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Optimization problems in the synthesis of multiple-valued  
logic networks  
 

Abstract 
 
The paper discusses some aspects of FPGA-oriented synthesis of multiple-
valued logic (MVL) network, i.e. a network of modules connected by 
multiple-valued signals. MVL networks are built during high-level 
synthesis, as a source specification of logical systems or during  
re-synthesis of gate-level circuits. FPGA-oriented synthesis of MVL is 
based on decomposing modules into smaller ones, each fitting in one logic 
cell. In this paper, we show that the order, according to which the modules 
are decomposed, has a great influence on the efficiency of the synthesis. 
This paper presents the case study which demonstrates the above problem 
as well as some experimental results and conclusions. 
  
Keywords: multiple-valued logic network, symbolic decomposition, 
FPGA, logic synthesis. 
 
1. Introduction 
 

Digital systems are usually specified as a network of simpler 
logical functions. High-level specification of a digital system may 
contain variables represented as enumeration types. Moreover, the 
synthesis process creates new signals, representing state variables, 
conditions and control signals, which may also be multiple-valued 
(MV) ones. During synthesis, all symbolic values should be 
encoded using binary values and all logical functions should be 
minimized and decomposed [1].  

The synthesis of MVL functions has been the subject of many 
previous studies. In [2] the symbolic functional decomposition of 
multiple-valued logic (MVL) functions, targeted at FPGA 
implementations, is proposed. There is shown that the integration 
of encoding and functional decomposition gives significant 
improvement of results of logic synthesis for FPGA devices. It 
should be noted that the symbolic decomposition may minimize 
the cost as well as the number of logic levels of the system. In 
both cases, the optimization handles the functions sharing the 
common inputs or outputs. However, connection of at least two 
modules causes that it is not possible to find optimal encoding for 
all functions sharing the same MV variable. Thus, it is necessary 
to decide which function should be optimized first. According to 
the optimization strategy, it is important to find the proper order of 
modules during the decomposition process. 

In this paper, the case study of decomposition of an MVL 
network is presented. The target platform for implementation is a 
LUT-based FPGA device. We studied different orders of 
decomposition of modules to show the influence on the quality of 
synthesis as far as the cost of implementation is considered. We 
believe that the discussion would be helpful to develop an efficient 
method for synthesis of MVL networks. 

The paper is organized as follows. The next section reviews the 
related work. In Section 3 the problem of FPGA-oriented 
synthesis of MV networks is presented. The example of the MVL 
network is described and a case study is discussed in Section 4. 
Finally, the conclusions are presented in Section 5. 
 
2. Related works 
 

The implementation of logic functions in LUT-based FPGAs 
consists of logic synthesis and technology mapping. The most 
efficient synthesis method for this type of FPGA device is the 
functional decomposition based on the blanket algebra [3] or on 
the theory of information relationship measures [4]. Logic 
synthesis for MVL functions [5] has attracted researches for many 
years. A lot of methods for input and output encoding [6], state 

assignment [7] as well as logic minimization [8] have been 
developed. The blanket algebra has also been generalized to MVL 
functions [9] and the symbolic decomposition [2] for MVL 
functions has been proposed. The method has successfully been 
applied to logical functions with MV inputs and outputs and FSMs 
giving significant improvements in the cost of FPGA 
implementations. 

Several methods for synthesis of MVL networks are presented in 
literature. In [10], a method of synthesis of MVL networks using 
multiple-valued decision diagrams (MDD) is described. But the 
method is dedicated to gate implementations, moreover it does not 
consider encoding of multiple-valued variables. MDD 
representation is also used in MVSIS [11]. It is a set of interactive 
tools performing technology independent optimizations. The 
decomposition is performed using algebraic factorization, MVSIS 
also supports a method of MVL network encoding that minimizes 
the number of factors in multilevel implementation [12].  
A discussion about possible optimizations of MVL networks is 
given in [13]. The authors claimed that optimization based on 
MVL could lead to the improved optimization quality. For all the 
above methods no experimental results concerning FPGA 
implementations are given. 
 
3. Symbolic synthesis and MVL networks 
 

Let F be a MVL function, such that Y=F(X), where X is a set of 
binary/MV inputs and Y is a set of binary/MV outputs. The 
function may be decomposed in a parallel (expresses function F 
through functions G and H with disjoint sets of output variables) 
or in a serial fashion, which expresses F(X) through functions G 
and H, such that H(U, G(V)), where UV=X 

Assume that Xi(Yi) is a MV input(output). During the 
decomposition the variable may be encoded with variables Xi'(Yi') 
and Xi''(Yi''). Both variables may be separated during the 
decomposition. The proper encoding of MV variables leads to 
significant simplification of result functions [2]. 
 
4. Synthesis of MVL network – a case study 
 

The FPGA-based optimization usually minimizes the number of 
LUT cells required for implementation. Therefore, the efficiency 
of decomposition has the greatest influence on the result of 
synthesis. Fig.1 presents the example of an MVL network, where 
A, B, C, D, E, F and G are MV signals, FS4, FS7 and FS8 are state 
variables, xi and yi are binary signals. The synthesis may be 
performed by decomposing the consecutive modules until all 
modules can be implemented in one LUT cell. But since modules 
share variables, the encoding may be optimized only for one 
module sharing the same variable. For example, in Fig.1 optimal 
encoding of variable A may be performed during the 
decomposition of F1 or F4 (but not both). Thus, the order of 
synthesis of modules has a great influence on the final result. 

To find the best FPGA-based implementation of the MVL 
network, we should find the optimal order in which all modules 
will be decomposed. Implementation of one module may decrease 
possibilities of optimization for others. It should be noted that it is 
a typical optimization problem. For n modules we have n! possible 
orders, therefore for a large network only heuristic optimizations 
may be performed. An approach to this problem is presented in 
[14], but to obtain good results more sophisticated heuristics 
should be applied. 
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First, we performed separate decompositions of the following 
modules, using the symbolic decomposition [2] – there was used  
a research tool, developed for symbolic decomposition studies. 
The results, given in LUT4 cells, are as follows: F1, F3 – 6, F2, 
F10 – 3, F4, F11–7, F5, F7, F9–4, F6–9 and F8–16. Since we did 
not consider that modules shared variables, these results are 
given for reference only, i.e. to show the complexity of the 
modules. 

 
 

 
 
Fig. 1. The modules forming MVL network 

 
Next, we performed decompositions of modules using many 

different orders (determined using a separate algorithm). Some 
results of synthesis are presented in Tab.1. The columns contain 
the best, the medium and the worst 5 results. The implementation 
cost was obtained using the symbolic functional decomposition 
[2]. LUTs with 4 inputs and 1 output were assumed as the target 
FPGA cells (given in the “Cost” column). It should be noted that 
many modern FPGAs are based on LUTs with more inputs, but 
LUT4 cells cause the greatest challenge during synthesis and 
require more sophisticated approach. 
 
Tab. 1. Results of decompositions for example MVL network 
  

No 
The best results The medium results The worst results 

Order Cost Order Cost Order Cost 

1 F6,F3,F9,F4,F8,F
10,F11,F2,F7, 

F1,F5 

47 F1,F6,F10,F2, 
F8,F9,F11,F3, 

F4,F5,F7 

51 F5,F3,F11,F1,
F2,F7,F9,F4, 

F6,F8,F10 

59 

2 F3,F6,F9,F2,F8,F
10,F11,F4,F7, 

F1,F5 

48 F10,F6,F9,F2, 
F7,F8,F11, 

F1,F3,F4,F5 

52 F7,F4,F11,F5,
F8,F9,F10, 

F1,F6,F2,F3 

61 

3 F2,F8,F11,F6, 
F10,F4,F9,F3,F7,

F1,F5 

48 F4,F8,F9,F3,F6,
F10,F11,F1,F2,

F5,F7 

52 F5,F1,F11,F2,
F10,F3,F7, 

F8,F9,F4,F6 

57 

4 F2,F6,F9,F4,F8,F
10,F11,F1,F3, 

F5,F7 

46 F9,F3,F8,F1,F2,
F5,F10,F4,F6, 

F7,F11 

52 F5,F7,F10,F1,
F2,F9,F11, 

F3,F4,F6,F8 

62 

5 F8,F10,F11,F6, 
F9,F3,F4,F1,F2,F

5,F7 

47 F6,F1,F10,F4, 
F8,F9,F11,F2, 

F3,F5,F7 

51 F5,F3,F7,F1, 
F2,F10,F11,F8,

F9,F4,F6 

56 

 
We may observe that the best results were obtained when 

module F8 was decomposed before F5, F7 and F11. It seems 
obvious, because F8 is the most complex, thus it should be 
optimized first. Similar rules may be observed for other modules. 
But the above observation is not enough to find the optimal order 
of decompositions. First, sometimes the optimization of smaller 
modules may give better results than that of greater modules. 
Second, some modules may have strong connections with others, 
e.g. this happens in the case of F5. In such cases, decomposition of 
such a module may significantly reduce the possibilities of 
optimization of many others. 

Let us consider the synthesis of module F5. This module has got 
MV variables only and is connected with 7 other modules. As was 
shown in Tab.1, the decomposition of module F5 at the first stage 
of the synthesis process causes that the final result of synthesis is 
not the best. In general, module F5 has great influence on the 
entire synthesis process. This is caused by complexity of logic, 

contained in the modules connected with F5. In this case, the 
connection F5 with F2 or F3 causes appearance of logical 
redundancy. This is visible after the decomposition process – Tab. 
2 presents the optimized encoding of MV variables corresponding 
to orders F1/2/3, F5 and F5, F1/2/3. 

 
Tab. 2. Decomposition of module F5: a) order F1/2/3,F5, b) order F5,F1/2/3 

 

Module F5:                   B  C  D   | E                    
B0 C0 D0  | E0 
B1 C1 D1  | E1 
B0 C1 D0  | E1 
B1 C1 D2  | E2 
B2 C2 D2  | E2 
B1 C3 D3  | E3 
B2 C4 D4  | E4 
B0 C5 D5  | E0 
B0 C6 D6  | E0 
B0 C7 D7  | E0 
B0 C0 D8  | E0 
B0 C0 D9  | E0 
B1 C0 D9  | E1 
B0 C0 D10 | E0 

(a) Serially decomposed:
- function G: 
 c0 b0 b1 | g0 
 0  0  0  | 0 
 0  1  0  | 0 
 0  0  1  | 1 
 1  1  0  | 1 
 
- function H: 
 d0 c1 g0 b0 | E 
 0  0  0  0  | E0 
 0  1  0  1  | E1 
 0  1  0  0  | E1 
 1  1  0  1  | E2 
 1  0  1  0  | E2 
 0  1  1  1  | E3 
 0  0  1  0  | E4 
 0  0  0  1  | E1

(b) Signals encoded in other modules: 
b0 b1 c0 c1 c2 c3 d0 d1 d2 d3 | e0 e1 e2 
0  1  0  0  0  1  0  0  0  0  | 1  0  0 
1  0  1  0  0  0  0  0  0  1  | 0  1  0 
0  1  1  0  0  0  0  0  0  0  | 0  1  0 
1  0  1  0  0  0  1  1  0  0  | 1  1  1 
0  0  0  0  0  0  1  1  0  0  | 1  1  1 
1  0  0  0  1  1  1  1  1  1  | 0  0  0 
0  0  0  0  1  0  1  0  1  1  | 0  0  0 
0  1  0  1  1  0  0  0  1  0  | 1  0  0 
0  1  0  1  1  1  0  0  1  1  | 1  0  0 
0  1  0  1  0  1  0  1  1  0  | 1  0  0 
0  1  0  0  0  1  0  1  1  1  | 1  0  0 
0  1  0  0  0  1  1  0  0  1  | 1  0  0 
1  0  0  0  0  1  1  0  0  1  | 0  1  0 
0  1  0  0  0  1  0  1  0  0  | 1  0  0 

 
After decomposition of F5 (Tab. 2(a)) the encoding causes that 

signal D will be reduced to one bit, signals B and C need 2 bits for 
encoding each, and E needs 3 bits. The implementation cost of F5 
is 4 LUT4. In the case presented in Tab. 2(b), the signals A, B, C 
and E were encoded at the earlier stages of MVL network 
synthesis, so there was not MV signals in module F5. After binary 
synthesis, this module needs 3 LUT cells for implementation. It 
should be noted that the synthesis of module F5 also affects the 
synthesis of two other modules connected with it, i.e. F7 and F8. 

It was also observed that FSM modules have the great influence 
on the synthesis of MVL networks. In most cases, this kind of 
modules should be decomposed first. Of course there are 
exceptions from this rule. However in the case of symbolic 
decomposition, the synthesis of FSM has some limitations, and 
good result were obtained if FSM was decomposed at as early 
stage as possible. At this point it should be noted that the modules 
may be grouped. For example, module F5 and its neighbors (F1, 
F2, F3, F7 and F8) have the great influence on the synthesis. In 
this set, two modules are FSMs. So, according to the above 
observation, the decomposition should be first performed for F7 or 
F8. In this case, grouping of modules allows exclusion of FSMs 
from decomposition of F5, thus F7 and F8 can be optimized 
separately. 

Tab.3 shows the comparison of decomposition when FSM F8 
was decomposed as the first or as the last. In Tab. 3(c) the first 
case is presented. The module is optimized as the first, so the full 
optimization was performed. After parallel decomposition, the 
binary variables e0, e1 and e2 were obtained as the encoding of 
MV signal E. The signal FS8 (state variable) was encoded through 
state encoding [2] which resulted in the creation of binary inputs 
(s0...s5) and binary outputs (s0'...s5') corresponding to the next 
state. The MV output could be encoded using any 3 bits long 
binary code. The total cost of implementation of module F8 is 16 
LUT cells. When module F8 was decomposed as the last, only 
optimization based on state encoding was possible (Tab. 3(b)). In 
this case, the cost of 21 LUTs was obtained. 
 
 



168    Measurement Automation Monitoring, May 2016, no. 05, vol. 62, ISSN 2450-2855 
 

5. Conclusions 
 

In this paper, we have presented the case study showing the 
optimization problems of the FPGA-based synthesis of MVL 
networks. We have shown that the final cost of implementation 
strongly depends on the order in which the following modules are 
decomposed. We have discussed some cases and we have made  
a few observations that may be useful for determining the optimal 
order of decompositions. But it seems that more sophisticated, 
heuristic method should be developed for this purpose. 

 
Tab. 3. Decomposition of modules: F5, F7 and F8 
 

            (a) Module F8:                     
      E  FS8 | FS8' F 

E0 S0  | S1   F0 
E1 S1  | S2   F1 
E3 S2  | S4   F2 
E4 S4  | S0   F3 
E4 S5  | S0   F4 
E4 S6  | S0   F5 
E4 S7  | S0   F6 
E4 S8  | S1   F0 
E4 S9  | S1   F0 
E4 S10 | S1   F0 
E4 S11 | S1   F0 
E4 S12 | S2   F1 
E4 S13 | S2   F1 
E4 S14 | S2   F1 
E4 S15 | S3   F2 
E4 S16 | S0   F0 
E1 S0  | S2   F1 
E2 S0  | S5   F6 
E2 S9  | S6   F6 
E2 S2  | S7   F6 
E2 S3  | S8   F6 
E2 S4  | S9   F6 
E2 S5  | S10  F0 
E2 S6  | S11  F0 
E2 S7  | S12  F0 
E2 S8  | S13  F0 
E2 S10 | S14  F0 
E2 S11 | S15  F0 
E2 S12 | S16  F0 

(b)State encoding only (21 LUT cells): 
e0 e1 e2 FS8 | FS8' f0 f1 f2 
0  0  0  S0  | S1   0  0  0 
0  0  1  S1  | S2   1  0  1 
1  0  1  S2  | S4   0  0  1 
1  1  0  S4  | S0   1  0  0 
1  1  0  S5  | S0   0  1  1 
1  1  0  S6  | S0   0  1  0 
1  1  0  S7  | S0   1  1  1 
1  1  0  S8  | S1   0  0  0 
1  1  0  S9  | S1   0  0  0 
1  1  0  S10 | S1   0  0  0 
1  1  0  S11 | S1   0  0  0 
1  1  0  S12 | S2   1  0  1 
1  1  0  S13 | S2   1  0  1 
1  1  0  S14 | S2   1  0  1 
1  1  0  S15 | S3   0  0  1 
1  1  0  S16 | S0   0  0  0 
0  0  1  S0  | S2   1  0  1 
1  0  0  S0  | S5   1  1  1 
1  0  0  S9  | S6   1  1  1 
1  0  0  S2  | S7   1  1  1 
1  0  0  S3  | S8   1  1  1 
1  0  0  S4  | S9   1  1  1 
1  0  0  S5  | S10  0  0  0 
1  0  0  S6  | S11  0  0  0 
1  0  0  S7  | S12  0  0  0 
1  0  0  S8  | S13  0  0  0 
1  0  0  S10 | S14  0  0  0 
1  0  0  S11 | S15  0  0  0 
1  0  0  S12 | S16  0  0  0 

           (c) Parallel decomposed, state encoding (16 LUT cells): 
     e0 e1 e2 s0 s1 s2 s3 s4 s5 | s0' s1' s2' s3' s4' s5' F 

1  0  0  0  0  0  0  0  0  | 0   0   0   0   0   1   F0 
0  1  0  0  0  0  0  0  1  | 1   1   0   1   1   1   F1 
0  0  0  1  1  0  1  1  1  | 1   1   0   1   0   1   F2 
0  0  0  1  1  0  1  0  1  | 0   0   0   0   0   0   F3 
0  0  0  1  0  0  1  0  1  | 0   0   0   0   0   0   F4 
0  0  0  1  0  0  1  0  0  | 0   0   0   0   0   0   F5 
0  0  0  1  0  1  1  0  0  | 0   0   0   0   0   0   F6 
0  0  0  1  1  0  0  0  0  | 0   0   0   0   0   1   F0 
0  0  0  1  1  0  1  1  0  | 0   0   0   0   0   1   F0 
0  0  0  1  0  0  1  1  1  | 0   0   0   0   0   1   F0 
0  0  0  0  1  0  1  1  0  | 0   0   0   0   0   1   F0 
0  0  0  0  1  0  0  1  0  | 1   1   0   1   1   1   F1 
0  0  0  0  0  0  0  1  0  | 1   1   0   1   1   1   F1 
0  0  0  0  0  0  1  1  0  | 1   1   0   1   1   1   F1 
0  0  0  0  1  0  0  0  1  | 0   0   0   0   1   1   F2 
0  0  0  0  1  0  0  1  1  | 0   0   0   0   0   0   F0 
0  1  0  0  0  0  0  0  0  | 1   1   0   1   1   1   F1 
1  1  1  0  0  0  0  0  0  | 1   0   0   1   0   1   F6 
1  1  1  1  1  0  1  1  0  | 1   0   0   1   0   0   F6 
1  1  1  1  1  0  1  1  1  | 1   0   1   1   0   0   F6 
1  1  1  0  0  0  0  1  1  | 1   1   0   0   0   0   F6 
1  1  1  1  1  0  1  0  1  | 1   1   0   1   1   0   F6 
1  1  1  1  0  0  1  0  1  | 1   0   0   1   1   1   F0 
1  1  1  1  0  0  1  0  0  | 0   1   0   1   1   0   F0 
1  1  1  1  0  1  1  0  0  | 0   1   0   0   1   0   F0 
1  1  1  1  1  0  0  0  0  | 0   0   0   0   1   0   F0 
1  1  1  1  0  0  1  1  1  | 0   0   0   1   1   0   F0 
1  1  1  0  1  0  1  1  0  | 0   1   0   0   0   1   F0 
1  1  1  0  1  0  0  1  0  | 0   1   0   0   1   1   F0 
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