(2)+h (), (2) (4)
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in which fields w,=w,(z) and y,=y,(z), A=1..,N, ze R’ referred to as
the averaged displacement field and the fluctuation amplitude field, respectively,
are basic unknowns of the resulting tolerance model. Functions A" =h"(x) are

shape functions here which are A-periodic and should be specified in every special
problem. Basic unknowns w, =w,(z) and y, =y, (z) as well as the finite

sequence of shape functions h* =h"(x) should satisfy certain additional condi-
tions. In the framework of this paper the most important are (4"p)=0 and
(h"*A) = 0. For particulars the reader is referred to [1-3].

In the framework of the refined tolerance model which we are to introduce
in this paper we shall assume that the residual displacement field defined as
w,,, =W —w,, can be represented as the Fourier expansion

W (5, 2.0 =D a,(x, y.00" (x) (5)
k=0
with respect to the Fourier basis ¢" =" (x). To this and we shall assume that
the finite sequence of shape functions %” = 4" (x) is supported by the additional
condition

[q1(VW,..) = (0" AVW,,,), = (0’ AVw,,) =0 ©6)

Hence in the framework of the refined tolerance model the displacement field will
be investigated in the form of the decomposition

W= w/ong + W short (7)
in which

wlong =u+ ﬂ'gAlmuA (8)
W short = ap gop(x) = al(xayat)gol(x)-i- a2(xayat)¢2(x)+

where u=w,+a,0’ and 1 (x) = /IgA(%j for x € R". Here p=1,2,... and in the

sequel p,g,r =1,2,.... Under the assumption (6) the decomposition (7) is a proper
decomposition of the displacement field onto shortwave and longwave parts defined
in the first section.

To make the choice of shape functions and Fourier basis independent on the
material properties of the composite components we shall restrict the Fourier basis
@" to that which satisfy condition

V| =0 ©)
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stronger than (6). It yields

(cp™)=0 (Kp”")=0 (g'c)=0 (g"K)=0 (10)

The formal realization of the tolerance modeling

(pWw) =V (A)VW]) =(b)
(g"pw)—(g"V' (A[VW])=(g"b) (1)
(9" pW) —(p"V' (A[VW]) =(p"b)

leads, under denotations V ,,, = [81,...,8,,7,0,...,0] and V,, = [0,...,0,8,,7+1,...,63],
to the refined tolerance model equations

(PYi—(V" {ANVW]} —(V {(A[VE Dy 1) —(V {(A[Vp"Da,}) =(b)
[ﬂpgflg% A<pg”‘<oq>PB}_vrqﬂﬁgflg% z<gAgoQA>}wq>[wD ;
Kpe'g”y (pp”p") | 4, Mp'g Ay (p"p"A) a,

A VgAY Mg Va0 A || K2 V02" A) KTV g A) [Vn,ww }
Ko™V, 8" A) (@'V 5,0 A) | | e V0" A (9'V 0" A) || V2

nper<q

| Vo8 AV 8" (V58 ' AV,,0") [Ws] | Vg AV |_[Ag"h)
(V0" AV 30, €7) (V30" AV 0") | 80 || V0" AVU | [ (p"D)

(12)

In fact, the refined tolerance model is a certain shortwave - longwave model.

In general, the composite, the elastodynamics of which is described by (12),
does not have to move (in the framework of this model) impaired long- and short-
-wave perturbations regardless.

Unfortunately, (12) consists on infinite number of equations for an infinite
number of basic unknown fields and hence in this form this model is useless.

3. The shape functions graduation

The drawback of the infinite number of basic unknowns in equations (12) seems
to be a serious mathematical problem. Fortunately, if the finite sequence of shape
functions is properly chosen, it can be graduating. This procedure boils down to

introducing the infinite sequence of n-tuples (g'(n), g (m),....g" () enumerated by n
for which

g (x)=lim g% (x)=0 (13)
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The graduation procedure reduces the refined model (12) to the simplest one:

(PYi—(V' LA Vul} —(V" (A[VE Dy, }) (V' {{A[Vp" ]a,}) = (b)

0 0 W T 0 0 r |Ws
[[0 <pa”aQ>}{ﬁq}V”"”ﬂO M D}

0 0 0 <<7)‘1Vi,gAA> Vo
_ nper 14
<¢vacrgBA> _<¢pVTLr¢qA> O _<¢qvper¢pA> V a * ( )

nper=tq

<VpergAAVpergB> _<VpergAAVperaq> |: i|
+

<Vper(0 pAVperg > <Vper(0 pAVper(0q>

<VpergAA>V“ 0
_<Vpcr¢pA>vu |:<apb>:|

In the next section we are to prove that two-phased laminated composite moves
(in the framework of refined tolerance model) impaired long- and short-wave
perturbations, regardless.

4. Special case

For two-phased laminated composite the Fourier basis will be introduced in the
form

lcosp—]ﬂx xe[0,1']

peXy ]2 /

ATEaT e (15)
Ecos—(x D, xel[l',l"]

1=1"+1"

At the same time the single saw-like function will be treated as the finite sequence
of shape functions (g',g”,...,g"). Here N = 1. The rescaling of the saw-like func-
tion will be realized according to the formula, cf. Fig. 1.
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g'n(x)=g"(x)

1
gn(x) dla ‘g(n)(x)‘ < Eﬂ(n)

1 (16)
e (X) =9 L — & (x) dla |g(n)(x)|>51u(n)

1
= Hny — &m(x) dla ‘g(n)(x)‘ < _E’u(”)
where
Hmy = max{|g(n)(x)| ixeA}
g(n) (%) 1=1

é@ ) 4112 82

o
o
“"
-
o

11 lI[

Fig. 1. The graduation of the saw-like function
In the examined case (12) takes the form
{AJY+[A]V,,,u=0 (17)
for the modified fluctuation field
y=y+(a +as;+as;+...) (18)

This new field can be reduced from the refined model system equations and finally
(12) takes the form in which the long-wave part w,,,, of the displacement field w
is represented here by u, namely w,,,, = u, and should satisfy single equation

(pyii - VT (A% Vu) = (b) (19)
for
[A]Uk = [E,jk] = <Vz;pergctjkl )
{A}‘/k = {5/]{} = <V5pergcl‘/klvz;perg>>
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while the short-wave part w,,, of w is represented by Fourier coefficients a,,
which should satisfy the separate system of equations

2
% {<p>ap - Vgper (<A>V’7Peral’ )}+

(20)
i@V LAY -GV B AN, = (7
where
—p _ P X
77 (x)= Ap (Ej @1

and the effective stiffness matrix has the well-known form

Crn Cya) (Cys)
Aeﬂ: <C2y1> <C21j2> <C2y3> (22)

(Coy) {Cypa) (Cyya)

for (Cy;1)y =(Ciy) —[Ek]f{élk,l}-l[a, 1. i, j.k,1=1,2.3, but in the modeling pro-
cedure presented in this paper it has been introduced without taking into account
the limit passage to the asymptotic case A — 0. The short-wave part of the refined
model is the system of a second order differential equation with respect to the
directions perpendicular to the periodicity directions and is strictly related to the
analysis of the existence and finding of different solutions of the second order
quadratic matrix equation, cf. [4].

6. Final remarks

In the paper the refined model of linear elastodynamics of periodic composites
is proposed. Derivation of this model is based on the idea of the adjustment of the
residual field between the displacement field and its micro-macro approximation
onto a certain series with sufficiently good properties. This adjustment is realized
by imposing onto a finite sequence of shape functions the additional condition of
continuity of the tolerance stresses normal to the interfaces. Under this condition
the residual displacement is a continuously differentiable field and hence opens the
way to find solutions to the initial-boundary problems using theory of the Fourier
series.

In the framework of the proposed refined model the special case of two-phased
laminated composite has been examined. In this special case the effective stiffness
tensor has been obtained. However, it coincides with the same tensor in the frame-
work of other known approaches, but it is obtained here without using the limit
passage to the asymptotic case.
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Moreover, two-phased laminated composite moves (in the framework of refined
tolerance model) impaired long- and short-wave perturbations regardless.

The method of modeling similar to that used in the paper has been applied
in [5-12].
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